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Outline

• Reduction of the elastoplastic system to the system of polynomials (F1306)

• Numerical iterative method (F1306)

• Gröbner basis solution (F1302)
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Continuous model of two-yield elastoplasticity

Problem (PI): For l ∈ H1(0, T ;H∗), l(0) = 0, find w = (u, p1, p2) : [0, T ] → H, w(0) = 0 s. t.

〈l(t), z − ẇ(t)〉 ≤ a(w(t), z − ẇ(t)) + j(z)− j(ẇ(t))

∀z = (v, τ1, τ2) ∈ H.

H = H
1
D(Ω)× L

2
(Ω)

d×d
sym × L

2
(Ω)

d×d
sym,

a(w, z) =

Z
Ω

“
C(ε(u)−

2X
i=1

pi)
”

:
“

ε(v)−
2X

i=1

τi

”
dx +

2X
i=1

Z
Ω

Hipi : τi dx,

〈l(t), z〉 =

Z
Ω

f(t) · v dx +

Z
ΓN

g(t) · v dx,

j(z) =

Z
Ω

2X
i=1

Di(τi) dx, Di(x) =


σi

y||x|| if tr x = 0,

+∞ otherwise.
(von Mises)
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Discrete model of two-yield elastoplasticity

Problem (PIdiscrete): Given P 0
1 , P 0

2 ∈ dev S0(T )d×d
sym, find U1 ∈ S1

D(T ) s. t.

∫
Ω

C(ε(U1)−P 1
1−P 1

2 ) :ε(V ) dx−
∫

Ω

f(t)V dx−
∫

ΓN

gV dx = 0 ∀V ∈ S1
D(T ),

where P = (P1, P2)T = (P 1
1 , P 1

2 )T − (P 0
1 , P 0

2 )T minimizes on every element T ∈ T

min
Q

1
2
(Ĉ + Ĥ)Q : Q−A|T : Q + ||Q||σy,

∀Q=(Q1, Q2)T , Q1, Q2 ∈ Rd×d
sym, trQ1=trQ2 = 0.

A =

„
Cε(U1)

Cε(U1)

«
− (Ĉ + Ĥ)

„
P 0

1

P 0
2

«
, Ĉ + Ĥ =

„
C + H1 C

C C + H2

«
, ||(Q1, Q2)||σy = σ

1
y||Q1||+ σ

2
y||Q2||.
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Analytical approach for minimization of f(Q) = 1
2(Ĉ + Ĥ)Q : Q−Q : A + ||Q||σy

f has a subdifferential, i.e.,
∂f(P ) = (Ĉ + Ĥ)P −A + ∂|| · ||σy(P )

Mininum condition on P
0 ∈ ∂f(P ) ⇔ A− (Ĉ + Ĥ)P ∈ ∂|| · ||σy(P )

In case P1 6= 0, P2 6= 0 is

∂|| · ||σy(P ) = {σ1
y

P1

||P1||
, σ2

y

P2

||P2||
}

Nonlinear system in P1, P2(
dev A1

dev A2

)
−
(

(2µ + h1)I 2µI
2µI (2µ + h2)I

)(
P1

P2

)
=

(
σ1

y
P1

||P1||
σ2

y
P2

||P2||

)

Substitutions P1 = ξ1X1, P2 = ξ2X2(
dev A1

dev A2

)
=
(

(σ1
y + (2µ + h1)ξ1)I 2µξ2I

2µξ1I (σ2
y + (2µ + h2)ξ2)I

)(
X1

X2

)
.
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Additional substitutions η1 := σ1
y + (2µ + h1)ξ1, η2 := σ2

y + (2µ + h2)ξ2, ν1 := 2µξ1, ν2 := 2µξ2 yield

η2 dev A1 − ν2 dev A2 = (η1η2 − ν1ν2)X1, (1)

−ν1 dev A1 + η1 dev A2 = (η1η2 − ν1ν2)X2. (2)

Normalization of (1) and (2) and the application of substitutions for η1, η2, ν1, ν2 give the system of
nonlinear equations for positive ξ1, ξ2

|l1(ξ1)| − |r(ξ1, ξ2)| = 0, |l2(ξ2)| − |r(ξ1, ξ2)| = 0, (3)

where

l1(ξ1) = (σ1
y + (2µ + h1)ξ1) dev A2 − 2µξ1 dev A1,

l2(ξ2) = (σ2
y + (2µ + h2)ξ2) dev A1 − 2µξ2 dev A2,

r(ξ1, ξ2) = (σ1
y + (2µ + h2)ξ1)(σ2

y + (2µ + h2)ξ2)− 4µ2ξ1ξ2.

Instead of the solving (3) we prefer to solve the equivalent system of nonlinear equations

Φ1(ξ1, ξ2) = |l1(ξ1)|2 − (r(ξ1, ξ2))2 = 0,Φ2(ξ1, ξ2) = |l2(ξ1)|2 − (r(ξ1, ξ2))2 = 0. (4)
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The first polynomial system of two variables in ξ1 and ξ2

Substitutions

A = |σ1
y dev A2|2, D = |σ2

y dev A1|2

B = 2σ1
y dev A2 : ((2µ + h1) dev A2 − 2µdev A1), E = 2σ2

y dev A1 : ((2µ + h2) dev A1 − 2µdev A2)

C = |(2µ + h1) dev A2 − 2µdev A1|2, F = |(2µ + h2) dev A1 − 2µdev A2|2

G = (σ1
yσ

2
y)

2 > 0

H = σ2
y(2µ + h1) > 0, I = σ1

y(2µ + h2) > 0

J = 2µ(h1h2) + h1h2 > 0.

Φ1,Φ2 are polynomials of the second degree in two variables ξ1, ξ2

Φ1(ξ1, ξ2) = A + Bξ1 + Cξ2
1 − (G + Hξ1 + Iξ2 + Jξ1ξ2)2 = 0 (5)

Φ2(ξ1, ξ2) = D + Eξ2 + Fξ2
2 − (G + Hξ1 + Iξ2 + Jξ1ξ2)2 = 0 (6)
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Example with know exact solution

Example 1. Let µ = 1, σ1
y = 1, σ2

y = 2, h1 = 1, h2 = 1 and A1 = A2 =
(

20 0
0 0

)
. Nonlinear system of

equations (4) for positive ξ1, ξ2 > 0 reads

Φ1(ξ1, ξ2) = 200 + 400 ξ1 + 200 ξ2
1 − (2 + 6 ξ1 + 3 ξ2 + 5 ξ1 ξ2)2 = 0, (7)

Φ2(ξ1, ξ2) = 800 + 800 ξ2 + 200 ξ2
2 − (2 + 6 ξ1 + 3 ξ2 + 5 ξ1 ξ2)2 = 0. (8)

ξ1 is expressed from (8)

ξ1 =
−2− 3ξ2 ± 10

√
2(2 + ξ2)

6 + 5ξ2
(9)

and the substitution of (9) into (7) implies after the factorization the equality

(5ξ2 + 8± 10
√

2)(5ξ2 + 4∓ 10
√

2)(ξ2 + 2)2

(6 + 5 ξ2)2
= 0. (10)

the different signs of ξ1 and ξ2. The roots of (10) are given by

ξ2 = {−4
5

+ 2
√

2,−8
5
− 2

√
2,−2,−2} ∪ {−4

5
− 2

√
2,−8

5
+ 2

√
2,−2,−2}
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There are two positive roots

ξ2 = −4
5

+ 2
√

2 ≈ 2.028427124 and ξ2 = −8
5

+ 2
√

2 ≈ 1.228427124

Substitution of ξ2 = −4
5 + 2

√
2 into (7) yields the quadratic equation

(995ξ1 + 801− 50
√

2)(5ξ1 − 1− 10
√

2) = 0

with roots ξ1 = {1
5 + 2

√
2,−801

995 + 10
199

√
2} where only the first root

ξ1 =
1
5

+ 2
√

2 ≈ 3.028427125

is positive. Note that substitution of ξ2 = −8
5 + 2

√
2 into (7) yields another quadratic equation with

negative roots only. Therefore, there is one positive solution pair

(ξ1, ξ2) = (3.028427125, 2.028427124).
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Iterative method

The (numerical) Algorithm (J. Valdman PhD thesis) with tol = 10−12 and the initial approximation

P 0
2 =

(|dev A2| − σ2
y)+

2µ + h2

dev A2

|dev A2|
and P 0

1 =
(|dev A1 − 2µP 0

2 | − σ1
y)+

2µ + h1

dev A1 − 2µP 0
2

|dev A1 − 2µP 0
2 |

.

generates approximations P i
1, P

i
2, i = 1, 2, . . . in the form

P i
1 =

(
xi 0
0 −xi

)
and P i

2 =
(

yi 0
0 −yi

)
,

and terminates after 34 approximations (computational time 7.16× 10−5 sec) with

P 34
1 =

(
2.14142 0

0 −2.14142

)
and P 34

2 =
(

1.43431 0
0 −1.4343

)
.

(||P 34
1 ||, ||P 34

2 ||) = (ξ1, ξ2) ≈ (3.028425, 2.0284207)
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SYNAPS package calculation (with project 1304) terminated after 0.05 sec with aproximately the same
solution (ξ1, ξ2) = (3.02843, 2.02843).
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