Algebraic Multigrid and Element Preconditioning I

Stefan Reitzinger^1 Johannes Kepler University Linz, SFB F013 “Numerical and Symbolic Scientific Computing”

Freistädter Str. 313, 4040 Linz, Austria

phone: ++43 732 2468 7178 fax: ++43 732 2468 7179 email: reitz@numa.uni-linz.ac.at

Abstract

This paper presents a solution strategy for poor conditioned, large linear systems with a sparse matrix arising from an FE-discretization. Especially robustness has to be gained, if anisotropic elements are used. To achieve this, the algebraic multigrid (AMG) method of Ruge/Stüben is used. This algorithm is robust for M-matrices, but unfortunately the ‘region of robustness’ between s.p.d. M-matrices and general s.p.d. matrices is very fuzzy. For this reason the so called element preconditioning technique is introduced to obtain a spectral equivalent M-matrix with respect to the original stiffness matrix. AMG, with the spectral equivalent M-matrix instead of the original stiffness matrix, is then applied as preconditioner to the conjugate gradient method.

Numerical studies are done for a magnetic shielding, a sandwich and a boundary layer problem in 2D (and 3D) which show the numerical robustness of the new preconditioning method.

Keywords algebraic multigrid, anisotropic elements, element preconditioning, robust solvers, preconditioned conjugate gradient method

AMS Subject Classification 65N22, 65F10

1This work has been supported by the Austrian Science Foundation - ‘Fonds zur Förderung der wissenschaftlichen Forschung (FWF)’ under project SFB F013 ‘Numerical and Symbolic Scientific Computing’

1 Introduction

In order to solve a poor conditioned, large linear system with a sparse matrix arising from an finite element (FE) discretization of an elliptic partial differential equation (PDE), an efficient solution strategy is required. Multigrid methods (MGM) have proven to be an optimal solver for such kind of problems, see [3, 11, 12, 13, 14, 15, 20, 25, 30]. MGMs are known to be asymptotically optimal, but they require a hierarchical grid structure which may not always be available. Algebraic multigrid (AMG) is a technique which preserves the most advantages of multigrid methods and needs no hierarchical grid structure. Actually, AMG just needs the matrix and the right hand side. This makes AMG very attractive as black-box solver with the features of multigrid cycling processes. The first serious approach to AMG was made in 1982 and an improved version can be found in [5]. The algorithm described therein behaves robust against parameter jumps, geometry of the domain, etc., if the underlying matrix is an M-matrix or if it is at least very close to an M-matrix (i.e. there are just few relatively small positive off-diagonal entries). For such kind of problem setting a lot of numerical studies were done and can be found in [10, 28, 29]. Other ‘pure’ AMG methods with quite interesting approaches can be found in [8, 20, 27, 32]; these authors are just vicarious for those working on this topic. Additionally, the methods described in [7, 33] are also called ‘algebraic’, due to the matrix dependent prolongation and restriction. Anyway, they need some hierarchical grid structure.

In this paper, the AMG method of Ruge-Stüben (denoted by RSAMG) is applied as a preconditioner for the conjugate gradient method. For theory on RSAMG we refer to [5, 28, 29, 4]. On one hand we know that RSAMG is robust for s.p.d. M-matrices. On the other hand we need in a preconditioning step of PCCG only a matrix B_h which is spectrally equivalent to the original matrix A_h. In order to achieve robustness for anisotropic elements (especially rectangles in 2D and pentahedra in 3D) the element preconditioning method (EP) is suggested to obtain a spectrally equivalent M-matrix B_h, so that RSAMG can be applied to it. Putting these three methods together (i.e. EP, RSAMG and PCCG) will result in a robust solution strategy, i.e. RSAMG with B_h instead of A_h is applied as a preconditioner to PCCG. This technique can always be used if the element stiffness matrices of the original stiffness matrix A_h are available. The paper is organized as follows: First, the main points of RSAMG and PCCG are given. Next we present a method to achieve a matrix with M-matrix property which is spectrally equivalent to the original stiffness matrix, with small spectral constants. This method is called element preconditioning. For the element preconditioning technique, numerical examples are shown which prove the numerical robustness of the method. At the end some conclusions and further remarks are given.

Notation Throughout the paper s.p.d. is the abbreviation for symmetric positive definite. Moreover an element matrix A^{(r)} is called M-matrix even if it is just symmetric positive semidefinite. Spectral equivalence of matrices, i.e. c_1(Au, u) ≤ (Bu, u) ≤ c_2(Au, u), is abbreviated by A ∼ B. And finally, the null-space of a matrix A is denoted by N(A).

2 RSAMG and PCCG

We use the AMG method of Ruge and Stüben as our basic tool. This technique has proven to be robust for M-matrices or nearly M-matrices (small positive off diagonal entries are admissible) and for special classes of symmetric matrices (for a more exact explanation see [4]).

AMG is in principle very simple. In order to solve the equation

A_hu_h = f_h (1)

by means of a multigrid cycle the interpolation, restriction, coarse grid and smoothing operator has to be defined in an algebraic way. We explain this methodology by means of a two grid method, where h and H describe the fine and coarse grid, respectively. First of all, the smoothing operator is fixed and usually the simplest one is taken, i.e. Gauß-Seidel. Next the coarse grid operator A_H is defined via the Galerkin-approach, i.e. A_H = I^H_h A_hI^h_H . In the last formula, the restriction and interpolation operator are denoted by I^H_h and I^h_H , respectively. The additional assumption I^H_h = (I^h_H )^T means that only the interpolation operator I^h_H has to be defined. An appropriate method for computing the interpolation weights is given in [28, 26]. If the operators are set up, a multigrid cycle can be constructed in the usual way (see [13]).

Besides the fact that RSAMG can be used as a solver itself, it can also be interpreted as a preconditioner (for CG). It is well known that the combination of PCCG and RSAMG results in an efficient solution strategy. Before we proceed, the main preliminaries for PCCG are presented. For more details we refer to [16]. The essential and sufficient assumptions for PCCG are:

• the original stiffness matrix A_h is s.p.d.

• the preconditioner for PCCG will be derived from a matrix B_h by applying RSAMG to it

• B_h ∼ A_h with B_h s.p.d.; clearly, B_h = A_h would be the best choice for the preconditioning step in PCCG but it is not necessary

• Gauß-Seidel is used as a smoother in the MG preconditioner

• the coarse grid systems are derived via the Galerkin-approach

3 Element Preconditioning

3.1 The idea

Here we propose a technique to produce a spectrally equivalent M-matrix B_h out of A_h, which is s.p.d. This is very important because the M-matrix property of A_h can be lost if

• quadratic FE-functions are used instead of linear ones

• the triangulation is not regular

• long thin rectangles are used

• etc.

Now, if the non-negative values in the matrix get too big, RSAMG will break down; i.e. it loses the robustness. How can we omit this leak? Notice that RSAMG will be used as a preconditioner and therefore only a spectrally equivalent matrix is needed on the finest grid; and as mentioned in the last section, this is sufficient for PCCG. Hence we are looking for a matrix B_h which is spectrally equivalent to the original stiffness matrix A_h and B_h is M-matrix. A sophisticated method to get a spectrally equivalent M-matrix is to extract more information out of the element-matrices.

Theorem 3.1. Let A_h ∈ R^n be an s.p.d. matrix arising from an FE-discretization. Moreover let A^{(r)} be the corresponding element matrices and assume

B^{(r)} ∼ A^{(r)} ∀r ∈ R_h (2)

with B^{(r)} M-matrix. Moreover let c^{(r)}_1 and c^{(r)}_2 be the lower and upper spectral constants of (2), respectively. (Notice: A^{(r)} could be positive semidefinite and thus we have to require N(B^{(r)}) = N(A^{(r)}).) Then we get

B_h ∼ A_h (3)

where B_h is the assembled matrix of B^{(r)}. The lower and upper spectral constants of (3) are min_{r∈}R_h c^{(r)}_1 and max_{r∈}R_h c^{(r)}_2 , respectively. Additionally, B_h has Mmatrix property.

Proof. The proof follows immediately by using the connectivity matrices.

To use the above theorem for each element δ_r, r ∈ R_h , a spectrally equivalent element matrix has to be computed; but how could this be done? From a practical point of view we have to check the element matrix before we assemble it. If the element-matrix A^{(r)} is no M-matrix it will be replaced by B^{(r)}.

3.2 Practical usage, general algorithm and special cases

In the following discussion we restrict ourself to Ω ⊂ R^2 , R^3 and the potential equation, i.e.

− div(μ(x) grad u(x)) = f(x) x ∈ Ω (4)

Besides the spectral equivalence property of the element matrix B^{(r)} to A^{(r)} there are two more objectives:

• B^{(r)} is an M-matrix

• the generalized eigenvalue problem A^{(r)}u = λB^{(r)}u has a constant spectrum, independent from ‘bad’ parameters A general technique to find the best possible M-matrix for a given element matrix A^{(r)} is described in Algorithm 1.

PROCEDURE GeneralSpectralMatrix(A^{(r)}) BEGIN

get the element matrix for element r, i.e.A^{(r)} IF element matrix A^{(r)} is no M-matrix THEN BEGIN

calculate B^{(r)} with λmax λmin → min such that B^{(r)} is an M-matrix, symmetric, positive semidefinite END END Algorithm 1: General technique to get an M-matrix

This procedure is general and useful for all arising element matrices, which are positive semidefinite. Note, that this technique can also be applied in 3D and for any elliptic operator of second order.

Next we are going to compute such spectrally equivalent element matrices for two special elements; namely the rectangle in 2D and the prismatic pentahedron in 3D. Fortunately in these cases a pure algebraic approach can be given to attain a spectrally equivalent M-matrix.

First, we consider a long thin rectangle as in Figure 1 with bilinear FE-functions. By calculating the element stiffness matrix we attain

A^{(r)} = 1 6pq

0
B
@

2(p^2 + q^2) p^2 − 2q^2 −2p^2 + q^2 −(p^2 + q^2) p^2 − 2q^2 2(p^2 + q^2) −(p^2 + q^2) −2p^2 + q^2 −2p^2 + q^2 −(p^2 + q^2) 2(p^2 + q^2) p^2 − 2q^2 −(p^2 + q^2) −2p^2 + q^2 p^2 − 2q^2 2(p^2 + q^2)

1
C
A^{(5)}

Notice, that for q <^{p√}_2 positive off-diagonal elements will occur and thus the M-matrix property is lost.

PSfrag replacements

Figure 1: A long thin rectangle

A method to get a spectrally equivalent M-matrix is suggested in Algorithm 2. Therefore let us assume the numbering of the unknowns as in Figure 1 and the original element stiffness matrix (5).

PROCEDURE SpectralMatrixRec(A^{(r)}) BEGIN

IF a_{12} > 0 or a_{34} > 0 THEN BEGIN

s_x = 2(a_{12} + a_{14} + a_{23} + a_{34}) s_y = 2(a_{13} + a_{24}) END IF a_{13} > 0 or a_{24} > 0 THEN BEGIN

s_x = 2(a_{12} + a_{34}) s_y = 2(a_{13} + a_{24} + a_{14} + a_{23}) END calculate the elements of B^{(r)} b_{11} = b_{22} = b_{33} = b_{44} = −^{sx+sy}_2 b_{12} = b_{34} =^{sx}_2 b_{13} = b_{24} =^{sy}_2 b_{14} = b_{23} = 0 END

Algorithm 2: Algebraic technique to attain an M-matrix for a rectangle

With Algorithm 2 we obtain the spectrally equivalent matrix (6).

Ã^{(r)} = 1 6pq

0
B
@

2(p^2 + q^2) −3q^2 −2p^2 + q^2 0 −3q^2 2(p^2 + q^2) 0 −2p^2 + q^2 −2p^2 + q^2 0 2(p^2 + q^2) −3q^2 0 −2p^2 + q^2 −3q^2 2(p^2 + q^2)

1
C
A^{(6)}

This matrix is symmetric, positive semidefinite and an M-matrix for q <^{p√}_2 ; i.e. the height of the rectangle is much smaller than the length. Finally it is shown that (6) is spectrally equivalent to (5).

Theorem 3.2. Let (5) be an element matrix. Then (6) is a spectrally equivalent matrix to (5). The eigenvalues λ of the generalized eigenvalue problem

A^{(r)}u = λB^{(r)}u (7)

are in the interval {0} ∪ [^1_2 ,^{3p2}_{2p2−q2} ].

Proof. The proof was done by calculating the eigenvalues of the generalized eigenvalue problem (7) with the program package Mathematica.

Second, an anisotropic prismatic pentahedron as in Figure 2 is under consideration with the following basis functions on the reference element.

ψ_1 = x_1 · x_3 (8) ψ_2 = x_1 · (1 − x_3) (9) ψ_3 = x_2 · x_3 (10) ψ_4 = x_2 · (1 − x_3) (11) ψ_5 = (1 − x_1 − x_2) · x_3 (12) ψ_6 = (1 − x_1 − x_2) · (1 − x_3) (13)

PSfrag replacements

Figure 2: An anisotropic pentahedron

Similar to the method for the rectangle the Algorithm 3 produces a spectrally equivalent M-matrix for a prismatic pentahedron.

PROCEDURE SpectralMatrixPent(A^{(r)}) BEGIN

IF A^{(r)} is no M-matrix THEN BEGIN

s^1_x = a_{12} + a_{15} + a_{24} + a_{45} s^1_y = a_{14} + a_{25} s^2_x = a_{13} + a_{16} + a_{34} + a_{46} s^2_y = a_{14} + a_{36} s^3_x = a_{23} + a_{65} + a_{35} + a_{26} s^3_y = a_{25} + a_{36} s^{i,j}_z = s^i_z + s^j_z END calculate the elements of B^{(r)} b_{11} = b_{44} = −(s^{1,2}_x +^{s1,2y}_2 ) b_{22} = b_{55} = −(s^{1,3}_x +^{s1,3y}_2 ) b_{33} = b_{66} = −(s^{2,3}_x +^{s2,3y}_2 ) b_{12} = b_{45} = s^1_x b_{13} = b_{46} = s^2_x b_{23} = b_{56} = s^3_x b_{14} =^{s1,2y}_2 b_{25} =^{s1,3y}_2 b_{36} =^{s2,3y}_2 b_{ij} = 0 for all remaining i,j END

Algorithm 3: Algebraic technique to attain an M-matrix for a prismatic pentahedron

Theorem 3.3. Let A^{(r)} be an element matrix of a prismatic pentahedron. Then B^{(r)} produced by Algorithm 3 is a spectrally equivalent matrix to A^{(r)}. The eigenvalues λ of (7) are in the interval {0} ∪ [0.25, 1.25].

Proof. The proof was done by calculating the eigenvalues of (7) with the program package Mathematica.

Remark 3.4. Until now, rectangles and prismatic pentahedra were considered. Other elements which are also very important and very similar to the previous ones are quadrilaterals and pentahedra with two parallel surfaces (see Figure 3).

In these cases Algorithm 2 and Algorithm 3 can also be applied and deliver an Mmatrix. Obviously the eigenvalues of the generalized eigenvalue problem depend on the smallest angle α of such an element. But the B^{(r)} are acceptable if^π_4 ≤ α ≤^π_2 .

Figure 3: An anisotropic quadrilateral and pentahedron with two parallel surfaces

4 Numerical Studies

In this section the effectivity and robustness of EP+RSAMG+PCCG is shown. Therefore the code was included in the program package FEPP, see [31]. Therein RSAMG is used as a preconditioner for PCCG.

The potential equation, typically arising in magnetic field problems, a sandwich problem and a boundary layer problems are treated as examples. The overall abbreviations are listed in Table 1 for this section.

PCAMG PCCG with RSAMG ModPCAMG PCCG with EP and RSAMG N number of unknowns level number of levels used in the calculation κ condition number of C^{−1}A where C is the preconditioner, i.e. RSAMG iter number of iterations of the PCCG

Table 1: Abbreviations for the numerical studies

We used in RSAMG a generalized V-cycle. For all examples the iteration was terminated after an error reduction in preconditioner energy norm by a factor of 10^{−8}. All calculations were done on a SUN Ultra 1 workstation, 170 MHz.

4.1 Shielding problem in 2D

Let us consider the following problem

− div(μ_i grad u(x)) = 0 ∀x ∈ Ω_i i = 1, 2 (14) u(x) = −μ_1 · (B_xx_1 + B_yx_2) ∀x ∈ ∂Ω_1 \ ∂Ω_2 (15) −μ_1 ∂u_1(x) ∂n = −μ_2

∂u_2(x) ∂n ∀x ∈ ∂Ω_2 (16) with parameter setting μ_1 = 1, μ_2 = 1000, B_x = 21, B_y = 45 and domain Ω as shown in Figure 4.

PSfrag replacements

Figure 4: Shielding problem with two materials

In Table 2, the condition numbers and the number of iterations are shown for 2D problem if element preconditioning is used. For comparison the non robust PCAMG method is listed for t = 10^{−3} in Table 3.

ModPCAMG t N level κ iter 10^{−2} 5.59 25 10^{−3} 2369 3 5.42 24 10^{−4} 4.93 22 10^{−5} 4.31 20 10^{−2} 6.58 29 10^{−3} 9345 4 6.57 28 10^{−4} 6.05 27 10^{−5} 5.14 24 10^{−2} 8.91 33 10^{−3} 37121 6 9.26 34 10^{−4} 7.96 31 10^{−5} 6.60 28

Table 2: Shielding problem in 2D

PCAMG t N level κ iter 2369 3 1401 >100 10^{−3} 9345 4 927 >100 37121 6 625 >100

Table 3: Shielding problem in 2D

4.2 Sandwich problem in 3D

Second, a so called sandwich problem is considered, with the same PDE and boundary condition as in the shielding example. The geometry of the problem can be seen in Figure 5.

PSfrag replacements

Figure 5: Sandwich problem in 3D

ModPCAMG h N level κ iter 10^{−2} 4.08 40 10^{−3} 645 2 4.04 39 10^{−4} 4.09 37 10^{−5} 4.53 39 10^{−2} 9.28 45 10^{−3} 4233 4 4.26 41 10^{−4} 4.43 40 10^{−5} 4.12 40

Table 4: Sandwich problem in 3D

In Table 4 the robustness of ModPCAMG is stated if the element preconditioning method is applied to the prismatic pentahedra. If this technique is not used, then the condition number κ is increasing with the number of unknowns (e.g. κ ∼ 10^6 for the case N = 4233, h = 10^{−5}).

4.3 Boundary layer problem in 2D

Third, we consider a boundary layer problem of the following kind

−ϵ^2Δu + u = 1 ∀x ∈ Ω (17) u = 0 ∀x ∈ Γ (18)

and with an appropriate discretization presented in Figure 6 (bilinear FE-functions).

PSfrag replacements

Figure 6: Boundary layer problem

ModPCAMG ϵ N level κ iter 10^{−2} 2.98 13 10^{−3} 625 2 3.05 12 10^{−4} 2.94 11 10^{−5} 2.92 11 10^{−2} 3.08 13 10^{−3} 2401 4 4.61 23 10^{−4} 3.11 12 10^{−5} 3.14 12 10^{−2} 5 3.18 13 10^{−3} 9409 8 3.17 13 10^{−4} 8 4.24 15 10^{−5} 8 3.25 11

Table 5: Boundary layer problem

In Table, 5 the robustness of the ModPCAMG can be seen again. Further more we can emphasize that ModPCAMG is robust; not so PCAMG.

5 Conclusions and further Remarks

The numerical results show the robustness of the suggested technique if anisotropic elements are used for discretization. First it is clear that this strategy can be applied to all kinds of positive definite problems if we have access to the element stiffness matrices. But it should also be mentioned that the spectral equivalence constants could be large. Moreover it might be a big numerical effort to produce an M-matrix in the general case.

Second, this method was introduced for scalar elliptic equations. A straight forward approach to systems is not obvious but a generalization is under current research.

Another way to overcome the ‘M-matrix property’ is to seek for a new interpolation method and/or for a new coarsening strategy. This means, if the interpolation could be improved, we should end up with a better convergence rate (even if just s.p.d. matrices are considered). Of course this is closely related to the coarsening strategy because positive off-diagonal entries have to be treated in the right way.

Acknowledgment I would like to give special thanks to Prof.Ulrich Langer, Gundolf Haase, and Joachim Schöberl for his program package FEPP.

References

[1] R.A.Adams: Sobolev Spaces, Academic Press, New York, 1975

[2] T.Apel, M.Dobrowolski: Anisotropic Interpolation with Applications to the Finite Element Method, Computing 47, 1992

[3] J.H.Bramble, J.E.Pasciak, J.Xu: Parallel multilevel preconditioners, Math.

Comput. 55, 1990

[4] A.Brandt: Algebraic Multigrid Theory: The Symmetric Case, in Preliminary Proceedings of the International Multigrid Conference, Copper Mountain, Colorado, (S.McCormick and U.Trottenberg ed), 1983

[5] A.Brandt, S.McCormick, J.W.Ruge: Algebraic Multigrid (AMG) for sparse matrix equations, in Sparsity and it’s Application, (D.J.Evans ed), 1984

[6] P.G.Ciarlet: The Finite Element Method for Elliptic Problems, North-Holland Publishing Company, Amsterdam-New York-Oxford, 1987

[7] J.Dendy: Blackbox multigrid for nonsymmetric problems, Appl. Math. Comput., 1983

[8] J.Fuhrmann: A Modular Algebraic Multilevel Method, Weierstraß Institute for Applied Analysis and Stochastics, Berlin, 1996

[9] V.Girault,P.A.Raviart: Finite Element Approximation of the Navier-Stokes Equations, Springer Verlag, Berlin, 1979

[10] T.Grauschopf, M.Griebel, H.Regler: Additive Multilevel Preconditioners based on Bilinear Interpolation, Matrix Dependent Geometric Coarsening and Algebraic Multigrid Coarsening for Second Order Elliptic PDEs, Technische Universität München, Institut für Informatik, SFB Bericht Nr.342/02/96 A, 1996

[11] C.Großmann, H.-G.Roos: Numerik partieller Differentialgleichungen, Teubner Studienbücher Mathematik, 1993

[12] M.Griebel: Multilevelmethoden als Iterationsverfahren über Erzeugendensystemen, B.G.Teubner, Stuttgart, 1994

[13] W.Hackbusch: Iterative Löser großer schwachbesetzter Gleichungssysteme, Teubner Studienbücher Mathematik, 1993

[14] W.Hackbusch: Mutligrid Methods and Application, Springer Verlag, Berlin- Heidelberg-New York, 1985

[15] W.Hackbusch: Theorie und Numerik elltipischer Differentialgleichungen, B.G. Teubner, Stuttgart, 1986

[16] G.Haase, U.Langer: Multigrid Methoden, Johannes Kepler Universität Linz, Institut für Mathematik, 1998

[17] R.Hiptmair: Multigrid Method for Maxwell’s Equations, Universität Augsburg, Institut für Mathematik, Report No. 374, 1997

[18] R.Hiptmair: Nonconforming Vector Valued Finite Elements, Universität Augsburg, Institut für Mathematik, Report No. 375, 1997

[19] M.Jung, U.Langer: Finite-Elemente-Methode. Eine Einführung für Ingenieurstudenten, Johannes Kepler Universität Linz, Institut für Mathematik, 1996

[20] F.Kickinger: Algebraic Multigrid for Discrete Elliptic Second-Order Problems, Johannes Kepler Universität Linz, Institut für Mathematik, Institutsberich Nr.513, 1997

[21] A.Kost: Numerische Methoden in der Berechnung elektromagnetischer Felder, Springer-Verlag, Berlin, 1995

[22] M.Kuhn: Efficient Parallel Numerical Simulations of Magnetic Field Problems Dissertation, Johannes Kepler Universität Linz, Institut für Mathematik, 1998

[23] U.Langer: Numerik I, Skriptum zur gleichnamigen Vorlesung, Johannes Kepler Universität, Institut für Mathematik, Linz, 1996

[24] U.Langer: Numerik II, Skriptum zur gleichnamigen Vorlesung, Johannes Kepler Universität, Institut für Mathematik, Linz, 1996

[25] P.Oswald: Multilevel Finite Element Approximation, B.G.Teubner, Stuttgart, 1994

[26] S.Reitzinger: Robust Algebraic Multigrid Methods in Magnetic Shielding Problems, Johannes Kepler Universität Linz, Institut für Mathematik, Diplomarbeit, 1998

[27] A.Reusken: On the Approximate Cyclic Reduction Preconditioner, Rheinisch-Westfälische Technische Hochschule Aachen, Institut für Geometrie und Praktische Mathematik, Bericht Nr.144, 1997

[28] J.W.Ruge, K.Stüben: Algebraic Multigrid (AMG), in Multigrid Methods (St.Mc Cormick ed.), Frontiers in Applied Mathematics, Vol.5, SIAM, Philadelphia, 1986

[29] J.W.Ruge, K.Stüben: Efficient solution of finite difference and finite element equations, in Multigrid Methods for integral and differential equations (D.Paddon and H.Holstein ed.), The Institute of Mathematics and it’s Applications, Conference Series, New Series 3, Clarendon Press, Oxford, 1985

[30] J.Schöberl: Robust Multigrid Preconditioning for Parameter-Dependent Problems I: The Stokes-type Case, Johannes Kepler Universität Linz, Institut für Mathematik, Institutsbericht, 1997

[31] J.Schöberl: FEPP - Finite Element ++, www.nathan.unilinz.ac.at/Staff/joachim/cpp/doc/index.html, Johannes Kepler Universität Linz, Institut für Mathematik, 1997

[32] P.Vanek, J.Mandel, M.Brezina: Algebraic Multigrid by Smoothed Aggregation for Second and Fourth Order Elliptic Problems, Computing 56, 1996

[33] P.M.de Zeeuw: Matrix Dependent Prolongations and Restrictions in a Black Box Multigrid, J. Comp. and Appl. Mathematics 33, 1990

[34] A.Zenisek, M.Vanmaele: The interpolation theorem for narrow quadrilateral isoparametric finite elements, Numerische Mathematik 72, 1995