The Parametrization Problem for Algebraic Surfaces A Survey

Josef Schicho Research Institute for Symbolic Computation University of Linz e-mail: Josef.Schicho@risc.uni-linz.ac.at

May 16, 2000

Abstract

The parameterization problem asks for a parameterization of an implicitly given surface, in terms of rational functions in two variables. In this survey paper, we give an overview on the existing results, with a strong emphasize on algorithmic questions.

Introduction

The parameterization problem is the following. Given is the implicit representation of a surface S, in terms of an equation in three variables over a field k of characteristic zero. Wanted is a parametrization of S, in terms of two rational functions of two independant parameters s, t. Such a parametrization may not exist; so, a first step in an algorithmic solution is to decide the existence. In the affirmative case, we say that S is unirational. A parametrization which is birational (as a rational map from the st-plane to S) is called proper. A surface is called rational iff it has a proper parametrization.

A solution to the problem has applications in CAD/CAM, where there is a need to represent curves and surfaces via such parametrizations, at least piecewise (see [21, 45]). It is obvious that parametric varieties are easier to visualize than implicitly given varieties.

The parametrization problem for curves has been solved in [66, 1, 54, 46, 62, 35, 34, 55, 63]; actually, we will need the curve parametrization algorithm as a subalgorithm in surface parametrization.

For complex surfaces, it is well-known that rationality and unirationality are equivalent, and Castelnuovo’s criterion p_a = P_2 = 0 (see [13, 67, 56]) is necessary and sufficient. Since the numbers p_a and P_2 can be computed (see section 5), we can decide (uni)rationality over the complex.

In the general case (characteristic zero), Castelnuovo’s criterion is still necessary. It is interesting to ask how much the surface S can be birationally simplified, provided that Castelnuovo’s criterion is fulfilled. This question is answered by the theorem of Enriques and Manin [19, 36]. A surface with p_a = P_2 = 0 has a pencil of rational curves or is birationally equivalent to a del Pezzo surface.

Computationally, a pencil of rational curves is already a big step towards the final result, because it gives one parameter t in terms of the coordinate functions x, y, z. It remains to find a parametrization of the rational curves t = constant, in terms of the second parameter s. This leads to the problem of parametrizing a curve over the function field k(t). It is well-known (see [55]) that this problem can be reduced to the problem of parametrizing a conic over k(t), or a surface with an equation of the type A(t)x^2 + B(t)y^2 + C(t) = 0, where A, B, C∈k[t] (such a surface is also called a tubular.)

The class of tubular surfaces is also interesting because many surfaces arising in CAD/CAM and other geometric applications, such as conical surfaces [16, 17], canal surfaces [44, 43], or generalized offset surfaces of curves (see [3]) can be birationally reduced to it. Its investigation is closely related to the theory of quadratic forms over function fields. The main problem is to find a cross section to the pencil, i.e. a rational curve on S with parametrization (X(t), Y (t), t), where X, Y ∈k(t). In the complex case, there exists always a cross section. The existence proof was given by [42]. This result was later generalized in [60, 61, 31] and is known as the theorem of Tsen-Lang. An efficient algorithm for computing a cross section can be found in in [49].

In the real case, there are tubular surface without cross section. A necessary and sufficient condition for the existence was given by [15]. In the affirmative case, we have algorithms to compute cross sections [43, 48]. The algorithm given in [25] works for arbitrary fields K, provided that we can factor univariate polynomials and decide the existence of nontrivial solutions of ternary quadratic forms over K. We give a new improved algorithm and a new algorithmic criterion for existence (theorem 3.6).

The non-existence of a cross section does not imply the non-existence of a parametrization. For instance, in the real case we know that all tubular surfaces are unirational (see [26, 48]). In the real case, we can also decide rationality and compute proper parametrizations (see [53]).

The second case in the reduction of Enriques and Manin is the case of del Pezzo surfaces. In the complex case, del Pezzo surfaces have several pencils of conics, and can therefore be reduced to the tubular case above in several ways. Over the fields Q and R, the parametrization problem for del Pezzo surfaces is still open. See [59] and [38, 14] for an overview on the existing results in the real case and in the rational case.

In the case of positive characteristic, Castelnuovo’s criterion is equivalent to rationality over the algebraic closure, but it is not necessary for unirationality. A counterexample has been given in [58]. The class of Zariski surfaces (see [7]) contains many counterexamples. If Castelnuovo’s criterion is fulfilled, then there is no parametrization which is separable as a rational map.

We turn to the question: how can we effectively compute the reduction asserted by the theorem of Enriques and Manin? The answer is: by the method of adjoints. A polynomial is an adjoint if it vanishes with a certain prescribed order at the singularities of the surface. The vector spaces of all adjoints of some particular degree define the rational maps which achieve the Enriques/Manin reduction.

By careful investigation of the resulting parametrization algorithm (see [49]), the author could give polynomial bounds for the size of the parametrization in [50].

Computing the adjoints is the most expensive part of the parametrization algorithm, because it requires a desingularization, i.e. a birational proper map f : S̃→S such that S̃ is nonsingular. It suffices to know S̃ by local patches, but already the local problem is complicated enough.

We do have algorithms that computes a desingularization by blowing up [64, 5, 65, 6, 18, 10]. Unfortunately, these algorithms are far too expensive to be useful for the computation of adjoints. A more efficient way is to resolve the discriminant by blowing up, thereby reducing to the quasi-ordinary case. In the quasi-ordinary case, the singularities are resolved using two-dimensional Puiseux expansions [2, 40, 22]. This approach is presently taken in a joint work with W. Stöcher (see [52]).

This paper could been written because of the support by the Austrian science fund (FWF) in the frame of the project SFB F013 (P3). I am also grateful to T. Recio, J.R. Sendra, and W. Stöcher for helpful remarks.

1 The Problem

Let S be a surface given by an equation F (x, y, z) = 0, where k is a field, and F ∈k[x, y, z] is irreducible. Algebraically, a parametrization is a triple (X, Y, Z)∈k(s, t), such that F (X, Y, Z) = 0, and the Jacobian matrix X Y Z ∂_sX ∂_sY ∂_sZ ∂_tX ∂_tY ∂_tZ has maximal rank 2 (both conditions are supposed to hold in the field k(s, t)). A parametrization is called proper iff there exist rational functions S, T ∈k(x, y, z), such that the composites S(X, Y, Z) and T (X, Y, Z) are defined in k(s, t), and are equal to s and t. (The existence of such rational functions imply the Jacobian condition.)

Example 1.1. An easy example is the parametrization of the unit sphere x^2 + y^2 + z^2 − 1 = 0 by (X, Y, Z) = ( 2s s^2 + t^2 + 1 , 2t s^2 + t^2 + 1 , s^2 + t^2 − 1 s^2 + t^2 + 1 ).

This is indeed a proper parametrization, its inverse is the stereographic projection:

(S, T ) = ( x 1 − z , y 1 − z ) The parametrization problem is the following:

Given: F , the implicit equation of a surface S;

Find: A parametrization (X, Y, Z) of S, if exists;

NotExist otherwise.

The proper parametrization problem is the following:

Given: F , the implicit equation of a surface S;

Find: If exists, a parametrization (X, Y, Z) of S, and its inverse (S, T );

NotExist otherwise.

The common terminology is to use unirational as synonym for properly parametrizable and rational as synonym for properly parametrizable.

2 Some theoretical results

For the definition of the arithmetic genus p_a and the plurigeni P_n of an algebraic variety, we refer to [56]. Here, we will only need the facts that these numbers are birational invariants, and that their definition does not depend on the choice of the field.

In the real case, the number h_0 of connected components is also a birational invariant (see [9]). Note that the components have to be counted in the projective setting after desingularization. For instance, a two-sheeted hyperbola has h_0 = 1.

The following theorems are very helpful for deciding existence.

Theorem 2.1 (Castelnuovo). Let S be a surface. Over the complex numbers, the following are equivalent.

a) S is rational. b) S is unirational. c) p_a(S) = P_2(S) = 0.

Theorem 2.2 (Comesatti). Let S be a real surface. Over the real numbers, rationality is equivalent to p_a(S) = P_2(S) = h_0(S) − 1 = 0.

For the computation of p_a and P_2, we refer to section 5. For its computation of h_0, we refer to [11].

The next theorem is even more relevant, because it gives a strategy for computing a parametrization. It holds for arbitrary fields.

Theorem 2.3 (Enriques,Manin). A surface with p_a = P_2 = 0 has a pencil of rational curves or is birationally equivalent to a del Pezzo surface.

In the following sections, we discuss these two cases separately. Over algebraically closed fields of positive characteristic, Castelnuovo’s criterion is equivalent to rationality, but unirationality is a strictly weaker property. For example, the “Zariski surface” with equation z^p − F (x, y) = 0, where F ∈ (Z/p)[x, y], has the parametrization (X, Y, Z) = (s^p, t^p, F (s, t)), but it has P_2 > 0 for generic F of degree greater than 2p.

3 Surfaces with a Pencil of Rational Curves

A pencil is a family of curves arising as the fibers of a rational map f : S → P^1. Except in a finite number of base points which are common to all, the curves in a pencil are pairwise disjoint, and their union is equal to S. In this section, we assume that S has such a pencil, and the generic curve of the pencil is an irreducible rational curve.

Let k(t) be a simple transcendental extension of k. Then (t : 1) is a generic point of P^1_k . The generic fiber f^{−1}((t : 1)) is a curve defined over the field k(t). We know that this curve is irreducible and rational over the algebraic closure R(t). Typical examples are surfaces with an equation A(t)x^2 + B(t)y^2 + C(t) = 0, where A, B, C∈k[t]. Such surfaces are called tubular surfaces. The pencil is formed by the horizontal sections t = constant. The generic horizontal section is an irreducible conic. For special values of t, the conic may split into two lines.

From a birational point of view, any surface with a pencil of rational curves may be reduced to a tubular surface. To obtain this result, we recall a wellknown theorem from the theory of algebraic curves.

Theorem 3.1 (Noether). Let K be an arbitrary field. Let C be a curve which is irreducible and rational over the algebraic closure of K. Then C is rational over K, or there is a birational equivalence, defined over K, transforming C to a conic.

For a modern treatment and an algorithmic version of this theorem, see [55]. Applying theorem 3.1 to the field K = k(t), we get the desired result.

Example 3.2. Let S be the surface with equation x^4 + z^4 + (xy + z^2)^3 = 0. The sections of the planes through the triple line x = z = 0 cut out cubic plane curves. The structure map is f : S → P^1, (x, y, z) → (x : z). The generic fiber has equations

x − tz = (t^4 + 1)z + (ty + z)^3 = 0.

This curve has a double point at infinity. By the genus formula (see [66]) it is rational. A parametrization is (X, Y, Z) = ( −s^3t t^4 + 1 , s^3 + st^4 + s t^5 + t , −s^3 t^4 + 1 ). The same functions yield a parametrization of the surface S. Example 3.3. Let S be the surface with equation

x^2 + 2xz^2 + 2xyz + 2y^3 + 2z^3y + x^4 + y^4 + z^4 = 0.

A rational pencil is given by the structure map f : S → P^1, (x, y, z) → (x : y). The generic fiber, with equations

x − ty = x^2 + 2xz^2 + 2xyz + 2y^3 + 2z^3y + x^4 + y^4 + z^4 = 0

is a quadric plane curve with an double point at the origin and two infinitely near double points. It is therefore a rational curve, but it is not easy to construct a parametrization.

We can, however, compute a birational map to the conic over k(t) with equation

−2u^2 + tv^2 + 2tuv + 2v + (t^5 + t) = 0

(which is also the equation of a tubular surface T ). It is given by (x, y, z) → (U, V ) = ( z y , ty + z^2 y^2 ),

(u, v) → (X, Y, Z) = ( t^2 v − u^2 , t v − u^2 , tu v − u^2 ). The same functions induce a birational map between S and T , keeping t fixed.

3.1 Cross Sections

In order to parametrize a given tubular surface S : A(t)x^2 + B(t)y^2 + C(t) = 0, the main problem is to find a cross section, i.e. a curve on S with a parametrization (X(t), Y (t), t). (A cross section intersects any horizontal section in precisely one point.)

Regarding t as a constant, a cross section is nothing but a point on the conic A(t)x^2 + B(t)y^2 + C(t) = 0, defined over K(t). The conic can then be parametrized by secants through this point with varying slope s (see [66]). Interpreting t as a variable again, we have found a parametrization of S by the parameters s, t.

The existence of cross sections depends heavily on the choice of the ground field k.

Theorem 3.4 (Noether). In the complex case, any tubular surface has a cross section.

A proof can be found in [42] or [31]. Nöther’s proof is algorithmic, but the proposed algorithm is practically useless. A better algorithm was given in [49]. For a good performance, one has to compute with floating point numbers, because symbolic factorization into linear factors is too expensive if the degree is larger than 4.

Theorem 3.5. In the real case, a tubular surface has a cross section if and only if every horizontal cross section is non-empty.

This theorem is also due to Comesatti. A proof can be found in [26]. Algorithms for computing cross sections can be found in [43, 49].

For arbitrary fields, we can reduce to the case where A, B, C are squarefree and pairwise relatively prime (it is easy to compute such a reduction, see [49]). Here is a necessary and sufficient criterion for the existence of a cross section.

Theorem 3.6. Let A, B, C squarefree and relatively prime. Then the tubular surface A(t)x^2 +B(t)y^2 +C(t) = 0 has a cross section if and only if the following conditions are fulfilled.

a) −AB is a square in the ring k[t]/⟨C⟩. b) −BC is a square in the ring k[t]/⟨A⟩. c) −AB is a square in the ring k[t]/⟨B⟩.

d) If the parities of deg(A), deg(B), deg C are not all equal, then the quadratic form lc(A)x^2 + lc(B)y^2 + lc(C)z^2 has a nontrivial solution.

Proof. It is obvious that the existence of a cross section is equivalent to the existence of polynomials X, Y, Z ∈ k[t], not all equal to zero, satisfying AX^2 + BY^2 + CZ^2 = 0.

Necessity of (a): we may assume that X, Y, Z do not have a common factor. Let U be a common factor of X and C. Since U does not divide B, it must divide Y . Hence U^2 divides CZ^2. Since C is squarefree, U divides Z. This is a contradiction, hence X and C are relatively prime and X is a unit in k[t]/⟨C⟩.

Modulo C, we get −AB = (BY X^{−1})^2. Necessity of (b,c): analogously.

Necessity of (d): Let a := deg(A), b := deg(B), c := deg(C). We may assume that a, b, c have equal parity.

Let N := max(2 deg(X) + a, 2 deg(Y ) + b, 2 deg(Z) + c). Let

l := N − a 2 , m := N − b 2 , n := N − c 2 . Let x be the coefficient of t^l in X. Let y be the coefficient of t^m in Y . Let z be the coefficient of t^n in Z. Then lc(a)x^2 + lc(b)y^2 + lc(c)z^2 is the coefficient of t^N in the polynomial AX^2 + BY^2 + CZ^2, hence it is zero. Moreover, at least one of x, y, z is different from 0, hence (d).

To show sufficiency, we generalize the algorithm from [48]. We say that we are in the “even case” if the parities of a, b, c are all equal, and in the “uneven case” otherwise. Let

l := b + c 2 , m := a + c 2 , n := a + b 2 in the even case, and l := ⌊ b + c − 1 2 ⌋, m := ⌊ a + c − 1 2 ⌋, n := ⌊ a + b − 1 2 ⌋, in the uneven case. Assume that l, m, n are non-negative.

Let X, Y, Z be indeterminate polynomials of degree l, m, n, respectively, with coefficients x_l, . . ., x_0, y_m, . . ., y_0, z_n, . . ., z_0. Let U∈k[t] such that U^2 = −AB modulo C. The congruence AX = UY can be satisfied by imposing c linear conditions on the coefficients x_l, . . ., y_0, corresponding to the c coefficients of the remainder of AX − UY modulo C. This congruence implies

0 = (AX − UY )(AX + UY ) = A^2X^2 + ABY^2 = A(AX^2 + BY^2 + CZ^2)

modulo C. Since A is not a zero divisor, it follows that AX^2 + BY^2 + CZ^2 is divisible by C.

Similarily, one can enforce that AX^2 + BY^2 + CZ^2 be divisible by A and B by imposing a + b additional conditions on x_m, . . ., z_0. The total number of linear equations is a + b + c, and the number of unknowns is l + m + n + 3, which is equal to a + b + c in the even case and a + b + c − 2 in the uneven case.

In the even case, let (u, v, w) be a nontrivial zero of the quadratic form lc(A)x^2 + lc(B)y^2 + lc(C)z^2. We impose three additional linear equations uy_m − vx_l = uz_n − wx_l = vz_n − wy_m = 0, which are linearly dependant, i.e. they reduce the rank of the solution space by 2. Then by counting the number of equations and the number of unknowns, we see that there is a nontrivial solution in both cases.

Now, we substitute this solution into X, Y, Z. Then P := AX^2 +BY^2 +CZ^2 is divisible by ABC. In the uneven case, the formal degree of P is a + b + c − 1. In the even case, the formal degree is a + b + c, but the formal leading coefficient is zero. Thus, we have deg(P ) ≤ a + b + c − 1 in both cases, hence AX^2 + BY^2 + CZ^2 = 0.

It remains to discuss the case when one of l, m, n is negative^1. Suppose l < 0. Then we must be in the uneven case, and b = c = 0 (i.e. B, C are constants), hence a is odd. Let α be a root of C in the algebraic closure of k. By (b), −BC is a square modulo A, hence there is a polynomial Q ∈ k[t] such that Q(α)^2 = −BC. The algebraic number β := Q(α) is in k(α), hence it has a minimal polynomial of odd degree. On the other hand, it satisfies the quadratic polynomial β^2 + BC = 0. Thus, β ∈ k. Then (X, Y, Z) = (0, β, B) is a nontrivial solution.

1The proof for this case is due to W. Stöcher.

The proof of theorem 3.6 is actually an algorithm that reduces the problem of finding a cross section (and, of course, deciding existence) to two easier subproblem: finding solutions of ternary forms over k and finding a square root modulo a squarefree polynomial. The algorithm by Hillgarter in [25] does precisely the same reductions, but the number of required instances of these subproblems is much larger there: this number grows proportional to the degree in [25], but it is constant in our algorithm.

If k is a number field, then both subproblems can be solved efficiently. For the first problem, we refer to [12]. For the second problem, we reduce to the case that the squarefree polynomial is irreducible, by the Chinese remainder theorem. For irreducible polynomials, the problem is equivalent to factoring a quadratic polynomial over a finite extension of k: U is a squareroot of −AB in the field k[t]/⟨C⟩ if and only if x − U is a factor of x^2 + AB. For the problem of factoring over number fields, we refer to [32, 30].

It should be pointed out that the non-existence of a cross section does not imply the non-existence of a parametrization! Counterexamples can be found in the next subsection.

3.2 The Real Case

If k is a real closed field, then we have Comesatti’s criterion 2.2 for rationality: a surface is rational if and only if p_a = P_2 = 0 and h_0 = 1, where the number h_0 of connected components has to be computed in the projective setting after a desingularization. For tubular surfaces, we always have p_a = P_2 = 0 because there is a complex cross section yielding a proper parametrization (see theorem 3.4). In order to compute h_0, we introduce the concept of the spine, which is the image of the projection to the t-axis after disregarding isolated points. If the spine is unbounded, we add the point ∞ of the real projective line.

Obviously, the spine is a finite union of intervals bounded by real zeroes of the polynomials A, B, C. It is easy to see that the number of components of the spine is equal to h_0. We can distinguish three cases.

The spine is full (i.e. the whole projective line). In this case, we already know that we can find a cross section by theorem 3.5 (or the algorithm in the proof of theorem 3.6). The cross section allows to compute a proper parametrization easily, as above.

The spine is connected, but not full. By theorem 3.5, we do not have a cross section. Nevertheless, we can construct a proper parametrization by the algorithm [53]. The main idea is to construct a tubular surface S^′ with the same spine and with an equation of the type x^2 + y^2 + F (t) = 0, where F is a polynomial of degree 1 or 2, and to use the following theorem (also due to Comesatti).

Theorem 3.7. If two tubular surfaces have the same spine, then they are birationally equivalent over the reals.

The surface S^′ is a quadric surface, which can be properly parametrized by the well-known method of stereographic projection. By composing with the birational equivalence above, we get the desired parametrization.

The spine is disconnected. Since h_0 > 1, we know that S is not rational. However, we can construct an improper parametrization by the following trick (see also [48]).

Let [a, b] be an interval which is contained in the spine. By substituting t =^{as2 +b}_{s2 +1} in the equation of S and clearing denominators, we get a tubular surface S^′ and a rational map f : S^′→S, (x, y, s) → (x, y, as^2 + b s^2 + 1 ). The tubular surface S^′ has full spine, therefore it has a cross section by theorem 3.5. Thus, S^′ has a parametrization p : R^2 →S^′. Then the composition f∘p : R^2 →S is a parametrization of S.

We have just shown the following theorem.

Theorem 3.8. In the real case, any tubular surface is unirational.

3.3 Arbitrary Fields

In a series of papers [26, 27, 28] (see also [29, 14]), Iskovskih gives a necessary criterion for rationality and shows that any surface fulfilling this criterion can be birationally reduced to a del Pezzo surface (see the next section). These results are theoretical, there are no algorithms available.

4 Del Pezzo Surfaces

A surface is called del Pezzo surfaces iff its generic plane section is elliptic and it satisfies the condition p_a = P_2 = 0. Typical examples are the nonsingular cubic and the nonsingular intersections of two quadrics in P^4. The degree of a del Pezzo surfaces is quite small (less than or equal to 9).

The complex case Over algebraically closed fields, a del Pezzo surface has several pencils of conics (see [51]). For example, a nonsingular cubic has 27 lines; for each line L, the sections with planes through L cut out a pencil of conics. Another example is the torus, which has 4 pencils of conics: one formed by the rotating circle, one formed by the orbits of the rotation, and two cut out by tangent planes through the center (each such tangent plane intersects the torus in a union of two circles).

To construct a proper parametrization, one can just use one of those pencils and proceed as in the previous section. For a detailed computational treatment of the cubic surface, we refer to [4].

The real case Here is Comesatti’s classification of real del Pezzo surfaces.

Theorem 4.1. A del Pezzo surface has at most five components.

Any connected del Pezzo surface is rational.

A del Pezzo surface with two or three components is not rational, but it has a pencil of conics.

A del Pezzo surface with four components does not have a pencil of rational curves (and is therefore not rational), but it is unirational.

A del Pezzo surface with five components does not have a pencil of rational curves.

A readable proof is contained in [59]. Logically, theorem 2.2 is a consequence of theorem 3.7 and the above classification.

The question of unirationality is still open (the problem consists of the del Pezzo surfaces with five components).

Arbitrary Fields In [36], Manin gave a birational invariant, based on Galois cohomology, which could in principle be computed by a constant number of field operations and factorizations of polynomials of constant degree. Manin and Iskovskih computed this invariant for various subclasses, but an algorithm has not yet been worked out in detail.

Using Galois cohomology, one can also sometimes give lower bounds for the degree of unirationality, and sometimes find two points on S which can not be both in the image of a parametrization (R-equivalence and Brauer equivalence). An introduction to this approach can be found in [37].

An obvious necessary condition for (uni)rationality is the existence of krational points. For number fields, this is a complicated problem because diophantine equations are undecidable in general by [39]. For subclasses of del Pezzo surfaces, decision can be achieved by the Hasse principle: a solution exists if and only if there exists a solution in the completion of k with respect to any possible valuation. The survey papers [38, 14] give an overview on results of this kind.

5 Adjoints

The construction of a pencil of rational curves, the construction of a birational reduction to a del Pezzo surface, and the computation of the numbers p_a and P_2 can be accomplished with one single tool: adjoints. Some references for the theory of adjoints are [20, 68, 8, 41, 49]; however, I believe that the full power of this tool has not been exploited yet.

Here is an algorithmic definition.

Definition 5.1. A polynomial is an m-adjoint iff it vanishes with order at least m(r−1) at each r-fold singular curve, and it vanishes with order at least m(r−2) at each r-fold singular point.

Infinitely near singularities have to be taken into account. We consider only polynomials that are reduced with respect to the equation of S, i.e. we compute modulo the ideal of the surface.

For any two natural numbers n, m, we define the vector space V_{n,m} as the space of all m-adjoints of degree at most n + m(d − 4), where d is the degree of the given surface S.

For any m, the dimension of the vector-space V_{0,m} is a birational invariant, the m-th plurigenus P_m. Another birational invariant, the arithmetic genus p_a, can be computed by the formula

p_a = d + 2dim(V_{1,1}) − dim(V_{2,1}) − 1,

where d is the degree of the surface S (see [49]).

For each n, m, such that dim(V_{n,m}) > 0, we define a rational map f_{n,m} : S→P^{dimVn,m−1},

(x, y, z) → (p_1(x, y, z) : . . . : p_{dimVn,m} (x, y, z)), where p_1, . . ., p_{dimVn,m} is a basis for V_{n,m}. The choice of the basis is not important.

Theorem 5.2 (Schicho). If p_a = P_2 = 0, then one can find n, m such that one of the following holds.

1. f_{n,m} is a map to a rational curve with rational curves as fibers.

2. f_{n,m} is a birational map to a del Pezzo surface.

3. f_{n,m} is a birational map to a projective plane.

4. f_{n,m} is a birational map to a quadric surface in P^3.

More precisely, let μ be the smallest integer such that V_{1,μ+1} is the zero space. (One can show that such a μ always exists.) Then (n, m) is one of (1, μ), (1, μ − 1), or (2, 2μ + 1).

Clearly, theorem 5.2, together with the algorithms discussed in previous sections and with some auxiliary algorithms such as the inversion of birational maps (see [57, 47]) provides a parametrization algorithm for surfaces over algebraically closed fields. The implementation of Heiss [24] provides all subalgorithms that are needed in the four cases, except for the computation of the adjoint spaces V_{n,m}. By careful analysis of the algorithm, one can derive bounds for the size of the output parametrization (see section 7).

The full proof of theorem 5.2 is too long to be reproduced here, so we refer to [49]. Instead, we give the “secret definition” of adjoints, which gives an idea why the birational behavior of adjoints is so good.

Definition 5.3. A rational differential form is said to be of the first kind iff its integral over any compact set is finite.

Differential forms of the first kind are regular at all regular points, but they may have poles of restricted order at the singularities. Example 5.4. Let S be the quadric cone xy − z^2 = 0. Then dx∧dy z = x^{−1/2}y^{−1/2}dx∧dy is a differential form of the first kind. Since dx∧dy z = 2dx∧dz x = 2dz∧dy y , we see that the singularity has an isolated pole at the vertex (x, y, z) = (0, 0, 0). Theorem 5.5. Let F (x, y, z) be the equation of the surface S. Then the polynomial G(x, y, z) is a 1-adjoint iff Gdx∧dy ∂F/∂z is a differential form of the first kind.

In the above example, we verified that^{dx∧dy}_{∂F/∂z} is a differential form of the first kind. Because a polynomial multiple of a differential form of the first kind is again of the first kind, we see that any polynomial is a 1-adjoint of the quadric cone. This agrees with the definition, because the only singularity of the quadric cone is a double point, which yields no restriction in the condition of adjunction.

Differential forms of the first kind have very good birational behavior. Theorem 5.6. Any proper birational map induces an isomorphism of the vectorspaces of rational differential forms of the first kind.

Proof. Let f : S_1 → S_2 be a proper birational map. The pullback f^∗ of rational differential forms is an isomorphism. Thus, it suffices to show that ω is of the first kind if and only if f^∗(ω) is of the first kind.

If f^∗(ω) is of the first kind, then ∫ K ω = ∫ f^{−1}(K)

f^∗(ω)

is finite for all compact K (note that f^{−1}(K) is compact by properness). Vice versa, any compact set K ⊂ S_1 is contained in the compact set f^{−1}(f(K)), hence ∫ K f^∗(ω) is dominated by ∫ f^{−1}(f (K))

f^∗(ω) = ∫ f (K) ω . The properness assumption is automatically fulfilled for projective varieties.

This is a partial explanation for the nice global birational properties of adjoints.

6 Desingularization

The computation of adjoints is the most expensive part of the parametrization algorithm. The problem is that one has to resolve the singularities, in order to detect the infinitely near singularities.

Here is a recursive algorithm that computes adjoints.

Input: A surface F in 3-space, given implicitly.

A basis for a vectorspace V of polynomials. An integer m > 0.

Output: A basis for the subvectorspace of m-adjoints.

Algorithm AdjointSubspace(F, V, m):

if F is smooth then return V ;

else

choose a singularity S;

r := the multiplicity of F at S; if S is a curve then

p := m(r − 1); else (S is a point)

p := m(r − 2);

V_1 := the subvectorspace of the elements that vanish with order ≥p at S; (F̃ , e) := (BlowUp(F, S), equation of the exceptional divisor); f : V_1→{forms on F̃ } := division by e^p ∘ pullback; V_2 := AdjointSubspace(F̃ , f(V_1), m); return f^{−1}(V_2);

The problem of choosing a singularity to be blown up in such a way that one eventually achieves a nonsingular variety is called the problem of resolution of singularities. It is in itself a famous problem.

The existence was proven by Walker and Zariski in the 30’s. Hironaka gave an existence proof for arbitrary dimension (characteristic zero). Abhyankar proved existence for surfaces in positive characteristic (here the case of arbitrary dimension is still open). For an introduction into this problem, see [33]. For an overview on the difficulties in positive characteristic, consult [23].

An algorithm for resolution in arbitrary dimensions (characteristic zero) has been given in [64, 65, 18] and independently in [5, 6]. Bodnar and the author developed the necessary data structures (see [10]) in order to implement Villamayor’s algorithm in Maple. The full program is downloadable at

the web site http://www.risc.uni-linz.ac.at/projects/basic/adjoints/

blowup. Special thanks go to S. Encinas for helping us to understand the structure of Villamayor’s algorithm.

The computed desingularization is represented by an atlas of charts. For each chart, we have a finite set of polynomials describing the ideal of a nonsingular variety. For each pair of charts, we have a chart transition map identifying some principal open subsets. This representation is perfectly suitable for adjoints computation.

Unfortunately, a closer look at the performance of the algorithm shows that the algorithm is only of theoretical interest. No bound for the asymptotical complexity is known. Even for small examples, the computing time and the size of the output are enormous.

Our current approach towards the computation of adjoints (joint work with W. Stöcher, see forthcoming paper) proceeds in a different way: first, we resolve the discriminant by blowing ups, thereby reducing to the case where all singularities are quasi-ordinary. Second, we compute the two-dimensional Puiseux expansions [2] at all singularities. Third, we plug each Puiseux expansion into a general element of the input vectorspace. The adjoints are then characterized by the vanishing of certain coefficients in these expansions.

The fact that we compute with infinite series also requires more sophisticated data types. Power series have to be represented as black box procedures, producing the n-th coefficient when fed with the integer n. An operation on power series is then actually a functor which takes an input procedure and produces an output procedure. Lazy evaluation ensures that one never computes more terms in the expansions than those that are really required in the final output.

7 Degree Bounds

We define the degree of a parametrization (^{Xn(s,t)}_{D(s,t)} ,^{Yn(s,t)}_{D(s,t)} ,^{Zn(s,t)}_{D(s,t)} ) as the maximum of the total degrees of the four polynomials X_n, Y_n, Z_n, D.

In the curve case, it is easy to show that the degree of a proper parametrization is equal to the degree of the equation of the curve, and that the degree of an improper parametrization is larger. In the surface case, the degree of a parametrization can be lower, as shown by the following example.

Example 7.1. The surface of degree n^2 with equation

(x^n − y)^n − z = 0

has a parametrization of degree n, namely (X, Y, Z) = (t, s + t^n, s^n). The parametrization in this example reaches a lower bound.

Theorem 7.2. If P is a parametrization of the surface S, then degP ≥ √ degS.

Proof. Suppose that P is an e : 1-parameterization of F , i.e. a generic point of F is reached by e points in the parameter space. We may assume that X_n, Y_n, Z_n, D do not have a common divisor (otherwise we may cancel by this divisor and obtain a parameterization of strictly smaller degree). Let E_1, E_2 be two generic planes in k^3. Then the line E_1∩E_2 intersects F in exactly d points.

The preimage of the set of these points is a set Σ of e·degF points. On the other hand, Σ is the set of common zeroes of the two linear combinations Q_1, Q_2 of X_n, Y_n, Z_n, D corresponding to E_1 and E_2 minus the set of common zeros of X_n, Y_n, Z_n, D. Since X_n, Y_n, Z_n, D do not have a common factor, and Q_1, Q_2 are generic linear combinations, Q_1 and Q_2 do not have a common factor. By Bezout’s theorem, the number of common zeroes is less or equal (degP )^2. Hence degF ≤ e·degF = card(Σ) ≤ (degP )^2.

On the other hand, there are rational surfaces which do not have a small parametrization.

Example 7.3. The surface of degree 2n − 1 with equation

x^{2n−1} − y^n − z^2 = 0

has a parametrization of degree n^2, namely (X, Y, Z) = ( 1 s^n + t^2 , s (s^n + t^2)^2 , t (s^n + t^2)^n ). One can show that then degP ≥^{n2}_2 for any parametrization. So, the degree of the smallest parametrization grows quadratically.

By an analysis of the algorithm [49], one can obtain the following upper bound. It is valid for the complex case only.

Theorem 7.4. Let S be a rational surface. Then there exists a parameterization P of S, such that degP ≤ 2(degS)^4.

For the proof, we refer to [50].

There are no known series of rational surfaces where the degree of the smallest possible parametrization grows larger than quadratically. Hence, it is quite possible that the upper bound above can be improved a lot.

Another open question is to compute the smallest possible parametrization for a given rational surface. The algorithm [49] is guaranteed to produce a parametrization which is at most twice as big as the smallest possible parametrization (see [50]).

References

[1] Abhyankar, S. S., and Bajaj, B. Automatic parametrization of curves and surfaces III. Computer Aided Geometric Design 5-4 (1987), 309–323.

[2] Alonso, M. E., Luengo, I., and Raimondo, M. An algorithm on quasiordinary polynomials. Applicable Algebra in Engineering, Communication and Computing 6 (1988), 59–73.

[3] Arrondo, E., Sendra, J., and Sendra, J. R. Parametric generalized offsets to hypersurfaces. Journal of Symbolic Computation 23 (1997), 267– 285.

[4] Bajaj, C., Holt, R., and Netravali, A. Rational parametrizations of nonsingular cubic surfaces. Tech. rep., Computer Science Department, Purdue University, West Lafayette, IN 47907, 1997.

[5] Bierstone, E., and Milman, P. A simple constructive proof of canonical resolution of singularities. In Effective methods in algebraic geometry, T. Mora and C. Traverso, Eds. Birkhäuser, 1991, pp. 11–30.

[6] Bierstone, E., and Milman, P. Canonical desingularization in characteristic zero by blowing up the maximum strata of a local invariant. Invent. math. 128 (1997), 207–302.

[7] Blass, P., and Lang, J. Zariski surfaces. Marcel Dekker, 1987.

[8] Blass, P., and Lipman, J. Remarks on adjoints and arithmetic genera of algebraic varieties. Amer. J. Math. 101 (1979), 331–336.

[9] Bochnak, J., Coste, M., and Roy, M.-F. Géometrie Algébrique Réelle.

Springer, 1987.

[10] Bodnar, G., and Schicho, J. Automated resolution of singularities for hypersurfaces. Journal of Symbolic Computation (2000). to appear.

[11] Canny, J. F., Grigor’ev, D. Y., and Vorobjov, N. N. Finding connected components in subexponential time. Applicable Algebra in Engineering, Communication and Computing 2 (1992), 217–238.

[12] Cassels, J. Rational quadratic forms, vol. 13 of London Math. Soc. Acad.

Press, 1978.

[13] Castelnuovo, G. Sulle superficie di genere zero. In Memoria scelte.

Zanichelli, 1939, pp. 307–334.

[14] Colliot-Thélène, J.-L. Arithmetic of rational varieties and birational problems. In Proc. ICM 1986 (1987), AMS Prov. RI, pp. 641–653.

[15] Comesatti, A. Fondamenti per la geometria sopra le superficie rationali del punto di vista reale. Math. Ann. 73 (1912), 1–72.

[16] Degen, W. On the projective differential geometry of surfaces that are generated by a one parameter family of conics I (in german). Math. Ann. 155 (1964), 1–34.

[17] Degen, W. On the projective differential geometry of surfaces that are generated by a one parameter family of conics II (in german). Math. Ann. 170 (1967), 1–36.

[18] Encinas, S., and Villamayor, O. Good points and constructive resolution of singularities. Acta Math. 181 (1998), 109–158.

[19] Enriques, F. Sulle irrazionalita da cui puo farsi dipendere la risoluzione d’un equazione f(xyz)=0 con funzioni razionali di due parametri. Math. Ann. (1895), 1–23.

[20] Enriques, F. La superfici algebriche. Zanichelli, 1949.

[21] Farin, G. F. Curves and Surfaces for Computer Aided Geometric Design:

A practical guide. Academic Press, 1988.

[22] Gonzalez-Perez, P. Torical quasi-ordinary singularities and newton polyhedra of discriminants. Canad. J. Math. (2000). to appear.

[23] Hauser, H. Seventeen obstacles for resolution of singularities. In Singularities, V. I. Arnold, G.-M. Greuel, and J. Steenbrink, Eds. Birkhäuser, 1998.

[24] Heiss, W. An implementation for the parametrization of algebraic surfaces. Master’s thesis, RISC-Linz, University of Linz, 1999.

[25] Hillgarter, E. Rational points on conics. Master’s thesis, RISC Linz, 1996.

[26] Iskovskih, V. Rational surfaces with a pencil of rational curves. Math.

USSR Sb. 3 (1967), 563–587.

[27] Iskovskih, V. Rational surfaces with a pencil of rational curves with positive square of the caonical class. Math. USSR Sb. 12 (1970), 91–117.

[28] Iskovskih, V. Birational properties of surfaces of degree 4 in p^4. Math.

USSR Sb. 17 (1972), 575–577.

[29] Iskovskih, V. Minimal models of rational surfaces over arbitrary fields.

Math. USSR Izv. 14 (1980), 17–39.

[30] Landau, S. Factoring polynomials over algebraic number fields. SIAM Journal on Computing 14, 1 (Feb. 1985), 184–195.

[31] Lang, S. On quasi algebraic closure. Ann. Math. 55 (1952), 373–390.

[32] Lenstra, A. K. Factoring polynomials over algebraic number fields. Tech.

rep., Stichting Mathematisch Centrum, Kruislaan 413 1098 SJ Amsterdam, Nov. 1982.

[33] Lipman, J. Introduction to the resolution of singularities. In Arcata 1974 (1975), vol. 29 of Proc. Symp. Pure Math, pp. 187–229.

[34] Mñuk, M. Algebraic parametrization of rational curves. PhD thesis, RISC Linz, 1996.

[35] Mñuk, M., Sendra, J. R., and Winkler, F. On the complexity of parametrizing curves. Beitr. Algebra und Geometrie 37/2 (1996), 309–328.

[36] Manin, Y. Rational surfaces over perfect fields. Math. USSR Sb. 1 (1967), 141–168.

[37] Manin, Y. Cubic Forms. North-Holland, 1974.

[38] Manin, Y., and Tsfasman, M. A. Rational varieties: algebra, geometry, arithmetic. Uspekhi Mat. Nauk. 41 (1986), 43–94.

[39] Matijasevic, Y. V. Enumerable sets are diophantine. Dok. Akad. Nauk.

SSSR 11 (1970), 354–357.

[40] McDonald, J. Fiber polytopes and fractional power series. J. Pure Appl.

Algebra 104 (1995), 213–233.

[41] Merle, M., and Teissier, B. Conditions of adjunction. In Seminar on the singularities of surfaces, vol. 777 of LNM. Springer, 1980, pp. 229–247.

[42] Nöether, M. Über Flächen, welche Scharen rationaler Kurven besitzen.

Math.Ann. 3 (1870), 161–227.

[43] Peternell, M. Rational parametrizations for envelopes of quadric families. PhD thesis, Techn. Univ. Vienna, 1997.

[44] Peternell, M., and Pottmann, H. Computing rational parametrizations of canal surfaces. Journal of Symbolic Computation 23 (1997), 255– 266.

[45] Piegl, L., and Tiller, W. The NURBS book. Springer, 1997.

[46] Schicho, J. On the choice of pencils in the parametrization of curves. J.

Symb. Comp. 14, 6 (1992), 557–576.

[47] Schicho, J. Inversion of rational maps with Gröbner bases. In Gröbner bases and applications (1998), B. Buchberger and F. Winkler, Eds., Cambridge Univ. Press.

[48] Schicho, J. Rational parameterization of real algebraic surfaces. In ISSAC-98 (1998), ACM Press, pp. 302–308.

[49] Schicho, J. Rational parametrization of surfaces. J. Symb. Comp. 26, 1 (July 1998), 1–30.

[50] Schicho, J. A degree bound for the parameterization of a rational surface.

J. Pure Appl. Alg. 145 (1999), 91–105.

[51] Schicho, J. The multiple conical surfaces. Tech. Rep. 99-29, RISC-Linz, Univ. Linz, A-4040 Linz, 1999.

[52] Schicho, J. The parametrization problem for algebraic surfaces. In Computational algebra and applications (1999), EACA, Universidad de la Laguna.

[53] Schicho, J. Proper parametrization of real algebraic surfaces. Tech. Rep.

99-19, RISC-Linz, Univ. Linz, A-4040 Linz, 1999.

[54] Sendra, J., and Winkler, F. Symbolic parametrization of curves. Journal of Symbolic Computation 12, 6 (1991), 607–632.

[55] Sendra, J., and Winkler, F. Parametrization of algebraic curves over optimal field extensions. Journal of Symbolic Computation 23, 2/3 (1997), 191–208.

[56] Shafarevich, I. R. Algebraic geometry. Springer, 1974.

[57] Shannon, D., and Sweedler, M. Using gröbner bases to determine algebra membership, split surjective algebra homomorphisms and determine birational equivalence. Journal of Symbolic Computation 6, 2/3 (1988), 267–273.

[58] Shioda, T. An example of unirational surfaces in characteristic p. Math.

Ann. 211 (1974), 233–236.

[59] Silhol, R. Real Algebraic Surfaces. Springer, 1980.

[60] Tsen, C. Division algebras over function fields. Nachr. wiss. Ges.

Göttingen (1933), 335–339.

[61] Tsen, C. On the theory of orders of quasi-algebraic closure of commutative fields. J. Chinese Math. Soc. 1 (1936), 81–92.

[62] van Hoeij, M. Computing parametrizations of rational algebraic curves.

In ISSAC-94 (1994), ACM Press, pp. 187–190.

[63] van Hoeij, M. Rational parametrizations of algebraic curves using canonical divisors. Journal of Symbolic Computation 23 (1997), 209–227.

[64] Villamayor, O. Constructiveness of Hironaka’s resolution. Ann. Scient.

Ecole Norm. Sup. 4 22 (1989), 1–32.

[65] Villamayor, O. Introduction to the algorithm of resolution. In Algebraic geometry and singularities, La Rabida 1991 (1991), Birkhäuser, pp. 123– 154.

[66] Walker, R. J. Algebraic Curves. Springer, 1978.

[67] Zariski, O. Castelnuovos criterion of rationality p_a = P_2 = 0 of an algebraic surface. Ill. J. Math. 2 (1958), 303–315.

[68] Zariski, O. Algebraic surfaces, 2 ed. Springer, 1971.