“Approximate” Logic - An Overview

Stefan Ratschan

May 20, 1998

Abstract By “approximate” logics we mean extensions and modifications of classical (first order) predicate logic which provide means for representing and reasoning with knowledge that are in some sense finer than the classical two- valued approach. We give a classification of such logics and an overview of the literature on the subject.

1 Introduction

Logics which extend or modify classical (first order) predicate logic to provide means for representing and reasoning with knowledge that are in some sense finer than the classical two- valued approach usually consist of two parts (cf. [94]):

1. the knowledge representation part

2. the uncertainty management part

For the first part we already have fixed classical predicate logic [28], [104], possibly with some extension. In the following we will study how various different uncertainty management mechanisms can be used for the second part, obtaining different approximate logics. Also here classical mathematics provided the first basis with probability theory [34]. Later, research in Artificial Intelligence showed the need for various other uncertainty calculi [87], [54], [76], [60], [63], [107], [109], [108], [111]. In this context often the term “logic” is used, when concepts and tools from classical predicate logic are used, however often without the precision and rigor that would qualify them as logics in the classical mathematical sense.

There are various parameters along which approximate logics can be classified. The next section will describe these parameters. The following sections show how various forms of uncertainty management can be used to obtain different approximate logics and the last section shows how such logics have been used in logic programming and automated theorem proving.

The paper contains no original results but to our knowledge there is no other overview that takes such a broad viewpoint and systematization of approximate logics.

2 A Classification of Approximate Logics

The most important parameter along which approximate logics can be classified is, of course, the uncertainty management part used. Depending on this, the logic will be either truth-functional or not. Truth-functionality means that the truth value of a (propositional) formula is a function of the truth values of its immediate subformulas (i.e. ignoring the detailed structure of the subformulas). This means that we can build truth-tables for the connectives (conjunction, disjunction and negation) in this logic. Thus, in a truth- functional logic, information about the relation between subformulas (for example the equivalence of subformulas), can be lost (compare this to interval arithmetic, e.g. [73], [74], [4], [90], [91], [77], [46] and [89], where also the information about equal terms is lost).

Another categorization of approximate logics comes from the place where the uncertainty calculus is applied:

• To the truth of sentences, or

• to the solution set of a (open) formulas.

In classical predicate logic the first one is done by the notions of validity and satisfiability of a sentence while the second one is done by the existential and universal quantifiers. We will call the first approach degree of belief uncertainty and the second approach statistical uncertainty.

These examples also show another categorization: One can either do the measurement on the meta- level (validity/satisfiability) or within the language (existential and universal quantifiers).

The above parameters from a three- dimensional grid s.t. each of the following logics covers a certain part of this grid.

3 Modal Logic

This is not yet an approximate logic in the above sense because it still uses the classical boolean truth values for uncertainty management, but it is an extension of the knowledge representation part which is often used in combination with approximate logics and for similar applications. Basic modal logic [22, 51] provides operators for reasoning about the validity and satisfiability of a formula within the language (using the necessity operator □, the possibility operator ◇). Extensions into the direction of a general logic of knowledge (epistemic logic) include:

• A relation on the set of models (now called possible worlds, represented by so called Kripke structures [61]). Necessity is defined by truth in all models related to a “current” model.

• More than one set of knowledge about world (agents), represented by different such relations.

• Reasoning about common knowledge (every agent knows that every agent knows, that ...)

An overview from point of view of recent developments is given in [45].

4 Generalized Quantifiers

The theory of generalized quantifiers started from the study of quantifiers like “for infinitely many” or “for uncountable many” [75] in classical predicate logic and was later extended for the study of natural language semantics [66] and computer science (for example for expressing the Hamiltonicity of graphs in first order predicate logic [24]), see [114] and [115] for overviews.

5 Many- Valued Logic

Many (or Multiple-) Valued Logic [69, 68, 92, 113] generalizes the boolean operators from two to more values and builds logics upon these. Examples include:

• A three- valued logic, with the traditional truth values T and F plus the additional truth value U (for undefined), where for any logical connective its application to truth values is equal to the according boolean application if all the truth values are boolean, otherwise the result is U. This logic models the occurrence of exceptions.

• A four valued logic, where the truth values consist of the subsets of {T, F} and the logical operations are defined as the application of the according boolean operators to all the set elements. Here {} models incomplete and {T, F} models inconsistent knowledge [16]. This can be generalized [39, 41] to the notion of a bilattice in which two lattices are combined. The elements of the first lattice denote the belief that a formula is true and the elements of the second lattice denote the belief that a formula is false. An operator can be defined which creates a bilattice out of an arbitrary lattice.

• A logic with truth values in the real interval [0, 1] and conjunction defined as the minimum, disjunction defined as the maximum and negation defined as λx.1 − x of the arguments. Such logics are often called fuzzy logics (although they are different to the logics described the next section).

Here again one can use the bilattice construction to get truth values consisting of two real numbers. See the later section on Evidence theory for a similar approach.

Multi- valued logic is truth- functional (e.g. the truth value of a sentence A∧B is a function of the truth values of A and B). The is a severe restriction. For example, contrary to intuition, in the second logic above, if A has the truth value {T, F}, then A ↔ A and A ∧ ¬A have the truth- values {T, F}, although using knowledge about the equality of the different A’s one could infer {T} for the first formula and {F} for the second formula.

6 Fuzzy Logic

Fuzzy logic builds on fuzzy set theory [124, 126] which generalizes the membership function of classical set theory to a function to the real interval [0, 1]. Fuzzy sets can be combined for example by intersection, union and negation operators, most of the times modelled by the minimum, maximum and inversion (λx.1 − x) of the membership functions.

The truth values of fuzzy logic are fuzzy sets. They are combined by their set- theoretic operations and by modifiers such as “very”, “more or less”, and so on. Only a countable set of such truth values are allowed. Reasoning amounts to approximately solving a set of equations on these truth values. This makes fuzzy logic hardly recognizable as a logic at all.

7 Probabilistic Logic

Probabilistic logics uses elements of the real interval [0, 1] as truth values and uses the axioms of probability theory as the basis for the inference of these truth values. So, different to many- valued logics with these truthvalues, probabilistic logics are not truth- functional. There are approaches for degree of belief uncertainty and for statistical uncertainty (see for example [8]):

• Assigning probabilities to sentences (degree of belief uncertainty) is an old problem. Early studies came from a philosophical or informal point of view [57, 53, 21], later it has been studied from the viewpoint of mathematical logic and model theory (with the aim of extending the mathematical theory of probability). The first in this direction was Gaifman [40] for first- order languages. His work has been extended to infinitary logic [98] later. The approach of defining the probability of a sentence as the sum of the probabilities of its models has first been taken by Łoṡ [67], and has later been extended by Fenstad [35, 37]. See [36] for an overview.

Later the emphasis shifted to more practical points of view, especially for applications in artificial intelligence (expert systems). Nilsson [79] and, independently [43] show that assigning consistent probability values to sentences results in a linear programming problem. For example, given two sentences P and P → Q with associated probabilities the probability of Q lies in a certain interval.

Later languages were defined, which allowed reasoning about probabilities within the language (using a probability operator) and formal calculi, their completeness and decision procedures were studied [32, 1].

• Logical languages for reasoning about the size of solution sets (i.e.

statistical uncertainty) correspond to the logic developed and used in this thesis. They also have been studied from the viewpoint of mathematical logic and model theory first. H. J. Keisler introduced probability quantifiers [55, 49, 56], where a formula (P x ≥ r)[ϕ(x)] means that the solution set of ϕ is greater than a certain real constant r. He uses an infinitary language and allows no function symbols and only one measurable 2- ary relation symbol. The result is a language where all occurring solution sets are measurable (since no classical quantifiers are allowed). [50] gives an improved completeness theorem for this language.

Also here, later approaches shifted the viewpoint to applications in artificial intelligence. Bacchus [6, 7, 8, 11] extended the first- order predicate logic with an operator for reasoning about statistical knowledge. Differently to Keisler’s approach, also classical quantifiers and arbitrarily many function and relation symbols are allowed. Also the probabilities need not be fixed constants, but reasoning about probability values is a part of the language. This results is a two- sorted language (the domain of reasoning and a field for representing the probabilities).

His approach has the following restrictions, which come from the fact it has been created with applications (from AI) in mind, where only finite sets (or at least no uncountable sets) occur:

– It explicitly allows only structures, where no unmeasurable sets can be created by the language (without giving evidence about the form of such structures).

– It does not require countable additivity of the used measures.

This means that for uncountable structures, they are no measures in the mathematical sense any more.

– It uses only the field axioms as the knowledge about probability values.

Hong [48] was the first to propose the use of a logic modeling statistical uncertainty in algebraic constraint solving over the reals.

8 Possibility Theory / Possibilistic Logic

Possibility theory ([125], [27], chapter 8 in [126]) arises from the modeling of vague knowledge, e.g. the knowledge that a person is “tall” (see also the chapter on fuzzy logic). This leads to the notion of possibility measure. Given a universe Ω such a possibility measure P follows these laws:

P (∅) = 0

P (Ω) = 1

P (A ∪ B) = max(P (A), P (B))

P (Ω − A) is called the necessity of A (N(A)) and we have:

N(∅) = 0

N(Ω) = 1 N(A ∩ B) = min(N(A), N(B)) Replacing probability measures by possibility measures, most of the notions and constructions from probabilistic logic can be straightforwardly translated to possibility theory to get a possibilistic logic. Since the possibility measure of a set A ∩ B cannot directly be inferred from the possibility measures of A and B, the resulting logic is not truth- functional. We do not know of any approaches for using possibility theory for a logic of statistical uncertainty. This would result in a language with builtin maximum and minimum quantifiers.

9 Dempster- Shafer Theory of Evidence

This theory [99, 101, 42] generalizes both probability theory and possibility theory. In the finite case it assigns to all subsets of a universe a positive real number s.t. the sum of all assignments is one (this is called the basic probability assignment). Then the measure of a subset of the universe (the belief function) is the sum of all assigned numbers of subsets of this set. If one assigns non-zero numbers to singletons only, then one gets a probability measure. If the non- zero elements can be ordered s.t. we get a chain q_0 ⊆ · · · ⊆ q_i ⊆ · · · ⊆ q_n, then one gets a necessity measure (the dual of a possibility measure).

This results in the following axioms for the general (possibly infinite) case:

B(∅) = 0

B(Ω) = 1

B(A_1 ∪ · · · ∪ A_k) ≥ ∑ I⊆{1,...,k},I≠∅ (−1)^{|I|+1}B( ⋂ i∈I A_i)

The theory also provides a method for dealing with inconsistent evidence (the basic probability assignment does not sum up to 1, or even B(A) + B(Ω − A) > 1). The resulting process, renormalization, re- distributes the values s.t. they again sum up to 1, by using a rule called Dempster’s rule. So, interestingly, the theory normalizes inconsistent knowledge but does not normalize incomplete knowledge (e.g. when B(A) = 0.8 but B(¬A) = 0). From or own subjective viewpoint a more elegant approach would do reasoning completely without renormalization but would provide a process for acquiring probabilities from the resulting (incomplete or inconsistent) information.

For the relation between the Dempster- Shafer theory of evidence and probability theory see the introduction to chapter 7 in [101], where the claim is that belief function’s only correspond to lower probabilities (or inner measures in general) as long as no renormalization has to be done. Further discussion is given in [100]. [88] shows how DS- theory can be formulated in terms of a probabilistic propositional logic.

[30] discusses the relationship between belief functions and inner/outer measures alongside with developing a logic for reasoning about evidence, claiming their equivalence within the presented framework (which does not allow reasoning about inconsistent knowledge). Saffiotti [95] develops a firstorder logic extended with evidence theory. It does assigns belief only to whole formulas but allows reasoning about inconsistent knowledge.

10 Rough Logic

Rough logic builds on the theory of Rough Sets [84, 85]. Let U be a universe. Let ∼ be an equivalence relation on U (e.g. constructed by taking a function ϕ on U and defining x ∼ y iff ϕ(x) = ϕ(y)). Given a set X ⊆ U one can define the ∼- lower approximation (or core) of X (∼X) as the union of all equivalence classes of ∼ for which all elements are in X, and the ∼- upper approximation (or envelope) of X (∼X) as the union of all equivalence classes of ∼ for which there is an element in X. Intuitively this means that ∼X contains all the elements which can possibly be classified as belonging to X using ∼, and ∼X contains all the elements which must necessarily be classified as belonging to X using ∼. Now we have: ∼X ⊆ X ⊆ ∼X and we call such a pair (∼X, ∼X) a rough set. Alternatively we call it the rough measure of the set X.

[82] and [81] give a logic based on rough sets based for expressing degree of belief uncertainty. Given an equivalence relation on the set of worlds U, the set of models of a sentence ϕ defines a rough set R(ϕ). This can be taken as the (rough) truth value of the sentence. One can also coarsen this approach by defining ϕ to be necessarily valid iff R(ϕ) is (U, U), possibly valid iff the envelope of R(ϕ) is U, possibly invalid iff the core of R(ϕ) is empty and necessarily invalid iff R(ϕ) is (∅, ∅) (the terminology used here is different from the one in the above papers). Now one can define a calculus for reasoning in this logic independent from a certain partitioning of U. Since the resulting logic is truth- functional and has finitely many truth values, it is just a certain many valued logic.

There are also approaches that try to express statistical uncertainty in logics based on rough sets. They define rough existential and universal quantifiers where rough existence means that there is a whole equivalence class and rough universal quantification means that in every equivalence class there is at least one element (see e.g. [83], [62] and [15], which also investigates connections to modal logic).

In [105] and [86] the relation between rough set theory and the theory of evidence is discussed.

11 Supervaluations

The method of supervaluations arose from research on free logics, i.e. logics which doubt sentences like (∃x)[x = t]. Here t is called a non-denoting constant. This method was initiated by van Fraassen [118, 119]), and further developed for example in [106], [72], [18], [19] and [123]. For overviews see [113] and [17]. In this method interpretations leave the values of atomic formulas containing non-denoting constants undefined. Then one uses extensions of an interpretation I which give values to the undefined atomic formulas. A supervaluation over I is a function that assigns “true” to every sentence which is true in all extensions of I, “false” to every sentence which is false in all extensions of I and “undefined” otherwise.

In this logic ϕ ∨ ¬ϕ is true even if both ϕ and ¬ϕ have the truth value “undefined”. So the logic is not truth- functional.

12 Combinations and General Approaches

Halpern [44] tries to combine the notions of degree of belief and statistical probability quantifiers into one language. The combined language is incomplete and it is not yet completely clear how degrees of belief can be generated from statistical information. Work on this is going on (see [11], [10], [59], [9] and [12]).

Another active research area is the combination of epistemic logics with reasoning about degrees of belief [31], [120], [121], [3], [33], [116].

Ruspini [93] gives a framework for reasoning about knowledge (modal logic) and evidence, and discusses connections to probability theory. Saffiotti [94] gives a general framework for representing uncertain knowledge by identifying a part for knowledge representation (e.g. first order logic) and a part for managing uncertainty (e.g. probability theory).

13 Incorporation into Logic Programming and Automated Theorem Proving

For approaches to automated modal theorem proving see for example [38, 2, 80], for modal logic extensions of logic programming [25, 13, 96].

For many- valued logic [29], [102], [97] allow to annotate clauses with functions which compute the certainty of the head using the certainties of the literals - see also the notion of quantitative Logic Programming [117]. [23] gives a generalization of SLD resolution for symbolic approximate reasoning by supporting five different forms of inference (collected in an adhoc manner).

[20] defines a framework for dealing with inconsistencies in logic programming with negation. They use a four- valued logic (originally proposed in [16]) over the lattice { unknown, true, false, inconsistent } (see [58] for a general calculus). In [39] this approach is generalized using bilattices. Kifer and Subrahmanian [58] provide a general framework for logic programming with annotations in lattices, which generalizes the approaches above.

There are various approaches to incorporating fuzzy logic into logic programming (see e.g. [5], [70], [110], [65], [103], [52], [47], [112]). Weigert [122] gives a generalization of the resolution method for such a (multi- valued/fuzzy) logic. Matyska [71] presents a constraint logic programming system over fuzzy sets.

Ng and Subrahmanian [78] present a framework for incorporating probability theory into logic programming by assigning probabilities to subformulas and using the semantics of probabilistic logic. Executing such a program involves solving a linear programming problem. Referring to empirical (statistical) probabilities (as modelled by the system described in this thesis) they explicitely state: “It is not clear how to use Bacchus‘ system as a basis for logic programming”.

[64] allows annotations in logic programs that describe the scenarios in which clauses hold. Then from a probability distribution on the scenarios belief and doubt probabilities of answers can be inferred.

[26] generalizes the resolution rule to possibilistic logic. In evidential support logic programming [14] programs consist of certain first order formulas where evidence values are assigned whole formulas only. Two values ε_1 and ε_2 can be written down telling that the evidence for a sentence is at least ε_1 and at most ε_2. Reasoning is done using Dempster’s rules of combination [99].

14 Conclusion

We have given a classification of “approximate logics” and an overview of the literature on the subject. Research is widely scattered among different groups and further steps would be needed for the systematization of the area.

References

[1] M. Abadi and J. Halpern. Decidability and expressiveness for firstorder logics of probability. In Proc. 30th IEEE Symposium on Foundations of Computer Science, pages 148–153, 1989.

[2] M. Abadi and Z. Manna. Modal theorem proving. In Proceedings 8th CADE, number 230 in LNCS. Springer, 1986.

[3] N. Alechina. Logics with probabilistic operators. Technical Report ILLC research report CT-94-11, University of Amsterdam, 1994.

[4] G. Alefeld and J. Herzberger. Introduction to Interval Computations.

Academic Press, New York, 1983.

[5] K. Atanassov and C. Georgiev. Intuitionistic fuzzy prolog. Fuzzy Sets and Systems, 53:121–129, 1993.

[6] F. Bacchus. Representing and Reasoning With Probabilistic Knowledge. PhD thesis, University of Alberta, 1988.

[7] F. Bacchus. Lp, a logic for representing and reasoning with statistical knowledge. Computational Intelligence, 6:209–231, 1990.

[8] F. Bacchus. Representing and Reasoning with Probabilistic Knowledge.

The MIT Press, 1990.

[9] F. Bacchus, A. Grove, J. Y. Halpern, and D. Koller. From statistics to beliefs. In Proc. of National Conference on Artificial Intelligence (AAAI), pages 602–608, 1992.

[10] F. Bacchus, A. J. Grove, J. Y. Halpern, and D. Koller. Generating degrees of belief from statistical information: An overview. In R. K. Shyamasunder, editor, Foundations of Software Techn. and Theor. Computer Science, 13th Conf., number 761 in LNCS, pages 318–325, Bombay, India, 1993.

[11] F. Bacchus, A. J. Grove, J. Y. Halpern, and D. Koller. Statistical foundations for default reasoning. In Proc. of International Joint Conference on Artificial Intelligence (IJCAI), pages 563–569, 1993.

[12] F. Bacchus, A. J. Grove, J. Y. Halpern, and D. Koller. From statistical knowledge bases to degrees of belief. Artificial Intelligence, 87(1-2):75– 143, 1996.

[13] M. Baldoni, L. Giordano, and A. Martelli. A framework for modal logic programming. In M. Maher, editor, Proc. of the 1996 Joint International Conference and Symposium on Logic Programming. The MIT Press, 1996.

[14] J. F. Baldwin. Evidential support logic programming. Fuzzy Sets and Systems, 24:1–26, 1987.

[15] M. Banerjee and M. K. Chakraborty. Logic of rough sets. In V. S.

Alager, S. Bergler, and F. Q. Dong, editors, Proc. of the Workshop on Incompleteness and Uncertainty in Information Systems, pages 223– 233, Montreal, Canada, 1993. Springer.

[16] N. Belnap, Jr. A useful four- valued logic. In J. M. Dunn and G. Epstein, editors, Modern Uses of Multiple- Valued Logic, pages 8–37. Reidel, 1977.

[17] Bencivenga. Free logics. In D. Gabbay and F. Guenther, editors, Handbook of Philosophical Logic, Vol. III: Alternatives in Classical Logic, chapter III.6, pages 373–426. D. Reidel Publishing Company, 1986.

[18] E. Bencivenga. Free semantics. Boston Sudies in the Philosphy of Science, 47:31–48, 1981.

[19] E. Bencivenga. Compactness of a supervaluational language. J. Symbolic Logic, 48:384–386, 1983.

[20] H. A. Blair and V. S. Subrahmanian. Paraconsistent logic programming. Theor. Comp. Sci., 68(2):135–154, 1989.

[21] R. Carnap. Logical Foundation of Probability. Chicago University Press, Chicago, 1951.

[22] B. F. Chellas. Modal Logic: An Introduction. Cambridge University Press, 1980.

[23] H.-T. Chung. A resolution- based system for symbolic approximate reasoning. International Journal of Approximate Reasoning, 13:201– 246, 1995.

[24] A. Dawar. Generalized quantifiers and 0-1 laws. In Proc. 10th IEEE Symp. on Logic in Computer Science, volume 5, pages 213–226, 1995.

[25] L. F. del Cerro. MOLOG: A system that extends PROLOG with modal logic. New Generation Computing, 4(35–50), 1986.

[26] D. Dubois, J. Lang, and H. Prade. Automated reasoning using possibilistic logic: Semantics, belief revision and variable certainty weights. IEEE Transactions on Knowledge and Data Engineering, 6(1), February 1994.

[27] D. Dubois and H. Prade. An introduction to possibilistic and fuzzy logics. In P. Smets, A. Mamdani, D. Dubois, and H. Prade, editors, Non- Standard Logics for Automated Reasoning. Academic Press, 1988. also in [101].

[28] H.-D. Ebbinghaus, J. Flum, and W. Thomas. Mathematical Logic.

Springer Verlag, 1984.

[29] G. Escalada-Imaz and F. Manya. Efficient interpretation of propositional multiple- valued logic programs. In B. Bouchon-Meunier, R. R. Yager, and L. A. Zadeh, editors, Advances in Intelligent Computing - IPMU’94, number 945 in Lect. Notes in Comp. Science, Paris, France, July 1994. Springer.

[30] R. Fagin and J. Y. Halpern. Uncertainty, belief, and probability. Computational Intelligence, 7:160–173, 1991.

[31] R. Fagin and J. Y. Halpern. Reasoning about knowledge and probability. Journal of the Association for Computing Machinery, 41(2):340– 367, 1994.

[32] R. Fagin, J. Y. Halpern, and N. Megiddo. A logic for reasoning about probabilities. Inf. Comput., 87(1/2):78–128, 1990.

[33] M. Fattarosi-Barnaba and G. Amati. Modal operators with probabilistic interpretations. Studia Logica, 46:383–393, 1987.

[34] W. Feller. An Introduction to Probability Theory and its Applications.

John Wiley & Sons, 1968.

[35] J. E. Fenstad. The structure of logical probabilities. Synthese, 18:1–23, 1968.

[36] J. E. Fenstad. Logic and probability. In E. Agazzi, editor, Modern Logic - A Survey, pages 223–233. D. Reidel Publishing Company, 1980.

[37] J. E. Fenstad. The structure of probabilities defined on first order languages. In R. Jeffrey, editor, Studies in Inductive Logic and Probability, volume 2. University of California Press, 1980.

[38] M. Fitting. Proof Methods for Modal and Intuitionistic Logics. Reidel, 1983.

[39] M. Fitting. Bilattices and the semantics of logic programming. Journal of Logic Programming, 11(2):91–116, 1991.

[40] H. Gaifman. Concerning measures in first order calculi. Israel Journal of Mathematics, 2:1–17, 1964.

[41] M. L. Ginsberg. Multivalued logics: A uniform approach to reasoning in artificial intelligence. Computational Intelligence, 4:265–316, 1988.

[42] J. Gordon and E. H. Shortliffe. Rule- Based Expert Systems, chapter The Dempster- Shafer Theory of Evidence. Series in Artificial Intelligence. Addison- Wesley, 1984.

[43] T. Hailperin. Probability logic. Notre Dame Journal of Formal Logic, 25(3):198–212, 1984.

[44] J. Y. Halpern. An analysis of first- order logics of probability. Artificial Intelligence, 46:311–350, 1990.

[45] J. Y. Halpern. Reasoning about knowledge: A survey. In C. H. D. Gabbaz and J. Robinson, editors, Handbook of Logic in Artificial Intelligence and Logic Programming, volume 4, pages 1–34. Oxford Univ. Press, 1995.

[46] E. Hansen. Global Optimization Using Interval Analysis. Marcel Dekker, Inc, 1992.

[47] C. J. Hinde. Fuzzy prolog. Int. Journal of Man- Machine Studies, 24:659–695, 1986.

[48] H. Hong. Symbolic- numeric methods for quantified constraint solving. Invited Lecture - IMACS/GAMM International Symposium on Scientific Computing, Computer Arithmetic and Validated Numerics (SCAN-95), 1995.

[49] D. N. Hoover. Probability logic. Annals of Mathematical Logic, pages 287–313, 1978.

[50] D. N. Hoover. An analytic completeness theorem for logics with probability quantifiers. Journal of Symbolic Logic, 52:802–816, 1987.

[51] G. E. Hughes and M. J. Cresswell. A new introduction to modal logic.

Routledge, London, 1996.

[52] M. Ishizuka and N. Kanai. Prolog- elf incorporating fuzzy logic. In Proc. 9th Int. Joint Conf. Artificial Intelligence (IJCAI-85), pages 701–703, Los Angeles, 1985.

[53] H. Jeffreys. Theory of Probability. Oxford University Press, 3rd edition, 1961.

[54] L. N. Kanal and J. F. Lemmer. Uncertainty in Artificial Intelligence.

Amsterdam: North Holland, 1986.

[55] H. J. Keisler. Hyperfinite model theory. In R. Gandy and J. Hyland, editors, Logic Colloquium 76. North-Holland, Amsterdam, 1977.

[56] H. J. Keisler. Probability quantifiers. In J. Barwise and S. Feferman, editors, Model Theoretic Logics, chapter XIV. Springer Verlag, New York, 1985.

[57] J. M. Keynes. A Treatise on Probability. Macmillan, London, 1921.

[58] M. Kifer. Theory of generalized annotated logic programming and its applications. Journal of Logic Programming, 12(4):335–367, 1992.

[59] D. Koller and J. Y. Halpern. Irrelevance and conditioning in first- order probabilistic logic. In Proc. of the 13th National Conf. on Artificial Intelligence (AAAI), pages 569–576, Portland, Oregon, August 1996.

[60] P. J. Krause and D. A. Clark. Representing Uncertain Knowledge.

Kluwer Academic Pub, 1993.

[61] S. Kripke. A semantical analysis of modal logic I: Normal propositional calculi. Zeitschrift für Mathematische Logik und Grundlagen der Mathematik, 9:67–96, 1963.

[62] M. Krynicki and H.-P. Tuschik. An axiomatization of the logic with the rough quantifier. The Journal of Symbolic Logic, 56(2), June 1991.

[63] H. E. Kyburg, Jr. Uncertainty logics. In D. M. Gabbay et al., editors, Handbook of Logic in Artificial Intelligence and Logic Programming, volume 3. Oxford: Clarendon Press, 1994.

[64] L. V. Lakshmanan. An epistemic foundation for logic programming with uncertainty. In P. Thiagarajan, editor, Proc. of 14th Conference on Foundations of Software Technology and Theoretical Computer Science, number 880 in LNCS, pages 89–100. Springer, 1994.

[65] R. C. T. Lee. Fuzzy logic and the resolution principle. Journal of the ACM, 19:109–119, 1972.

[66] P. Lindström. First order predicate logic with generalized quantifiers.

Theoria, 32:186–195, 1966.

[67] J. Łoṡ. Remarks on foundation of probability. In Proceedings of the International Congress of Mathematicians, pages 225–229, Stockholm, 1962.

[68] J. Łukasiewicz. Selected Works. North- Holland, Amsterdam, London, 1970. ed by L. Borkowski.

[69] J. Łukasiewicz and A. Tarski. Untersuchungen über den aussagenkalkül. Comptes rendus de la Société des Sciences et des Lettres de Varsovie, 23:1–21, 1930. English translation in [68].

[70] T. Martin, J. Baldwin, and B. Pilsworth. The implementation of fpprolog: A fuzzy prolog interpreter. Fuzzy Sets and Systems, 23:119– 129, 1987.

[71] L. Matyska. Logic programming with fuzzy sets. Technical Report TCU/CS/1993/4, City University, Department of Computer Science, 1993.

[72] R. K. Meyer and K. Lambert. Universally freee logic and standard quantification theory. J. Symboic Logic, 16:107–111, 1968.

[73] R. E. Moore. Interval Analysis. Prentice Hall, Englewood Cliffs, NJ, 1966, 1966.

[74] R. E. Moore. Methods and Applications of Interval Analysis. SIAM, Philadelphia, 1979.

[75] A. Mostowski. On a generalization of quantifiers. Fundamenta Mathematicae, 44:12–36, 1957.

[76] R. E. Neapolitan. Probabilistic Reasoning in Expert Systems. John Wiley & Sons, 1990.

[77] A. Neumaier. Interval Methods for Systems of Equations. Combridge Univ. Press, Cambridge, 1990.

[78] R. Ng and V. Subrahmanian. Probabilistic logic programming. Information and Computation, 101(2):150–201, 1993.

[79] N. J. Nilsson. Probabilistic logic. Artificial Intelligence, 28:71–87, 1986.

[80] H. J. Ohlbach. A Resolution Calculus for Modal Logics. PhD thesis, University of Kaiserslautern, Germany, 1989.

[81] S. Parsons. A rough set approach to reasoning under uncertainty.

Journal of Experimental and Theoretical AI, 7:175–193, 1995.

[82] S. Parsons and M. Kubat. A first order logic for reasoning under uncertainty using rough sets. Journal of Intelligent Manufacturing, 5:211–223, 1994.

[83] Z. Pawlak. Rough logic. Bulletin of the Polish Academy of Sciences.

Technical Sciences, 35:253–258, 1987.

[84] Z. Pawlak. Rough Sets - Theoretical Aspects of Reasoning about Data.

Kluwer Academic Publ., 1991.

[85] Z. Pawlak. Knowledge and uncertainty - a rough set approach. In V. Alagar, S. Bergler, and F. Q. Dong, editors, Proc. of the SOFTEKS Workshop on Incompleteness and Uncertainty in Information Systems. Springer, 1993.

[86] Z. Pawlak and A. Skowron. From the rough set theory to evidence theory. In M. Fedrizzi, J. Kacprzyk, and R. R. Yager, editors, Advances in the Dempster-Shafer theory of evidence. John- Wiley and Sons, 1994.

[87] J. Pearl. Probabilistic Reasoning in Intelligent Systems. Morgan Kaufmann Publ., San Mateo, California, 1988.

[88] G. M. Provan. A logic-based analysis of dempster- shafer theory. International Journal of Approximate Reasoning, 4, 1990.

[89] U. K. R. Hammer, M. Hocks and D. Ratz. Numerical Toolbox for Verified Computing I, chapter Nonlinear Equations in One Variable. Number 21 in Series in Computational Mathematics. Springer Verlag, 1993.

[90] H. Ratschek and J. Rokne. Computer Methods for the Range of Functions. Ellis Horwood Limited, 1984.

[91] H. Ratschek and J. Rokne. New Computer Methods for Global Optimizations. Ellis Horwood Limited, 1988.

[92] N. Rescher. Many-valued Logic. McGraw-Hill, New York, 1969.

[93] E. Ruspini. Epistemic logics, probability, and the calculus of evidence.

In Proceedings of the Tenth International Joint Conference on Artificial Intelligence, Los Altos, California, 1987. Morgan Kaufmann.

[94] A. Saffiotti. A hybrid framework for representing uncertain knowledge.

In Procs. of the 8th AAAI Conf., pages 653–658, Boston, MA, 1990.

[95] A. Saffiotti. A belief- function logic. In Proc. of the 10th AAAI Conference, pages 642–647, San Jose, CA, 1992.

[96] Y. Sakakibara. Programming in modal logic: And extension of PRO- LOG based on modal logic. In E. Wada, editor, Logic Programming’86, volume 264 of LNCS, pages 81–91. Springer Verlag, 1987.

[97] Y. Sakakibara. On semantics of logic programs with uncertainties.

Journal of Information Processing, 11(3):175–192, 1988.

[98] D. Scott and P. Krauss. Assigning probabilities to logical formulas. In J. Hintikka and P. Suppes, editors, Aspects of Inductive Logic, pages 219–264. North- Holland Publishing Company, 1966.

[99] G. Shafer. A Mathematical Theory of Evidence. Princeton University Press, 1976.

[100] G. Shafer. Rejoinders to comments on “perspectives on the theory and practice of belief functions”. International Journal of Approximate Reasoning, 6:445–480, 1992.

[101] G. Shafer and J. Pearl. Readings in Uncertain Reasoning. Morgan Kaufman Publ., 1990.

[102] E. Y. Shapiro. Logic programs with uncertainties. In Proc. 8th IJCAI, pages 529–532, 1983.

[103] Z. Shen, L. Ding, and M. Mukaidono. A theoretical framework for the fuzzy prolog machine. In M. M. Gupta and T. Yamakawa, editors, Fuzzy Computing, pages 89–100. North- Holland, Amsterdam, 1988.

[104] J. R. Shoenfield. Mathematical Logic. Addison-Wesley, Reading, 1967.

[105] A. Skowron and J. Grzymala-Busse. From the rough set theory to evidence theory. In M. Fedrizzi, J. Kacprzyk, and R. R. Yager, editors, Advances in the Dempster-Shafer theory of evidence. John Wiley and Sons, 1991.

[106] B. Skyrms. Supervaluations: identity, existence, an individual concepts. J. Philosophy, 69:477–482, 1968.

[107] P. Smets. Non standard probabilistic and non probabilistic representations of uncertainty. In L. A. Z. Bernadette Bouchon-Meunier, Ronal R. Yager, editor, Advances in Intelligent Computing - TPMU- 94, volume 945 of LNCS. Springer, 1994.

[108] P. Smets, A. Mamdani, D. Dubois, and H. Prade. Non- standard logics for automated reasoning. Academic Press, 1988.

[109] H. E. Stephanou and A. P. Sage. Perspectives on imperfect information processing. IEEE Transactions on Systems, Man, and Cybernetics, 17(5):780–798, 1987.

[110] G. Tamburrini and S. Termini. Towards a resolution in a fuzzy logic with Lukasiewicz implication. In Proc. of IPMU’92, pages 271–277, Paris, 1992.

[111] R. Turner. Logics for Artificial Intelligence. Ellis Horwood Limited, 1984.

[112] M. Umano. Fuzzy- set prolog. In Proc. 2nd Int. Fuzzy Systems Association (IFSA) Congress, pages 750–753, Tokyo, 1987.

[113] A. Urquhart. Many- valued logic. In D. Gabbay and F. Guenther, editors, Handbook of Philosophical Logic, Vol. III: Alternatives in Classical Logic, chapter III.2, pages 71–116. D. Reidel Publishing Company, 1986.

[114] J. Väänänen. Generalized quantifiers. Bulletin of the European Association for Theoretical Computer Science, 1997.

[115] J. van Benthem and D. Westerstahl. Directions in generalized quantifier theory. Stud. Log., 55(3):389–419, 1995.

[116] W. van der Hoeck. Some considerations on the logics p_f d. a logic combining modality and probability. J. Appl. Non-Class. Log., 7(3):287– 307, 1997.

[117] M. H. van Emden. Quantitative deduction and its fixpoint theory.

Journal of Logic Programming, 4(1):37–53, 1986.

[118] B. C. van Fraassen. The completeness of free logic. Zeitschrift für mathematische Logik und Grundlagen der Mathematik, 12:219–234, 1966.

[119] B. C. van Fraassen. Singular terms, truth-value gaps, and free logic.

Journal of Philosophy, 67:481–495, 1966.

[120] F. Voorbraak. As Far as I Know. Epistemic Logic and Uncertainty.

PhD thesis, Utrecht University, Department of Philosophy, 1993.

[121] F. Voorbraak. Epistemic logic and uncertainty. ESSLI Workshop Notes Quantitative and Symbolic Approaches to Uncertainty, 1996. available from the author’s homepage:

http://turing.wins.uva.nl/~fransv.

[122] T. Weigert, J. Tsai, and X. Liu. Fuzzy operator logic and fuzzy resolution. Journal of Automated Reasoning, 10:59–78, 1993.

[123] P. W. Woodruff. On supervaluations in free logic. J. Symbolic Logic, 49:943–950, 1984.

[124] L. A. Zadeh. Fuzzy sets. Information and Control, 8:338–353, 1965.

[125] L. A. Zadeh. Fuzzy sets as a basis for a theory of possibility. Fuzzy Sets and Systems, 1:3–28, 1978.

[126] H.-J. Zimmermann. Fuzzy Set Theory - and Its Applications. Kluwer, 1991.