A Computer Algebra solution to a planar newtonian 4-body problem with unequal masses

Ilias Kotsireas^1, Josef Schicho^2

aOntario Research Centre for Computer Algebra, University of Western Ontario,

Computer Science Department, N6A 5B7 London, Ontario, Canada

http://www.orcca.on.ca/ilias

bRISC-Linz, Johannes Kepler University, A-4040 Linz, Austria

http://www.risc.uni-linz.ac.at/people/jschicho

Abstract

We apply Computer Algebra methods and techniques, to the solution of a mathematical problem in Celestial Mechanics.

1 Introduction

The N-body problem is the most widely studied problem of Celestial Mechanics. Newton’s equations of motion form a system of differential equations which describes the motion of N point masses moving under the influence of their mutual gravitational attraction. This system is in general not integrable, but there is an important special class of solutions that can be computed analytically. These solutions are called central configurations. The enumeration of all such solutions for N > 4, is already too difficult for the theoretical methods and computational tools available today.

The complete classification of central configurations of the newtonian planar 4-body problem with equal masses has been done by Albouy in [Alb95] and [Alb96]. These configurations are of three types : the square, the equilateral triangle with its barycenter and the pseudo-centered isosceles triangle. Moreover there is only one configuration with a unique symmetry axis.

1 Ilias.Kotsireas@orcca.on.ca, supported in part by the Ontario Research and Development Challenge Fund.

2 Josef.Schicho@risc.uni-linz.ac.at, supported by the Austrian Science Fund (FWF) in the frame of the project SFB 1303/P3.

Preprint submitted to Elsevier Preprint 21 January 2000

A very general and well-known conjecture in Celestial Mechanics has been established for the newtonian N-body problem with arbitrary masses. The conjecture asserts that for any fixed choice of the masses the number of central configurations is finite. Under the assumption of having a finite number of central configurations, upper bounds for this number are known, but computational difficulties prevent us from being able to explicitly enumerate central configurations. Strong supporting evidence toward the truth of the conjecture, is also provided from the fact that for all choices of the masses except possibly a set of measure zero, the number of central configurations is finite.

A new formulation of the equations of central configurations in terms of polynomial equations, has been established by Albouy-Chenciner in [AC98], using a construction in Linear Algebra. This formulation allows us to apply modern Computer Algebra techniques and methods for polynomial system solving, in the search for central configurations. Some interesting results exploiting this idea have been obtained in [KL98], [Kot98] and [FK99]. For a survey of the basic new results in this direction, see [Kot00].

In this paper, we address a first special case of the conjecture: a newtonian planar 4-body problem with one Albouy-type symmetry. This problem has been suggested to the first author by Albouy.

The Albouy-Chenciner formulation of the problem is too complex to be approached by general solution methods such as Gröbner basis [Buc65,Buc85], or cylindrical decomposition [Col75,CH91].

Fortunately, we could eliminate a lot of variables by hand, (but of course with the help of a Computer Algebra System, namely Maple, see [CGG^+91], that was used interactively). Some of them can be eliminated by exploiting the symmetry. A whole group of variables appears only quadratically, in the last column of a matrix whose determinant is set to zero. By careful row operations, we achieve that the elements in the last column have a common linear factor which can be divided out. This leads to an equivalent system of algebraic equations that are linear in the respective group of variables. Now, these variables can be eliminated by standard techniques of linear algebra. This leads to a system with three variables and one parameter. The proof of the conjecture is reduced to showing that the system has only finitely many solutions for each positive value of the parameter.

There are algorithms for computing Gröbner bases in the presence of parameters [Wei92,Mon99]. However, in our case we succeeded to show finiteness using just ordinary Gröbner bases computations and some simple algebraic theorems, which are related to the shape of a Gröbner basis of a zero-dimensional ideal (see [BW93]).

The success of the theory of Gröbner bases in this case suggests that it can be used to obtain further results in this direction.

2 The problem

In this section we describe the general setting of the newtonian planar 4-body problem, and we define the concept of central configurations. Then we mention briefly Albouy’s symmetry theorem for the planar newtonian 4-body problem with equal masses and the Finiteness of the number of central configurations. Finally we describe the problem that we consider in this paper.

2.1 Generalities

Consider 4 particles of masses m_i, i = 1, . . . , 4 moving in the plane under their mutual gravitational attraction. Choose a point as the origin and denote by r_i, i = 1, . . . , 4 the position vector of the i-th particle. Define the newtonian potential energy function as : U = ∑ 1≤i<j≤4 m_im_j || r_i − r_j ||

where || · || is the usual euclidean norm.

The equations of motion (in the newtonian formulation) are :

m_i r̈_i = ∂U ∂r_i , i = 1, . . . , 4. (1)

Note that on the left-hand side we take the derivative of the position vector w.r.t. time, that is the acceleration of the i-th particle, and that the right-hand side represents the total force exercised on the i-th particle by the other three.

The center of mass of the system is defined as :

r_c = m_1r_1 + m_2r_2 + m_3r_3 + m_4r_4 m_1 + m_2 + m_3 + m_4 .

The symmetry of the function U implies that r̈_c = 0, which means that r_c is a linear function of time. This is the principle of the conservation of linear momentum, which says that the center of mass moves in a straight line with uniform velocity. This allows us to shift the center of mass at the origin, without loss of generality and thus it remains to determine the motion relative to the center of mass. Using this and other similar considerations, like the conservation of energy and angular momentum, the order of the system is considerably reduced, but it is still quite difficult to study it.

2.2 Central Configurations

It is well-known that the equations of the 4-body problem are in general not integrable. There exists a special important class of solutions which can be computed analytically. From the point of view of dynamical systems these correspond to the singularities of the dynamical system in question. We give now the mathematical definition of central configurations.

Let the center of mass of the system be at the origin of the coordinate axes. This means that we have r_c = 0. In this case, we have the following definition:

Definition 2.1. A configuration of the n particles is called a central configuration when the acceleration vector of each particle is a common scalar multiple of his position vector. In mathematical terms this means that there exists a scalar λ such that we have r̈_i = λr_i for i = 1, . . . , 4.

Central configurations are very rare solutions of the 4-body problem, but their study is important mainly because of the following two reasons :

(1) Central configurations can be used for analyzing actual configurations of celestial bodies in the Universe.

(2) Central configurations correspond to solutions which are the only possible solutions that can be formed asymptotically by the bodies in the neighbourhood of a multiple collision (see [Che96])

Central configurations have been an object of intensive study for more than two centuries. For an extensive (but not exhaustive) catalog of bibliographical references that can serve as a starting point to the vast literature on the subject, see [Alb97] and [Kot98].

2.3 The equations of central configurations

In this paragraph we will be interested in the central configurations of the planar 4-body problem. We will give a characterization of the central configurations by a system of algebraic equations, proposed by O. Dziobek (see [Dzi00]). The innovative idea of Dziobek was to use the mutual distances between the bodies as the coordinates to write the equations of motion. The resulting algebraic system is tractable by symbolic computation techniques after some preprocessing using Linear Algebra.

Conserving the notations of the previous paragraph we let r_{ij} =|| r_i − r_j || for 1 ≤ i < j ≤ 4 and s_{ij} = r^2_{ij} . So s_{ij} is the square of the euclidean distance of the ith particle from the jth particle. There are ten such mutual distances. Finally, let Δ_1, Δ_2, Δ_3, Δ_4 be the oriented areas of the four triangles formed by the points (2, 3, 4), (4, 3, 1), (1, 2, 4), (3, 2, 1) respectively. They verify the relation: 4∑ i=1 Δ_i = 0. (2)

Central configurations are then characterized, up to multiplication of the Δ_i with a common nonzero scalar, by the following two groups of equations:

(A) ∑ j≠i Δ_j s_{ij} = X, for some X independent of i

(B) there are two real numbers x and y such that s^{−3/2}_{ij} = x + y^{ΔiΔj}_{mimj}

The group (A) equations are due to A. Albouy (see [Alb95]). The group (B) equations for the central configurations of the planar 4-body problem with arbitrary masses appears in [Dzi00]. The general principles developed in [AC98] for the N-body problem in general, establish both groups of equations using a construction in Linear Algebra.

The exponent −3/2 in the group (B) equations reflects the fact that we are working with the newtonian potential. In the rest of the paper and in order to keep up with standard notation, we will use the following notation:

a = s_{12}, b = s_{13}, c = s_{14}, d = s_{23}, e = s_{24}, f = s_{34} (3)

and A = s^{−3/2}_{12} , B = s^{−3/2}_{13} , C = s^{−3/2}_{14} , D = s^{−3/2}_{23} , E = s^{−3/2}_{24} , F = s^{−3/2}_{34} . (4)

It follows that we have the following relations between the six capital and the six lower-case letters:

A^2a^3 = 1, B^2b^3 = 1, C^2c^3 = 1, D^2d^3 = 1, E^2e^3 = 1, F^2f^3 = 1. (5)

These equations of degree 5 will not appear in the final system, because we will use a suitable parameterization to eliminate them.

2.4 The matrix formulation

A new formulation for the group (B) equations has been introduced in [KL98] and [Kot98]. This formulation allows us to perform the elimination of variables systematically and to clearly identify the symmetries.

Definition 2.2. Let M_6 denote the transpose of the following 3 × 6 matrix : A B C D E F 1 1 1 1 1 1 Δ_1 Δ_2 m_1 m_2

Δ_1 Δ_3 m_1 m_3

Δ_1 Δ_4 m_1 m_4

Δ_2 Δ_3 m_2 m_3

Δ_2 Δ_4 m_2 m_4

Δ_3 Δ_4 m_3 m_4

. (6)

The two propositions that follow, relate the solvability of the group (B) equations to a condition on the rank of the matrix M_6.

Proposition 2.1. If the group (B) equations have a solution in the unknowns x, y, then rank M_6 ≤ 2.

The proof of the above proposition is clear from Linear Algebra, if we look at the group (B) equations as a system of linear equations in the unknowns x, y.

Proposition 2.2. If rank M_6 ≤ 2 and relation (2) holds and the Δ_i are not all zero, then the group (B) equations have a solution in x, y.

The proof of the above proposition can be found in [KL98] or [Kot98].

2.5 Albouy’s Symmetry Theorem and the Finiteness conjecture

In this section we will state Albouy’s Symmetry Theorem and the Finiteness conjecture. We intentionally avoid the rigorous statements of both results and prefer to give two references which contain detailed accounts and related bibliography.

For the original proof of Albouy’s Symmetry Theorem see [Alb95]. For a recent proof using Gröbner Bases, see [FK99]. The Finiteness conjecture is mentioned in the classical Celestial Mechanics book [Win41]. A recent reference to the Finiteness conjecture together with a survey of modern results are contained in [Sma98]. The Finiteness conjecture is the sixth of a list of eighteen problems in that paper.

Theorem 2.1 (Albouy). Every central configuration of the newtonian planar 4-body problem with equal masses has at least one symmetry.

Algebraically this theorem asserts that in every real (and physically meaningful) solution of the preceding system of equations there will be at least two equal Δ_i. This fact will be used in the resolution of the system. In particular we will suppose that

Δ_3 = Δ_4 (7) which implies that equation (2) becomes :

Δ_1 + Δ_2 + 2 Δ_3 = 0. (8)

There is a very general and well-known conjecture concerning the number of central configurations in the case of n arbitrary masses. In the case of the newtonian planar 4-body problem, the conjecture may be formulated as follows:

Conjecture 2.1. In the newtonian planar 4-body problem, for any arbitrarily fixed choice of the four masses, the number of central configurations is finite.

The remarkable results established by Albouy in [Alb95] and [Alb96], show that the conjecture is true in the case of the planar newtonian 4-body problem with equal masses.

2.6 Precise statement of the problem

Albouy’s symmetry theorem does not hold in the case of unequal masses, but it provides a good starting point to tackle special cases of the Finiteness conjecture. Thus it is reasonable to impose the hypothesis of a symmetry axis as well as some restrictions on the masses and try to prove the conjecture.

The following special case has been suggested to the first author by Albouy in 1998.

Consider a newtonian planar 4-body problem, in the sense of the previous paragraphs, with a symmetry axis given by Δ_3 = Δ_4. Suppose that the two masses on either side of the axis are equal. This means that m_3 = m_4. Without loss of generality we can assume that m_3 = m_4 = 1. Therefore we are left with two parameters m_1, m_2. In this paper we consider the case m_1 = m_2 and we denote this common value by m.

We want to prove that for every (strictly positive) value of m the number of central configurations, subject to the above requirements, is finite. Using algebraic vocabulary, this statement means that the corresponding system of polynomial equations should be of dimension zero for every (strictly positive) value of the parameter m.

We will prove that this result is indeed true, using the theory of Gröbner Bases.

3 Simplification

In this section we study the special form taken by the general equations of central configurations, in the case depicted in section 2.6. Then we apply the matrix formalism of paragraph 2.4 in order to obtain the corresponding simplified polynomial system. The final system will consist of three equations in three unknowns and the parameter m.

To clarify the meaning of the group (A) and group (B) equations we will now write these equations in the case of the planar newtonian 4-body problem with arbitrary masses, using the standard notation introduced at the end of section 2.3.

The group (A) gives the equations:

Δ_2 a + Δ_3 b + Δ_4 c − X = 0 Δ_1 a + Δ_3 d + Δ_4 e − X = 0 Δ_1 b + Δ_2 d + Δ_4 f − X = 0 Δ_1 c + Δ_2 e + Δ_3 f − X = 0 (9)

The equations (9) are linear in X, Δ_1, Δ_2, Δ_3, Δ_4. The group (B) gives the equations : A = x + y Δ_1 Δ_2 m^2 , B = x + y Δ_1 Δ_3 m , C = x + y Δ_1 Δ_4 m ,

D = x + y Δ_2 Δ_3 m , E = x + y Δ_2 Δ_4 m , F = x + y Δ_3 Δ_4.

(10)

Since our symmetry hypothesis is that Δ_3 = Δ_4, it is clear that we have B = C and D = E. By the equations (5), we also get b = c and d = e. This eliminates the variables C, E, c, e.

By propositions (2.1) and (2.2), the solvabilty of equations (10) is equivalent to the statement that the matrix M_4(m) below, has rank ≤ 2.

M_4(m) :=

A 1 Δ_1 Δ_2 m^2 B 1 Δ_1 Δ_3 m D 1 Δ_2 Δ_3 m F 1 Δ_3^2

(11)

(the matrix M_4(m) is obtained by the matrix M_6 after deletion of two obviously equal rows).

If B = D, then it follows from equations (5) that b = d, and from equations (10) that Δ_1 = Δ_2 = 0. Now equation (8) shows that we also have Δ_3 = 0. Since the areas of the triangles formed by the four points are zero, the four points are collinear, and this is one of the well-known solutions.

From now on we assume B ≠ D, and consequently Δ_1 ≠ Δ_2, by equations (10).

Our goal is to eliminate the variables X, Δ_1, Δ_2, Δ_3. This seems to be cumbersome because Δ_1, Δ_2, Δ_3 occur quadratically in the third column of the matrix M_4(m). However, by performing elementary row operations on the matrix M_4(m), we obtain submatrices where a linear factor can be divided out in the third column. Thus we obtain subdeterminants in which the Δ_i appear only linearly.

Equation (2) can be solved immediately. We do this by expressing Δ_1 and Δ_2 in terms of Δ_3 and a new variable Δ_M = Δ_1 − Δ_2:

Δ_1 =

Δ_M − 2Δ_3 2 , and Δ_2 =

−Δ_M − 2Δ_3 2 . (12)

Substituting the values of Δ_1, Δ_2, from (12) into the matrix (11) we have:

M_4(m) =

A 1 Δ_3^2 m^2 − 1 4 Δ_M^2 m^2 B 1 − Δ_3^2 m + 1 2 Δ_3 Δ_M m D 1 − Δ_3^2 m − 1 2 Δ_3 Δ_M m F 1 Δ_3^2

Now, we add suitable multiples of the last row to the other rows in order to eliminate the summand Δ^2_3: We now introduce a notation that will be used throughout this paper to perform elementary row operations with rows of matrices.

(1) The notation add i j c will mean multiply the i-th line of the matrix by the coefficient c and add the result to the j-th line.

(2) The notation mul i c will mean multiply the i-th line of the matrix by the coefficient c.

We make the convention that when more than one of add or mul operations appear together, the order of application is from top to bottom.

Here are the row operations:

M_4(m) add 4 1 − 1/m^2
add 4 2 1/m
add 4 3 1/m

~ = − F m^2 + A − 1 m^2

+ 1 − 1 4m^2

Δ_M^2 F m + B 1 m + 1 1 2m Δ_3 Δ_M F m + D 1 m + 1 − 1 2m Δ_3 Δ_M

F 1 Δ_3^2

(13)

The resulting matrix is denoted by M^′_4(m).

As row operations preserve the rank, the equations (10) are equivalent to the statement that M^′_4(m) has rank less than or equal to 2.

We claim that this statement is equivalent to the vanishing of the determinants of the 3 × 3 submatrices M^′_4(m)_{123} and M^′_4(m)_{234} consisting of the rows 1,2,3 and 2,3,4, respectively.

One implication is immediate: if the rank is less than or equal to 2, then the two determinants must vanish. Vice versa, assume that both determinants vanish. Since the rows 2 and 3 are linearly independent, the first row is a linear combination of rows 2 and 3 (by the vanishing of the first determinant), and the second row likewise (by the vanishing of the second determinant). Thus, the vector space of rows is spanned by two rows, hence the rank is 2.

We can divide the determinant of M^′_4(m)_{123} by Δ_M and the determinant of M^′_4(m)_{234} by Δ_3. Actually, the first determinant contains another factor^{m+1}_{4m3} , and the second contains another factor^1_{2m} . Since these factors do not vanish, we divide them out and get the linear equations

2 mΔ_3B + 2 DmΔ_3 − 4 AΔ_3m + 4 Δ_3F − BΔ_M − 2 Δ_3B + DΔ_M − 2 DΔ_3 = 0 −2 Δ_3B − 2 mΔ_3B − BΔ_M + 2 DΔ_3 + 2 DmΔ_3 − DΔ_M + 2 F Δ_M = 0

(14)

Now, the variables X, Δ_3, Δ_M occur linearly in the equations (9) (after substitution of (12)) and (14). Thus, their elimination is easy. The existence of a nontrivial solution in (X, Δ_3, Δ_M ) is equivalent to the statement that the matrix of the system

L :=

−1 −a + 2 b − 1 2 a −1 −a + 2 d 1 2 a −1 −b − d + f 1 2 (b − d) 0 2 Bm + 2 Dm − 4 Am + 4 F − 2 B − 2 D −B + D 0 −2 B − 2 Bm + 2 D + 2 Dm −B − D + 2 F

(15)

has rank less than or equal to 2.

We calculate the rank by elementary row operations. The first pivot element is L_{11}.

L add 1 2 − 1
add 2 1 1/2
add 1 3 − 1

~ =

−1 b + d − a 0 0 −2 b + 2 d a 0 −2 b − 2 d + a + f 1 2 (b − d) 0 2 Bm + 2 Dm − 4 Am + 4 F − 2 B − 2 D −B + D 0 −2 B − 2 Bm + 2 D + 2 Dm −B − D + 2 F

The resulting matrix is called L^′.

We could choose L^′_{22} as the next pivot element. However, one obtains simpler equations by choosing L^′_{23} instead.

L^′ add 2 3^{d−b}_{2a}
add 2 4^{B−D}_a
add 2 5^{B+D−2F}_a

~ =

−1 b + d − a 0 0 −2 b + 2 d a 0^{b2−2 bd+d2 −2 ba−2 da+a2 +fa} a 0 0 2^{−bB+dB+bD−dD+aBm+aDm−2 aAm+2 aF −aB−aD} a 0 0 2^{−bB+dB−bD+dD+2 bF −2 dF −aB−aBm+aD+aDm} a 0

The resulting matrix is called L^{′′}. Here, the first two rows are linearly independent. The remaining rows cannot be obtained by linear combinations of them, except for the trivial linear combination. Thus, the rank assertion is equivalent to the vanishing of these lines, or equivalently L^{′′}_{32} = L^{′′}_{42} = L^{′′}_{52} = 0. (16)

By expanding and taking numerators, we get the three equations

b^2 − 2 bd + d^2 − 2 ba − 2 da + a^2 + fa = 0 −2 bB + 2 dB + 2 bD − 2 dD + 2 aBm + 2 aDm − 4 aAm + 4 aF − 2 aB − 2 aD = 0 2 bB + 2 dB − 2 bD + 2 dD + 4 bF − 4 dF − 2 aB − 2 aBm + 2 aD + 2 aDm = 0 (17)

We normalize by setting a = A = 1, and use the equations (5) in order to parametrize the variables b, d, f, B, D, F by: b = β^2, B = 1 β^3

, d = δ^2, D = 1 δ^3

, f = ϕ^2, F = 1 ϕ^3 .

After canceling denominators and factoring out a linear factor (β − δ) we obtain the following system of equations:

β^4 − 2 β^2δ^2 + δ^4 − 2 β^2 − 2 δ^2 + 1 + ϕ^2 = 0 2 δ^5ϕ^3 + 2 β^5ϕ^3 − 2 δ^3β^2ϕ^3 − 2 δ^2β^3ϕ^3 − 2 δ^3ϕ^3 − 2 β^3ϕ^3 + 4 β^3δ^3 + 2 mδ^3 ϕ^3 + 2 mβ^3ϕ^3 − 4 mβ^3δ^3ϕ^3 = 0 −2 β^4ϕ^3 + 4 β^4δ^3 − 2 δ β^3ϕ^3 + 4 δ^4β^3 + 2 β^2mϕ^3 + 2 β^2ϕ^3 − 2 β δ^3 ϕ^3 + 2 β δ mϕ^3 + 2 β δ ϕ^3 − 2 δ^4ϕ^3 + 2 δ^2mϕ^3 + 2 ϕ^3δ^2 = 0

(18)

This system still turned out to be too complicated for Gröbner basis computation. In order to simplify it further, we apply the fundamental theorem of symmetric functions putting s = β + δ and p = βδ. The result is the system:

1 + ϕ^2 + s^4 − 4 ps^2 − 2 s^2 + 4 p = 0 2 ϕ^3s^5 + 8 ϕ^3sp^2 − 10 ϕ^3s^3p + 2 s^3mϕ^3 + 6 ϕ^3ps − 2 s^3ϕ^3 − 6 smϕ^3p + 4 p^3 − 4 p^3mϕ^3 = 0 −2 s^4ϕ^3 + 6 s^2pϕ^3 + 2 s^2mϕ^3 + 2 ϕ^3s^2 + 4 p^3s − 2 pϕ^3 − 2 ϕ^3mp = 0

(19)

Summing up, we have proved the following fact. Lemma 3.1. The following two assertions are equivalent.

(1) Conjecture 2.1 is true under the additional assumptions m_3 = m_4 and Δ_3 = Δ_4. (2) For each positive value of m, the system 19 has only a finite number of solutions.

The system (19) is suitable for processing with a general-purpose Computer Algebra System such as Maple ([CGG^+91]).

4 Solving the Algebraic System

In order to solve the system of equations (19) efficiently, we will use the well-known method of Gröbner bases [Buc65,Buc85] and some well-known algebraic facts, for which we will prove some adapted versions in order to use them in our particular situation.

We refer to [BW93] for the definitions of admissible term orders, leading coefficients, leading power product, block order.

Theorem 4.1. Let g_1, . . . , g_n ∈ K[⃗x] be polynomials such that the leading power product (with respect to some admissible term order) of g_i is equal to x^{di}_i , for some d_i. Then the system g_1 = . . . = g_n = 0 has only finitely many solutions.

The proof of theorem (4.1) is well known ([BW93], corollary 6.55 shows that the ideal generated by g_1, . . . , g_n is zero-dimensional).

Corollary 4.1. Let f_1, . . . , f_r be polynomials in ⃗x = (x_1, . . . , x_n) over some coefficient domain R = K[⃗t], where ⃗t = (t_1, . . . , t_m) is a set of parameters. Let g_1, . . . , g_n be in the ideal generated by f_1, . . . , f_r over R[⃗x], such that the leading power product of g_i is equal to x^{di}_i , for some d_i. Let τ ∈ K^m be a point in parameter space such that the leading coefficients of any g_i does not vanish at τ. Then the system f_1(τ) = . . . = f_r(τ) = 0 has only finitely many solutions. Proof 4.1. By theorem4.1, the system g_1(τ) = . . . = g_n(τ) = 0 has only finitely many solutions. Since the g_i(τ)’s are linear combinations of the f_j(τ)’s, any solution of the system f_1(τ) = . . . = f_r(τ) = 0 is also a solution of the system g_1(τ) = . . . = g_n(τ) = 0.

In order to apply corollary 4.1 to our situation, we need to find polynomials g_1, . . . , g_n in the ideal ⟨f_1, . . . , f_r⟩, such that the leading powers have the desired shape. Here is a theorem that tells how to find such polynomials.

Theorem 4.2. Let F = {f_1, . . . , f_r} be a set of polynomials in K[⃗t][⃗x]. Let G be a Gröbner basis of F with respect to a block order <:= (<_{⃗x}, <_{⃗t}). If the system f_1(τ) = . . . = f_r(τ) = 0 has only finitely many solutions for generic τ ∈ K^m, then G contains elements g_1, . . . , g_n, such that the leading power product of g_i with respect to <_{⃗x} is a power of x_i.

Proof 4.2. We claim that G is a Gröbner basis of F over the ring K(⃗t)[⃗x]. To show this, let g be an S-polynomial of two elements in G computed in this ring. Because S-polynomials can be computed without division, g is in the ideal generated by G. Thus, g can be reduced with respect to < by some element g_0 in G. Because the leading power product with respect to <_{⃗x} is just the ⃗x-monomial of the leading power product with respect to <, it follows that g can also be reduced with respect to <_{⃗x} by g_0. This proves the claim.

By the assumption on finitely many solutions for generic τ, it follows that the ideal generated by G over K(⃗t)[⃗x] is zero-dimensional. By a well-known theorem (see [BW93], theorem 6.54), it follows that G contains elements g_1, . . . , g_n of the desired shape.

We apply these algebraic facts to the case ⃗x = (s, p, ϕ), ⃗t = (m), F is the system (19). Let < be the elimination order which orders (s, p, ϕ) in reverse lexicographical order. The reduced Gröbner bases with respect to < has 13 elements. Its leading monomials with respect to the reverse lexicographical order in (s, p, ϕ) are

{s^4, p^3mϕ^3, ϕ^3ps^2, ϕ^7, p^2mϕ^5, s^2ϕ^5, 2 p^6ms, 2 m^2 (1 + m) p^6ϕ^2, ϕ^6p^2s, s^3ϕ^2p^4, 32 p^8m^2ϕ, 4 ϕ p^5s^3, 512 p^{10}m^2}

The computation was done using Maple on an Intel 686 and took 7.1 seconds.

We see that the power products s^4, ϕ^7, 512m^2p^{10} occur (hence there are only finitely many solutions in the generic case). By corollary 4.1, there are only finitely many solutions in the case m ≠ 0. By lemma 3.1, it follows that the conjecture 2.1 is true under the assumptions of section 2.6.

5 Conclusion

In this paper we apply Computer Algebra methodologies to a mathematical problem arising in the study of central configurations of a newtonian 4-body problem with unequal masses. This problem is a special case of a very general conjecture concerning the finiteness of the number of central configurations. We prove that the conjecture is true in the special case we are considering.

The theory of Gröbner bases emerges as a promising way of dealing with systems of polynomial equations that arise in the study of central configurations in the N-body problem. Indeed Gröbner bases have been the driving force behind some new results in the problem of central configurations. This paper explores still another such fruitful exchange between Computer Algebra and Celestial Mechanics.

References

[AC98] A. Albouy and A. Chenciner. Le problème des n corps et les distances mutuelles. Invent.

Math., 131:151–184, 1998.

[Alb95] A. Albouy. Symétrie des configurations centrales de quatre corps. C. R. Acad. Sci. Paris, 320:217–220, 1995.

[Alb96] A. Albouy. The symmetric central configurations of four equal masses. Contemporary Math., pages 131–135, 1996.

[Alb97] A. Albouy. Recherches sur le problème des N corps. Service des calculs et de mécanique céleste du Bureau des Longitudes, Astronomie et Systèmes Dynamiques, 1997. Habilitation à diriger les recherches.

[Buc65] B. Buchberger. An Algorithm for Finding a Basis for the Residue Class Ring of a Zero- Dimensional Polynomial Ideal. PhD thesis, Universitat Innsbruck, Institut fur Mathematik, 1965. German.

[Buc85] B. Buchberger. Gröbner bases: An algorithmic method in polynomial ideal theory. In N. K.

Bose, editor, Recent Trends in Multidimensional Systems Theory, chapter 6. D. Riedel Publ. Comp., 1985.

[BW93] T. Becker and V. Weispfenning. Gröbner bases - a computational approach to commutative algebra. Graduate Texts in Mathematics. Springer, 1993.

[CGG^+91] B. W. Char, K. O. Geddes, G. H. Gonnet, B. L. Leong, M. B. Monagan, and S. M. Watt.

Maple V Language Reference Manual. Springer Verlag, 1991.

[CH91] G. E. Collins and H. Hong. Partial cylindrical algebraic decomposition for quantifier elimination. Journal of Symbolic Computation, 12(3):299–328, sep 1991.

[Che96] A. Chenciner. Le rôle des collisions dans le problème des n corps. In Cent ans après la publication des ” Méthodes Nouvelles ” de Henri Poincaré, pages 1–32. Société Mathématique de France, juin 1996. Alain Chenciner, Carles Simó éditeurs.

[Col75] G. E. Collins. Quantifier elimination for the elementary theory of real closed fields by cylindrical algebraic decomposition. In Lecture Notes In Computer Science, pages 134–183. Springer, 1975. Vol. 33.

[Dzi00] O. Dziobek. Ueber einen merkwürdigen fall des vielkörperproblems. Astronomishe Nachrichten, 152:33–46, 1900.

[FK99] J.-C. Faugère and I. Kotsireas. Symmetry theorems for the newtonian 4- and 5-body problems with equal masses. In V. G. Ganzha, E. W. Mayr, and E. V. Vorozhtsov, editors, CASC’99 Proceedings, pages 81–92. TUM Munich, Springer Verlag, june 1999.

[KL98] I. Kotsireas and D. Lazard. Central configurations of the 5-body problem with equal masses in three-dimensional space. In CASC’98 Proceedings, 1998. to appear in Mathematics and Computers in Simulation.

[Kot98] I. Kotsireas. Algorithmes de Résolution des systèmes polynomiaux: Application aux configurations centrales du problème des N corps en Mécanique Céleste. PhD thesis, Université Paris 6, Paris, France, 1998.

[Kot00] I. Kotsireas. Central configurations in the newtonian n-body problem of celestial mechanics.

In J. Grabmeier, E. Kaltofen, and V. Weispfenning, editors, New Reference Book on Computer Algebra, chapter on Gravity. Springer Verlag, 2000.

[Mon99] A. Montes. Basic algorithms for specializations in gröbner bases. In Proc. EACA-99, page 215. Univ. La Laguna, Tenerife, 1999.

[Sma98] S. Smale. Mathematical problems for the next century. The Mathematical Intelligencer, 20(2):7–15, 1998.

[Wei92] V. Weispfenning. Comprehensive gröbner bases. Journal of Symbolic Computation, 14:1–29, 1992.

[Win41] A. Wintner. The Analytical Foundations of Celestial Mechanics. Princeton University Press, Princeton NJ, 1941.