Numerical Approximation of an SQP-type Method for Parameter Identification

Martin Burger^∗ Wolfram Mühlhuber^∗

SFB F 013 Numerical and Symbolic Scientific Computing Johannes Kepler Universität, Freistädterstr. 313, A-4040 Linz, Austria

Abstract

This paper deals with the numerical approximation of the Levenberg-Marquardt SQPmethod (LMSQP) for parameter identification problems, which has been presented and analyzed in [10]. It is shown that a Galerkin-type discretization leads to a convergent approximation and that the indefinite system arising from the Karush-Kuhn-Tucker system is well posed.

In addition, we present a multi-level version of the Levenberg-Marquardt method and discuss the simultaneous solution of the discretized KKT-system by preconditioned iteration methods for indefinite problems. From a discussion of the numerical effort we conclude that these approaches may lead to a considerable speed-up with respect to standard iterative regularization methods that eliminate the underlying state equation. The numerical efficiency of the LMSQP-method is confirmed by numerical examples. Keywords: Parameter Identification, Sequential Quadratic Programming, Iterative Regularization, Galerkin Methods, Indefinite Systems. AMS Subject Classification (2000): 65N21, 65N22, 65N30, 90C55

1 Introduction

Parameter identification denotes the procedure of determining unknown parameters appearing in an underlying state equation (usually a partial differential equation), from indirect measurements related to the solution of this equation. Such problems frequently appear in many applications, where mathematical models of physical, chemical, biological or economical processes are used (cf. e.g. [1, 12, 16] and the references there).

Since such problems are ill-posed in general, i.e., the parameter to be reconstructed does not depend on the observation in a stable way, regularization methods have to be used in order to compute a stable approximation of the parameter in presence of data noise. Due to the ill-posedness of the identification problem, the numerical approximation of such problems is not a simple task. The standard approach that can be found in literature is based on an a-priori elimination of the state equation, and an application of a discretized regularization method to the resulting operator equation involving the parameter-to-output map, which is the operator mapping the parameter to the corresponding observation. The main part in the

∗This work has been supported by the Austrian National Science Foundation FWF under project grants F 13/08 and F 13/09. 1

2 1 INTRODUCTION

evaluation of this map is the solution of the underlying state equation for given parameter, which is numerically realized by standard discretizations such as finite elements.

This approach, in particular combined with iterative regularization methods (cf. [17] for an overview), has been applied with success even to rather complicated parameter identification problems (cf. e.g. [9, 24, 25]). However, since this methods need a high number of direct solves (i.e., solutions of the state equation), fine discretizations of the parameter yield a considerable computational effort, which results in high CPU-times or even in the impossibility to use fine discretizations. Another drawback of this approach is that the discretizations of state and parameter are rather independent, which makes the numerical analysis extremely difficult.

Therefore, fundamentally different methods for the solution of parameter identification problems have been investigated recently, whose common idea is to avoid the a-priori elimination of the state equation (cf. [10, 20, 26]). The aim of this paper is to discuss the numerical approximation of an iterative regularization method based on the idea of sequential quadratic programming (cf. [10]). We investigate Galerkin-type discretizations in the product space for parameter, state variable and a corresponding Lagrangian variables, which leads to a sequence of well-posed indefinite systems. With this approach we are able to show convergence of the numerical approximation both for the quadratic programming problem arising in each iteration step and for the overall minimization procedure.

The general setup in this paper is as follows: we assume that we are given a noisy measurement z^δ satisfying ‖z − z^δ‖_Z ≤ δ, (1.1) where the exact data satisfy z := Eû, (1.2)

with E ∈ L(X, Z) and some û ∈ X. Our aim is to identify the parameter q ∈ Q_{ad} ⊂ Q (where Q_{ad} is a closed subset of Q with non empty interior) in the underlying equation e(u, q) = f, (1.3) where e : X × Q → X^∗ is a continuous nonlinear operator with

e(0, 0) = 0. (1.4)

In this setup X, X^∗, Q and Z are Hilbert spaces, and X^∗ can be identified with the dual of X. Finally, we assume that e is continuously Frèchet-differentiable on X × Q and that the partial derivative e_u ∈ L(X, X^∗) is self-adjoint and satisfies the coercivity condition ⟨e_u(u, q)v, v⟩ ≥ α_e‖v‖^2_X , ∀(u, q, v) ∈ X × Q_{ad} × X, (1.5) for some α_e ∈ R^+ .

The above setup is typical for a partial differential equation of elliptic type, which is also the main type of application we have in mind. We want to mention that the infinitedimensional analysis carried out in the preceding paper [10] was not restricted to elliptic problems, but only assumed well-posedness of the state equation for given parameter. However, since the numerical approximation techniques for elliptic problems differ from the ones for parabolic or hyperbolic problems (cf. e.g. [32] for an overview), one cannot expect a successful unified approach to corresponding parameter identification problems. For this reason we start with an investigation of the elliptic case in this paper, but we want to mention that the numerical identification of parameters in transient equations or even mixed systems of equations is an important and challenging problem for future research.

In [10], it has been mentioned that the parameter identification problem in the above setup is an ill-posed inverse problem and we have proposed the following iterative regularization method based on the idea of sequential quadratic programming:

Method 1 (Levenberg-Marquardt Sequential Quadratic Programming Method). Let (u_0, q_0) ∈ X × Q

be a given initial value and let (β_k)_{k∈N} be a bounded sequence of positive real numbers. The Levenberg-Marquardt sequential quadratic programming (LMSQP) method consists of the iteration procedure (u_{k+1}, q_{k+1}) = (u_k, q_k), (1.6)

where (u_k, q_k) is the minimizer of the quadratic programming problem 1 2 ‖Eu − z^δ‖^2_Z + β_k 2 ‖q − q_k‖^2_Q → min_{(u,q)∈X×Q} . (1.7) subject to the linear constraint

e(u_k, q_k) + e^′(u_k, q_k)(u − u_k, q − q_k) = f. (1.8)

The iteration procedure is stopped as soon as k = k_∗, where ‖Eu_{k∗} − z^δ‖_Z ≤ τδ < ‖Eu_k − z^δ ‖, ∀ k < k_∗, (1.9) with appropriately chosen τ > 1.

Due to the results of [10], the LMSQP-method is a convergent regularization method, in particular the quadratic programming problems of the form (1.7), (1.8), which have to be solved in each iteration step, are well-posed. Our aim in this paper is to investigate the numerical approximation of the LMSQP-method by a Galerkin-type approach. We shall show below that this leads to an indefinite system in each iteration step, whose solution is an approximation of optimal order to the solution of (1.7), (1.8). Moreover, we show that the reconstructions obtained with the discretized LMSQP-method converge to a solution of the parameter identification problem as the noise level and the discretization size tend to zero, if an appropriate stopping rule is used, which relates the residual to the noise level and some measures for the discretization.

Moreover, we shall discuss the solution of the discretized Karush-Kuhn Tucker system, which is an indefinite linear system to be solved for the discretized equivalents of state, parameter and Lagrangian variable. The standard approaches to the solution of such discretized problems arising from partial differential equations are reduced SQP-methods, where state and Lagrangian variable are eliminated a-priorily. We recall the basic properties of the reduced SQP-approach, but we mainly focus on the iterative solution of the whole system with appropriate preconditioning. This promising approach has been employed recently for parameter identification (cf. [20, 26]) and optimal control problems (cf. [2, 3, 4, 5]) with good numerical results, in particular with respect to efficiency.

The paper is organized as follows: in Section 2 we investigate the numerical approximation of the LMSQP-method by a Galerkin-type approach and discuss the well-posedness, stability and approximation properties of the discretized Karush-Kuhn-Tucker (KKT) system; the convergence of the discretized solutions is shown in Section 3. Some further numerical methods and the implementation of the outer iteration, i.e., the SQP-iteration under the assumption that we are able to solve the quadratic optimization problems arising in each step of the LMSQP method, are examined in Section 4. We discuss the correct scaling of variables, globalization strategies as well as a multi-level approach, which leads to a further speed-up of the method. Section 5 is devoted to the inner iteration, i.e., the numerical solution of the discretized KKT-system. Some basic properties of this symmetric indefinite problem are studied, as well as its iterative solution with appropriate preconditioning. As a first application we investigate the identification of a potential in an elliptic boundary-value problem, where we can give quantitative error estimates in terms of the discretization sizes. Some numerical experiments related to this identification problems are presented in Section 7, before we finally conclude and give an outlook to further interesting problems related to this topic in Section 8.

2 Discretization Techniques

In the following we investigate the discretization of the LMSQP-method by a Galerkin approach. First of all, we assume that we have discretized data z^{δ,η} ∈ Z_η ⊂ Z of the form

z^{δ,η} = R_ηz^δ, (2.1)

where R_η : Z → Z_η is the orthogonal projector onto the finite-dimensional subspace Z_η. Note that we can give an error estimate for z^{δ,η} using (1.1) and ‖R_η‖ = 1, which yields δ_η := ‖R_η z^δ − z‖_Z ≤ ‖R_η(z^δ − z)‖_Z + ‖R_ηz − z‖_Z ≤ δ + inf_{y∈Zη} ‖y − z‖_Z . (2.2) Now let X_h ⊂ X, Q_h ⊂ Q be finite-dimensional subspaces of X and Q, with the corresponding orthogonal projectors P_h : X → X_h and P̃_h : Q → Q_h. Then we can discretize the LMSQP-Method as follows:

Method 2 (Galerkin LMSQP-Method). Let X_h, Q_h and Z_η be as above and let

(u_0, q_0) ∈ X_h × Q_h

be a given initial value. Moreover, let (β_k)_{k∈N} be a bounded sequence of positive real numbers. The Galerkin Levenberg-Marquardt sequential quadratic programming (GLMSQP) method consists of the iteration procedure

(u_{k+1}, q_{k+1}) = (u_k, q_k), (2.3)

where (u_k, q_k) ∈ X_h × Q_h is the minimizer of the quadratic programming problem 1 2 ‖R_η(Eu − z^δ)‖^2_Z + β_k 2 ‖q − q_k‖^2_Q → min (u,q)∈X_h×Q_h , (2.4)

subject to the linear constraint ⟨e(u_k, q_k) + e^′(u_k, q_k)(u − u_k, q − q_k), φ⟩ = ⟨f, φ⟩, ∀ φ ∈ X_h. (2.5)

Note that the constraint (2.5) can be rewritten in operator form as

P^∗_h K_kP_h(u − u_k) + P^∗_h L_kP̃_h(q − q_k) = P^∗_h (f − e(u_k, q_k)), (2.6)

to be solved for (u, q) ∈ X_h × Q_h, with the notation K_k : X → X^∗, K_ku = e_u(u_k, q_k)u, ∀ u ∈ X, (2.7) L_k : Q → X^∗, L_kq = e_q(u_k, q_k)q, ∀ q ∈ Q, (2.8) and P^∗_h : X^∗_h → X^∗ is the adjoint of P_h. Under the assumption (1.5), we obtain that ⟨P^∗_h K_kP_hv, v⟩ = ⟨K_kP_hv, P_hv⟩ = ⟨K_kv, v⟩ ≥ α_e‖v‖^2_X (2.9) for all v ∈ X_h, i.e., the discrete bilinear form associated with the operator P^∗_h K_kP_h is coercive on X_h. This implies by the Lax-Milgram theorem, that (2.6) is uniquely solvable with respect to u for given q ∈ Q_h. Consequently, in an analogous way to the proof of Proposition 2.1 in [10] we may show the following result on the well-posedness of the quadratic programming problem that has to be solved in each step of Method 2:

Proposition 2.1. Let e be continuously Frèchet-differentiable, let (1.5) hold and let β_k > 0. Then the quadratic programming problem (2.4), (2.5) has a unique solution (u_k, q_k) ∈ X_h×Q_h, which is also the only local minimum.

2.1 The Discretized Karush-Kuhn-Tucker System In [10], the Karush-Kuhn-Tucker system for the infinite-dimensional version of the LMSQPmethod has been derived and analyzed in the framework of linear saddle point problems. Now we will discuss the discretized analogue of this system, namely the first-order optimality conditions for the quadratic programming problem (2.4), (2.5).

The Lagrangian of (2.4), (2.5) is given by L_k(u, q; λ) = 1 2 ‖R_η (Eu − z^δ)‖^2_Z + β_k 2 ‖q − q_k‖^2_Q + +⟨λ, e^′(u_k, q_k)(u − u_k, q − q_k) + e(u_k, q_k) − f⟩, (2.10) for (u, q, λ) ∈ X_h × Q_h × X_h. Since P_h and P̃_h are equal to the identity on X_h and Q_h, respectively, we can rewrite the Lagrangian as L_k(u, q; λ) = 1 2 ‖R_η(EP_hu − z^δ )‖^2_Z + β_k 2 ‖P̃_h(q − q_k)‖^2_Q +

+⟨P_hλ, K_kP_h(u − u_k) + L_kP̃_h(q − q_k) + e(u_k, q_k) − f⟩, (2.11)

with the operators K_k and L_k defined by (2.7), (2.8). The KKT-system can now be deduced by computing the partial derivatives of the Lagrangian with respect to u, q and λ, i.e., (u_{k+1} − u_k, q_{k+1} − q_k, λ_{k+1}) solves the linear saddle-point problem

P^∗_h E^∗R^∗_ηR_ηEP_h 0 P^∗_h K^∗_k P_h 0 β_kP̃^∗_h P̃_h P̃^∗_h L^∗_kP_h P^∗_h K_kP_h P^∗_h L_kP̃_h 0 u q λ = P^∗_h E^∗R^∗_ηR_η(z^δ − Eu_k) 0 P^∗_h (f − e(u_k, q_k))

. (2.12)

As in [10], we define the symmetric bilinear form a_k : (X × Q)^2 → R by a^η_k(u, q; φ, σ) := ⟨R_η Eu, R_ηEφ⟩_Z + β_k⟨q, σ⟩_Q (2.13) and the bilinear form b_k : (X × Q) × X → R by b_k(u, q; λ) := ⟨K_ku, λ⟩ + ⟨L_ku, λ⟩. (2.14) Moreover, we use the right-hand sides f_k := f − e(u_k, q_k) ∈ X^∗, (2.15) g^η_k := (E^∗R^∗_ηR_η(z^δ − Eu_k), 0) ∈ X^∗ × Q. (2.16) Then the KKT-system (2.12) can be interpreted as the Galerkin approximation of an indefinite variational problem, i.e., (u, q, λ) ∈ X_h × Q_h × X_h is the solution of a^η_k(u, q; φ, σ) + b_k(φ, σ; λ) = ⟨g^η_k , (φ, σ)⟩, ∀ (φ, σ) ∈ X_h × Q_h, (2.17) b_k(u, q; μ) = ⟨f_k, μ⟩, ∀ μ ∈ X_h. (2.18) In an analogous way to the proof of Theorem 2.3 in [10] we can show that the bilinear form a satisfies the kernel-ellipticity condition on X_h × Q_h, i.e., there exists a constant α_a > 0 such that a^η_k(u, q; u, q) ≥ α_a‖(u, q)‖^2, ∀ (u, q) ∈ K^h_b := { (v, s) ∈ X_h × Q_h | b(v, s; λ) = 0, ∀ λ ∈ X_h }, and that b satisfies the LBB-condition inf_{λ∈Xh} sup (u,q)∈X_h×Q_h b_k(u, q; λ) ‖(u, q)‖ ‖λ‖ ≥ α_b, for some α_b > 0. This implies the following well-posedness result (cf. [7, 8]) for the discretized problem (2.17), (2.18):

Theorem 2.2. Let e be continuously Frèchet-differentiable, let (1.5) hold and let β_k > 0. Then the indefinite system (2.17), (2.18) has a unique solution (u, q, λ) ∈ X_h × Q_h × X_h, which depends continuously on the right-hand sides f_k and g^η_k .

Since the constants α_a and α_b are the same as in the corresponding infinite-dimensional conditions in X × Q, they are in particular independent of the discrete subspaces X_h and Q_h. This allows to deduce an approximation result for the solutions of (2.17), (2.18) to the solution (u, q, λ) ∈ X × Q × X of the infinite-dimensional KKT-System, given in variational form as a_k(u, q; φ, σ) + b_k(φ, σ; λ) = ⟨g_k, (φ, σ)⟩, ∀ (φ, σ) ∈ X × Q, (2.19) b_k(u, q; μ) = ⟨f_k, μ⟩, ∀ μ ∈ X, (2.20) with a_k given by a_k(u, q; φ, σ) := ⟨Eu, Eφ⟩_Z + β_k⟨q, σ⟩_Q, (2.21) b_k, f_k as above and g_k defined by g_k := (E^∗(z^δ − Eu_k), 0) ∈ X^∗ × Q. (2.22)

Theorem 2.3. Suppose that the assumptions of Theorem 2.2 are satisfied and let (u_h, q_h, λ_h) ∈ X_h × Q_h × X_h denote the unique solution of (2.17), (2.18). Then there exists a constant c > 0 independent of X_h and Q_h such that ‖(u − u_h, q − q_h, λ − λ_h)‖ ≤ c ( r^δ_{η,h} + inf (v,s,μ)∈X_h×Q_h×X_h ‖(u − v, q − s, λ − μ)‖ ) , (2.23)

where (u, q, λ) denotes the unique solution of (2.19), (2.20) and r^δ_{η,h} := ‖(R_η − I)z^δ‖_Z + sup_{v∈X} h,‖v‖=1 ‖(R_η − I)Ev‖_Z . (2.24) Proof. First, let (ũ_h, q̃_h, λ̃_h) denote the solution of (2.17), (2.18) with a^η_k, g^η_k replaced by a_k, g_k. Then Theorem 2.1 in [8] implies the existence of a constant c_1 > 0 (independent of X_h and Q_h) such that ‖(u − ũ_h, q − q̃_h, λ − λ̃_h)‖ ≤ c_1 inf_{(v,s,μ)∈Xh×Qh×Xh} ‖(u − v, q − s, λ − μ)‖. Moreover, the stable dependence of the solutions of (2.17), (2.18) on the right-hand side implies the existence of c_2 > 0 with ‖(u_h − ũ_h, q_h − q̃_h, λ_h − λ̃_h)‖ ≤ c_2 ( sup v∈X_h,‖v‖=1 ⟨g^η_k − g_k, (v, 0)⟩ + sup_{φ∈X} h,‖φ‖=1 |a^η_k(ũ_h, q̃_h, φ) − a_k(ũ_h, q̃_h, φ)| )

≤ c_2 ( sup v∈X_h,‖v‖=1 ⟨Ev, (R^∗_η R_η − I)(z^δ − Eu_k)⟩ + sup_{φ∈X} h,‖φ‖=1 ⟨Eφ, (R^∗_η R_η − I)Eũ_h⟩ )

≤ c_2‖E‖ ‖(R_η − I)z^δ ‖_Z + c_3 sup_{v∈X} h,‖v‖=1 ‖(R_η − I)Ev‖_Z , and with the triangle inequality we may conclude (2.23).

Theorem 2.3 provides an error estimate for the solutions of the discretized saddle-point problem (2.17), (2.18), consisting of two parts corresponding to the numerical approximation in the image space Z and in the pre-image spaces X and Q. An obvious estimate for the first term is r^δ_{η,h} ≤ inf_{y∈Zη} ‖y − z^δ ‖_Z + sup_{v∈X} h,‖v‖_X =1 inf_{ỹ∈Zη} ‖ỹ − Ev‖_Z , which possibly does not lead to a quantitative estimate, since there is no additional information on the smoothness of the noisy data. An alternative estimate is r^δ_{η,h} ≤ δ + inf_{y∈Zη} ‖y − z‖_Z + sup_{v∈X} h,‖v‖_X =1 inf_{ỹ∈Zη} ‖ỹ − Ev‖_Z . The infimum of ‖y − z‖_Z can usually be estimated more easily, since the exact data z are smoother due to the fact that û is the solution of the state equation for some parameter q̂. E.g., if the state equation is of elliptic type with solution û ∈ H^1(Ω), E : H^1(Ω) → L^2(Ω) is the embedding operator, and R_η results from a standard finite element discretization on a grid with fineness η, then we have at least inf_{y∈Zη} ‖y − z‖ = O(η). Another important observation is that the last term vanishes if the discrete spaces Z_η and X_h are equal, which can be achieved in some applications.

The second term in (2.23) shows that the Galerkin approximation of the KKT-system is of optimal order in X_h × Q_h × X_h; it can be estimated by standard methods for finite element discretizations; quantitative estimates can be obtained using the regularity of the iterates. This part depends of course strongly on the specific application.

3 Convergence Analysis

In this section we will analyze the Galerkin LMSQP method with respect to convergence, i.e., the convergence of the reconstruction obtained with an appropriate stopping rule as the noise level and the measure for the discretization fineness tend to zero. With η = 0, h = 0 we will identify the infinite-dimensional case, i.e., X_0 = X, Q_0 = Q and Z_0 = Z. We assume that the discrete subspaces satisfy ⋃ h>0 X_h = X, ⋃ η>0 Z_η = Z, ⋃ h>0 Q_h = Q.

If we denote by e_k and f_k the error terms

(e_k, f_k) := (P_h(u_k − û), P̃_h(q_k − q̂)), (3.1)

we can rewrite the Karush-Kuhn-Tucker system (2.12) as

P^∗_h E^∗R^∗_ηR_ηEP_h 0 P^∗_h K^∗_k P_h 0 β_kP̃^∗_h P̃_h P̃^∗_h L^∗_kP_h P^∗_h K_kP_h P^∗_h L_kP̃_h 0 e_{k+1} f_{k+1} λ_{k+1} = P^∗_h E^∗R^∗_ηR_η(z^δ − EP_hû) β_kP̃^∗_h P̃_h(q_k − q̂) r_k (3.2)

where the r_k denotes the remainder

r_k := P^∗_h ( e(û, q̂) − e(u_k, q_k) + e^′(u_k, q_k)(P_he_k, P̃_hf_k) ) . (3.3)

As in [10], we require a condition on the nonlinearity, which is summarized in the following:

Assumption 1. Let (1.5) be satisfied and define the remainder r(u, q) by r(u, q) := e(û, q̂) − e(u, q) − e^′(u, q)(û − u, q̂ − q). (3.4) Then we assume that there exists a constant γ_1 < 1 such that ‖Ee_u(u, q)^{−1}r(u, q)‖_Z ≤ γ_1‖Eu − z‖_Z , ∀ (u, q) ∈ B_{2ζ} (u_0) × B_{2ρ}(q_0), (3.5) and that there exists a solution (û, q̂) ∈ B_ζ (u_0) × B_ρ(q_0) of the parameter identification problem.

If we define the discretization measures ϵ_h, κ_h by ϵ_h = ‖E(I − P_h)û‖_Z , κ_h = c_{ζ,ρ}‖(I − P̃_h)q̂‖_Q, (3.6) where c_{ζ,ρ} = sup

(u,q)∈B_{2ζ} (u_0)×B_{2ρ}(q_0) ‖Ee_u(u, q)^{−1}e_q(u, q)‖_Z , (3.7) and ϵ_η by ϵ_η = γ_1ζ^{−1} sup_{‖v‖}

X =1 ‖(R_η − I)Ev‖_Z . (3.8) Then for all (u, q) ∈ B_{2ζ} (u_0) × B_{2ρ}(q_0), the estimate ‖R_η Ee_u(u, q)^{−1}r_h(u, q)‖_Z ≤ γ_1‖R_η (Eu − z)‖_Z + ϵ_η + ϵ_h + κ_h (3.9) holds, where r_h(u, q) := e(û, q̂) − e(u, q) − e^′(u, q)(P_hû − u, P̃_hq̂ − q). (3.10) Remark 1. If X_h, Z_η and Q_h are standard finite-element spaces on some triangulations, then ϵ_h, ϵ_η and κ_h can be estimated by the approximation error of these elements. In particular, if the discretization parameter (i.e., the maximal size of a triangle) tends to zero and if the triangulation is regular, one can guarantee that ϵ_h, ϵ_η and κ_h tend to zero (cf. [32] for further details).

For the choice of the stopping index we use a numerical version of (1.9), which involves the discretization measures defined above:

‖R_η (Eu_{k∗} − z^δ)‖_Z ≤ τ(δ_η + 2ϵ_h + κ_h) < ‖R_η (Eu_k − z^δ)‖_Z , ∀ k < k_∗. (3.11) For an appropriate choice of τ, this allows us to prove the following monotonicity property of the iterates:

Lemma 3.1. Let Assumption 1 be fulfilled, let the noise be bounded by (1.1), and assume that β^{−1}_0 (‖Ee_0‖_Z − δ − ϵ_h)^2 + ‖f_0‖^2_Q ≤ ρ^2. (3.12) In addition, β_k is chosen such that β_k ≤ β_{k−1} for all k ∈ N and that

γ_1 := γ_1 sup_{k∈N} √ β_{k−1} β_k < 1, (3.13)

and the stopping index k_∗ is chosen according to the generalized discrepancy principle (3.11) with τ > 1 + γ_1 + γ_1 γ_1(1 − γ_1)

, (3.14) then q_k ∈ B_{2ρ}(q_0) and the estimates (‖R_η Ee_{k+1}‖_Z − δ − ϵ_h)^2 + β_k‖f_{k+1}‖^2_Q + β_k‖q_{k+1} − q_k‖^2_Q ≤ (γ_1‖R_ηEe_k‖_Z + δ + ϵ_η + 2ϵ_h + κ_h)^2 + β_k‖f_k‖^2_Q (3.15) and β^{−1}_k (‖R_η Ee_{k+1}‖_Z − δ − ϵ_h)^2 + ‖f_{k+1}‖^2_Q ≤ β^{−1}_{k−1}(‖R_ηEe_k‖_Z − δ − ϵ_h)^2 + ‖f_k‖^2_Q (3.16) hold for all k < k_∗.

Proof. Assume that q_k ∈ B_{2ρ}(q_0). Then, with (3.2) and λ_{k+1} = −(P^∗_h K^∗_k P_h)^{−1}P^∗_h E^∗R^∗_ηR_η(Eu_{k+1} − z^δ ) we deduce the identity 2‖R_η Ee_{k+1}‖^2_Z + β_k‖f_{k+1}‖^2_Q + β_k‖q_{k+1} − q_k‖^2_Q = 2‖R_η Ee_{k+1}‖^2_Z + β_k‖f_k‖^2_Q + 2β_k⟨f_{k+1}, q_{k+1} − q_k⟩ = 2⟨R_η (z^δ − EP_hû), R_η Ee_{k+1}⟩_Z + β_k‖f_k‖^2_Q

+ 2⟨R_η (Eu_{k+1} − z^δ), R_η EP_h(P^∗_h K_kP_h)^{−1}P^∗_h r_h(u_k, q_k)⟩_Z . The noise bound (1.1) implies that ‖R_η (z^δ − P_hû)‖_Z ≤ ‖R_η (z^δ − z)‖_Z + ‖E(I − P_h)û‖_Z ≤ δ + ϵ_h, and using the Cauchy-Schwarz inequality together with (3.9) we obtain the estimate (‖R_η Ee_{k+1}‖_Z − δ − ϵ_h)^2 + β_k‖f_{k+1}‖^2_Q + β_k‖q_{k+1} − q_k‖^2_Q ≤ (γ_1‖R_ηEe_k‖_Z + δ + ϵ_η + 2ϵ_h + κ_h)^2 + β_k‖f_k‖^2_Q.

(3.16) follows from dividing (3.15) by β_k and the fact that √ β_{k−1} β_k (γ_1‖R_ηEe_k‖_Z + δ + ϵ_η + 2ϵ_h + κ_η) ≤ ‖R_ηEe_k‖_Z − δ − ϵ_h.

By induction we can now show that q_k ∈ B_ρ(q_0) for k < k_∗ and τ satisfying (3.14).

In an analogous way to the proof of Lemma 3.2 in [10] we can prove the following statement on the finiteness of the stopping index k_∗ if δ > 0:

Lemma 3.2. Under the assumptions of Lemma 3.1, the discrepancy principle (3.11) yields a finite stopping index k_∗ if δ_{η,h} := δ + ϵ_η + 2ϵ_h + κ_h > 0, (3.17) and τ is chosen according to (3.14).

One observes that in the above estimates, the term δ_{η,h} now plays the same role as the noise level δ in the infinite-dimensional setup. Therefore it is also possible to prove convergence as δ_{η,h} → 0 in the same way as convergence in the infinite-dimensional case for δ → 0 (cf. [10, Theorem 3.5]). Consequently, we do not give the detailed convergence proof, but refer to [10] for further details on the technique of the proof. We only recall the basic assumptions on e and give the final convergence result, where we use the notation (u^{δ,η,h}_k , q^{δ,η,h}_k ) for the iteration according to (2.12) with initial value (P_hu_0, P̃_hq_0), noise level δ and discretization parameter h and η.

Assumption 2. In addition to Assumption 1, assume that e is of the form e(u, q) = A(u) + N(u, q), ∀ (u, q) ∈ X × Q, (3.18) with continuously Frèchet-differentiable (nonlinear) operators A : X → X^∗ and N : X × Q → X^∗, such that N(u, .) ∈ L(Q, X^∗), ∀ u ∈ X. (3.19) Moreover, we assume that A and N satisfy the nonlinearity conditions ‖Ee_u(u, q)^{−1}A^′(v)w‖_X∗ ≤ γ_2‖Ew‖_X∗ , ∀ (u, v, w, q) ∈ B_{2ζ} (u_0)^2 × X × B_{2ρ}(q_0), (3.20) and ‖Ee_u(u, q)^{−1}N_u(v, s)w‖_Y ≤ γ_3‖Ew‖_Y , ∀ (u, v, w, q, s) ∈ B_{2ζ} (u_0)^2 × X × B_{2ρ}(q_0)^2, (3.21)

for some positive constants γ_2 and γ_3.

Theorem 3.3 (Convergence). Let Assumption 2 and (3.12) be fulfilled with ζ, ρ sufficiently small, and let the noise be bounded by (1.1). Moreover, let β_k be chosen such that β_k ≤ β_0 for all k ∈ N and that (3.13) is satisfied. If the perturbed iteration is stopped with k_∗ = k_∗(δ, R_η z^δ, h) according to the generalized discrepancy principle (3.11) with τ = τ(h, η) (uniformly bounded in h and η) satisfying (3.14), then (q^{δ,η,h}_{k∗(δ,Rη zδ,h)}, u^{δ,η,h}_{k∗(δ,Rη zδ ,h)}) → (q, u), in X × Q, as max{δ_η, ϵ_h, κ_h} → 0, (3.22) where (u, q) is a solution of (1.3) with Eu = z.

Proof. Analogous to the proof of Theorem 3.5 in [10].

4 Numerical Realization of the SQP-Iteration

In the following we want to discuss some numerical methods and variants for the ’outer iteration’, i.e., the Galerkin LMSQP algorithm under the assumption that we are able to solve the discretized KKT-system numerically. The ’inner iteration’, namely the numerical solution of the indefinite system (2.12) will be investigated in Section 5.

4.1 Scaling of State Variable, Parameter and Lagrangian Variable

The performance of an iteration algorithm often depends crucially on the way the problem is formulated. Scaling is a well-known technique for reformulating an optimization problem whose main objective is twofold: on the one hand all the variables should be of similar magnitude, on the other hand also the value of the derivatives should all be of similar size. In unconstrained optimization, a problem should be rescaled in such a way, that changes of the iterate in one direction do not result in by far larger changes of the value of the objective than changes in another direction. In constrained optimization the above statements are also true for each constraint. Additionally the set of constraints should be well balanced with respect to each other such that each constraint has equal weight. Furthermore the set of constraints should be balanced with respect to the objective. As scaling is of high practical importance for any optimization problem, many aspects can be found in monographs on optimization (cf. e.g. [19, 30]).

We want to consider only the last aspect in this context, i.e., the scaling of the state constraint with respect to the objective which is also of high importance for achieving fast

12 4 NUMERICAL REALIZATION OF THE SQP-ITERATION

convergence of the outer iteration. For the inner iteration, the aspect of scaling can be included in the construction of a good preconditioner. The outer iteration of an SQP method tries to attain two goals at the same time: feasibility of the iterate with respect to the state constraint and optimality of the iterate with respect to the objective. One aspect dominating the other results usually in bad convergence properties: If the feasibility aspect dominates, only very small changes of the iterate are possible in order to ensure ”almost” feasibility. If the optimality aspect dominates, any violation of the state constraint is reduced too slowly.

For the LMSQP method in the form of (2.4),(2.5) it turned out that in many situations the feasibility aspect is strongly dominating. Using line search methods for globalization (see also Subsection 4.2) this results usually in step lengths much smaller than one. Replacing the state constraint by a preconditioned state constraint leads to a better balanced formulation and to much faster convergence. Furthermore a step length parameter equal to one is accepted in almost all steps. Another aspect of this kind of rescaling is treated in Subsection 6.2.

4.2 Globalization Strategies

The LMSQP method is a variant of Newton’s method and therefore only locally convergent (see also the analysis in Section 3). For this reason, globalization strategies, such as trust region methods or line search strategies (which are the two most popular classes of globalization techniques in optimization), are needed.

The basic idea of trust region methods is to add an additional constraint on the maximal increment to the quadratic optimization problem for the correction step of the current iterate, i.e. instead of (2.4), (2.5) one would solve (2.4), (2.5) and ‖(u−u_k, q−q_k)‖ ≤ ϵ_k with ϵ_k chosen appropriately. Trust region methods have been successfully applied to PDE constrained optimization problems (see e.g. [14, 38]), often using a reduced SQP approach. We want to mention that a similar effect as with trust-region methods could be reached in principle by controlling the penalty parameter β_k, which also restricts the step size and produced good numerical results (see Example 7.1). For a comprehensive overview of trust region methods we refer to Conn et. al. [13].

In the code used for two-dimensional problems (cf. [10] and Example 7.2), we use a line search algorithm for globalization. In contrast to trust region methods, the calculation of the increment is split into two phases: first of all, a search direction is determined, and secondly the estimation of a step length parameter indicating how far into the search direction one should go. For the computation of the search direction we solve the optimization problem (2.4) and (2.5). In order to determine the step length we cannot use the objective itself as a criterion (as in unconstrained optimization), but have to use a merit function which balances the minimization of the objective with the feasibility with respect to the state constraint. Applied to a discretized optimization problem of the form J̃(V, S) → min (V,S)∈R^m×R^n , subject to an equation constraint of the form ẽ(V, S) = f̃, possible choices are the l^1-merit function Φ(V, S) = J̃(V, S) + κ‖ẽ(V, S) − f̃‖_l1

4.3 Nested Multi-Level Optimization Techniques 13

and its variants, and the augmented Lagrangian

Φ(V, S, Λ) = J̃(V, S) + Λ^T (ẽ(V, S) − f̃) + κ 2 ‖ẽ(V, S) − f̃‖^2_l2 , where Λ is an estimate of the Lagrangian variable corresponding to the discretized equation constraint. Both merit functions are exact in the sense that for κ sufficiently large, minimizers of the original constrained optimization problem also minimize the merit function.

A crucial property in the design of a merit function is that it should accept step length one close to a solution in order to preserve the quadratic convergence of the SQP method. The augmented Lagrangian works well, as long as the estimate for the Lagrangian multiplier is accurate enough, whereas the l^1-merit function sometimes suffers from the so-called ”Marathos-effect”, i.e. it does not accept unit step length and therefore causes a slow-down of the convergence. A strategy to overcome this difficulty using a second order correction can be found in [30]; nevertheless, it performed very well in our numerical experiments (see Example 7.2).

4.3 Nested Multi-Level Optimization Techniques

Important tools for the efficient numerical approximation of infinite-dimensional optimization problems are multi-level optimization methods. In the nested multi-level setup, one starts the optimization procedure at a coarse level X_{h1} × Q_{h1} , where the iteration procedure can be carried out efficiently. If an appropriate stopping rule is satisfied, one interpolates the state and parameter obtained in this way to a finer level X_{h2} × Q_{h2} (for h_2 < h_1), serving now as a starting value on this level. This procedure is repeated until the finest level is reached. Usually, nested space are used in this approach, i.e., X_{h1} ⊂ X_{h2} , Q_{h1} ⊂ Q_{h2} (for h_2 < h_1), which leads to simple interpolation operators. Since one cannot choose the discretization of the data arbitrarily in general , we consider only the case of fixed η here, but a multi-level approach in η can be realized in an analogous way, if necessary.

Nested multi-level methods outperform standard discretization techniques in many cases (cf. e.g. [21, 22, 29]); usually a considerable number of iterations is needed on the coarse level only , where the numerical effort per iteration is very low. On the finest levels, the stopping rule is often satisfied already after one iteration step and so the overall effort is less than for a direct discretization on the finest level. For the Galerkin LMSQP method, we can formulate a multi-level algorithm as follows:

Algorithm 4.1 (Nested Multi-Level Galerkin LMSQP). Given a decreasing sequence {h_ℓ}_{ℓ=1,...,L} with nested spaces X_{hℓ} ⊂ X_{hℓ+1} , Q_{hℓ} ⊂ Q_{hℓ+1} (e.g. h_ℓ = 2^{−ℓ}h_0), and a nonincreasing sequence τ_ℓ satisfying (3.14), the nested multi-level Galerkin LMSQP method consists of the following iterative procedure:

1. Set ℓ = 1, h = h_1 and start with (u^ℓ_0, q^ℓ_0) ∈ X_h × Q_h.

2. Perform the Galerkin LMSQP method until the stopping criterion (3.11) is satisfied with stopping index k_∗(ℓ).

3. If ℓ = L stop the iteration, else prolongate the iterate (u^ℓ_{k∗} , q^ℓ_{k∗} ) to the finer level X_{hℓ+1} ×Q_{hℓ+1} , which results in a new starting value (u^{ℓ+1}_0 , q^{ℓ+1}_0 ). Set h = h_{ℓ+1}, ℓ = ℓ+1 and go to step 2.

The analysis in Section 3 shows that for β^ℓ_0 ≥ β^{ℓ−1}_{k∗(ℓ−1)}, the estimate

(β^ℓ_{k∗(ℓ)})^{−1}‖R_η Ee^ℓ_{k∗(ℓ)}‖^2_Z + ‖f^ℓ_{k∗(ℓ)}‖^2_Q + k_∗(ℓ)−1 ∑ j=0 ‖q^ℓ_{j+1} − q^ℓ_j‖^2_Q

≤ (β^ℓ_0)^{−1}‖R_ηEe^ℓ_0‖^2_Z + ‖f^ℓ_0 ‖^2_Q ≤ (β^{ℓ−1}_{k∗(ℓ−1)})^{−1}‖R_ηEe^{ℓ−1}_{k∗(ℓ−1)}‖^2_Z + ‖f^{ℓ−1}_{k∗(ℓ−1)}‖^2_Q + θ_ℓ holds, where θ_ℓ is the error corresponding to the interpolation of the iterates from level ℓ − 1 to level ℓ, i.e.,

θ_ℓ = (β^ℓ_0)^{−1} ( ‖R_η Ee^ℓ_0‖^2_Z − ‖R_ηEe^{ℓ−1}_{k∗(ℓ−1)}‖^2_Z ) + ( ‖f^ℓ_0‖^2_Q − ‖f^{ℓ−1}_{k∗(ℓ−1)}‖^2_Q ) . (4.1)

This monotonicity estimate corresponds very well to the intuition that only few iterations are needed on the fine levels, in particular if β^ℓ_k is decreasing, which leads to ‖R_η Ee^ℓ_{k∗(ℓ)}‖^2_Z ≤ β^ℓ_{k∗(ℓ)} ( (β^ℓ_0)^{−1}τ_{ℓ−1}δ_{η,hℓ−1} + ‖f^{ℓ−1}_{k∗(ℓ−1)}‖^2_Q + θ_ℓ ) . For a fine level with small β, we can expect that β^ℓ_{k∗(ℓ)}(β^ℓ_0)^{−1}τ_{ℓ−1}δ_{η,hℓ−1} ≈ τ_ℓδ_{η,hℓ} , and the second term β^ℓ_{k∗(ℓ)}(‖f^{ℓ−1}_{k∗(ℓ−1)}‖^2_Q +θ_ℓ) can be expected to be negligible. I.e., the stopping rule at level ℓ is probably satisfied with k_∗(ℓ) = 1.

Under typical conditions, where X_{hℓ} and Q_{hℓ} correspond to standard finite-element spaces on different refinement levels of an initial triangulation of a domain Ω, one can show that at least θ_ℓ = O(h_{ℓ−1}), and consequently L∑ ℓ=2 θ_ℓ ≤ ch_1(1 + L−2∑ j=0 r^j ) ≤ ch_1 2 − r 1 − r for some constant c ∈ R_+ , where

r = max 1≤ℓ≤L−1 h_{ℓ+1} h_ℓ < 1. Together with the above estimate one can show with a standard proof technique that the pair (u^L_{k∗(L)}, q^L_{k∗(L)}) converges to a solution (u, q) of the parameter identification problem for δ_{η,hL} → 0. 5 Numerical Solution of the KKT-System

In the following we will discuss the numerical solution of the discretized KKT-system (2.12) for fixed iteration number k. We have seen above that the Galerkin-type approximation (2.12) of the original KKT-system is stable and convergent, now we discuss some of its structural properties, which are important for the application of iterative solution methods and for the construction of preconditioners.

5.1 The System Matrix M 15

Choosing bases

Φ = (φ_1, . . . , φ_m)^T ∈ X^m_h , Σ = (σ_1, . . . , σ_n)^T ∈ Q^n_h, (5.1)

of the finite-dimensional subspaces X_h and Q_h, we may represent (u, q, λ) ∈ X_h × Q_h × X_h via u = V^T Φ, q = S^T Σ, λ = Λ^T Φ, (5.2)

with coordinate vectors V, Λ ∈ R^m and S ∈ R^n . In order to transform (2.12) into a linear system for V , S and Λ, we define the matrices G := (⟨Eφ_j , Eφ_i⟩_Z )_{i,j=1,...,m} H := (⟨σ_j , σ_i⟩_Q)_{i,j=1,...,n} (5.3) K := (⟨K_kφ_j , φ_i⟩)_{i,j=1,...,m} L := (⟨L_kσ_j, φ_i⟩)_{i=1,...,m;j=1,...,n} (5.4) and the vectors f_1 := (⟨z^{δ,η} − Eu_k, Eφ_i⟩_Z )_{i=1,...,m}, f_3 := (⟨f − e(u_k, q_k), φ_i⟩)_{i=1,...,m}. (5.5) This allows us to rewrite the discretized KKT-system (with penalty parameter β = β_k) as G 0 K^T 0 βH L^T K L 0 V S Λ = f_1 0 f_3

, (5.6)

respectively as MX = F, (5.7)

where M is the matrix in (5.6) and

X = V S Λ F = f_1 0 f_3 .

The structural properties of M and its sub-matrices will be examined in the following section.

5.1 The System Matrix M

Due to the well-posedness result on the discretized KKT-system (2.12) (cf. Theorem 2.2), we may conclude that the system matrix M is regular. In order to obtain further insight into the structure of M, we investigate the properties of the sub-matrices G, H, K and L:

Proposition 5.1. The matrices K ∈ R^{m×m} and H ∈ R^{n×n} are symmetric positive definite, and the matrix G ∈ R^{m×m} is symmetric positive semi-definite. If, in addition, the operator E is injective on X_h, then G is regular, too.

Proof. Let u and q be as in (5.2), then there exist constants c_1(h) and c_2(h) such that ‖u‖_X ≥ c_1(h)|V |, ‖q‖_Q ≥ c_2(h)|S|, where |.| denotes the euclidean norm in R^n and R^m , respectively. Thus, we have V^T KV = ⟨K_ku, u⟩ ≥ α_e‖u‖^2_X ≥ α_ec_1(h)^2|V |^2, and S^T HS = ‖q‖^2_Q ≥ c_2(h)^2|S|^2.

Moreover, the identity V^T GV = ‖Eu‖^2_Z ≥ 0 implies that G is positive semi-definite and regular under the assumption that E is injective on X_h. The symmetry of the matrices G, H and K can be verified in a similar way, using the symmetry of scalar products and the self-adjointness of the operator K_k.

The matrix L ∈ R^{m×n} is difficult to analyze, it is neither symmetric nor regular in general (in particular if n ≠ m). However, some fundamental properties of M (such as its regularity) rely rather on G, H and K than on L. Moreover, the classical splitting of a symmetric saddle-point problem as G 0 K^T 0 H_β L^T K L 0 = I 0 0 0 I 0 KG^{−1} LH^{−1}_β I G 0 0 0 H_β 0 0 0 −C I 0 G^{−1}K^T 0 I H^{−1}_β L^T 0 0 I ,

where H_β := βH and C is the Schur-complement

C := KG^{−1}K^T + β^{−1}LH^{−1}L^T , (5.8)

is possible if we only know that G and H are regular. In particular, we may conclude that M has n + m positive and m negative eigenvalues.

5.2 Reduced SQP Approaches The basic idea of reduced SQP-methods is the a-priori elimination of the equality constraint, which can be written in matrix form as

KV + LS = f_3, (5.9)

which is equivalent to an elimination of V and Λ in (5.6).

Due to Proposition 5.1, K is a regular, symmetric matrix and thus, we may compute

V = K^{−1}(f_3 − LS), (5.10) Λ = K^{−T} (f_1 − GV ), (5.11)

which yields after some calculations the n × n-system

M_rS = g (5.12)

with

M_r := H + L^T K^{−T} GK^{−1}L (5.13) g := L^T K^{−T} (GK^{−1}f_3 − f_1). (5.14)

The reduced SQP-approach seems of particular interest if n ≪ m, which is a frequently used discretization strategy for parameter identification and optimal control problems (cf. e.g. [35, 36, 37]). The original matrix M is an indefinite matrix of size (2m + n) × (2m + n), while

5.3 Simultaneous Solution of the KKT-System 17

the reduced system matrix M_r in (5.12) is of size n × n. However, M_r is not a sparse matrix even if all the sub-matrices of M are sparse, since it involves the inverse of K. Moreover, the evaluation of M_r is more expensive than the evaluation of the original system matrix M, since it involves the solution of two systems of the form

KW = g, (5.15)

with different right-hand sides g, while for the evaluation of M only direct evaluations of K are needed, which are very cheap for typical finite element discretization of the state constraint. In practice, one usually tries to compensate this disadvantage of reduced SQP-methods by using a Broyden-type update for the reduced system matrix instead of the exact matrix M_r, which leads to efficient optimization algorithms for small n.

5.3 Simultaneous Solution of the KKT-System

Recently, the simultaneous solution of KKT-systems by iterative methods has been investigated, in particular in connection with optimal control problems (cf. [2, 4, 5, 20]). Compared to the reduced SQP-approach, a simultaneous solution strategy has the obvious advantage that the allocation and evaluation of the system matrix M is much cheaper than of M_r. The pay-off is that M is indefinite and larger than M_r, which might cause additional effort. However, the main effort in the reduced SQP-approach is related to the evaluation or assembly of the system matrix M_r, respectively, and therefore a simultaneous solution of the KKT-system can result in a tremendous speed-up of the SQP-method, in particular for fine discretizations.

At a first glance, it seems rather straight-forward to solve (5.7) by a standard iterative method for indefinite systems such as inexact Uzawa methods (cf. [6, 15]) or Krylov-subspace methods such as GMRES (cf. [34]), MINRES (cf. [31]) and QMR (cf. [18]). However, in the case of large-scale problems, we have to expect a large condition number (note that β is usually small and that M is singular for β = 0) and a complicated eigenvalue pattern of the matrix M, which might cause iterative methods to diverge or to need a high number of iterations. Therefore, an appropriate preconditioning technique seems necessary for any of the methods. We do not go into details here, but refer to the forthcoming paper [11] for a discussion of preconditioners.

In the following we distinguish two types of solvers that seem appropriate for the solution of the indefinite system (5.7) and discuss their basic properties with respect to the special structure of M.

Inexact Uzawa Iterations

Inexact Uzawa methods and similar iteration procedures have been developed for the solution of the classical Stokes system and similar problems (cf. [32] for an overview). The classical Uzawa method is just a gradient method for the dual of the corresponding Lagrange functional, the inexact Uzawa method can be interpreted as a preconditioned version (cf. [32]). Following the exposition by Zulehner [39], we can write an inexact Uzawa method for a system of the form (5.6) as Â ( V_{j+1} − V_j S_{j+1} − S_j ) = ( f_1 − GV_j − KΛ_j −βHS_j − LΛ_j ) , (5.16) followed by

Ĉ(Λ_{j+1} − Λ_j) = f_3 − KV_{j+1} − LS_{j+1}, (5.17)

where Â is a preconditioner for the diagonal matrix

A := ( G 0 0 βH ) , (5.18)

and Ĉ is a preconditioner for the Schur-complement C defined by (5.8). In terms of (5.7) we can write the inexact Uzawa iteration as

X_{k+1} = (I − M̂^{−1}M)X_k + M̂^{−1}F, (5.19)

where M̂ is a preconditioner for the system matrix, given by

M̂ = (^ A 0 B Ĉ ) , (5.20)

with B = ( K L ) . A convergence analysis of this method is available only in the case when A is a regular matrix (cf. [6, 39]), which means that we have to assume that G is regular. The latter is true e.g. if the data z represent distributed data for the state, i.e., E is an embedding operator. In this case, the structure of A is rather simple and it is not a difficult task to construct a preconditioner, even exact preconditioning seems possible (note that G is just a mass matrix for a typical finite element discretization). Since the matrices G and H do not change during the SQP-iteration we may even compute decompositions in a preprocessing step. The construction of a preconditioner for the Schur-complement C is more difficult and must take into account the specific nature of the underlying state equation.

Krylov-Subspace Methods

The Krylov-subspace methods GMRES and QMR are variants of the CG-algorithm that are applicable to indefinite problems, too. The basic idea of such methods is a defect minimization in the Krylov-subspace

K_k(M; X_1) = {X_1, MX_1, . . . , M^{k−1}X_1}, (5.21)

generated by X_1, in the k-th iteration step. Since preconditioned CG-methods are probably the most successful class of iteration methods for positive definite systems, such methods seem very attractive also in the indefinite case, although additional difficulties may arise (cf. e.g. [34]).

The convergence analysis in [34] and [18] shows that the error bounds obtained for both methods are essentially the same, and mainly dependent on the eigenvalue distribution and the condition number of the system matrix M. Therefore, appropriate preconditioning is again of high importance, in this case also with the possibility that G is singular. We refer to [11] for a detailed discussion of this problem.

6 Application to Potential Reconstruction

As a first application we investigate the identification of the potential q in the elliptic boundary value problem

−Δu + qu = f in Ω, (6.1) u = 0 on ∂Ω, (6.2)

from a state observation in L^2(Ω), which is a well-studied problem in literature (cf. e.g. [33]). In [10], it has been shown that in the setup (d denotes the space dimension)

X = H^1_0 (Ω), X^∗ = H^{−1}(Ω), Q = H^d(Ω), Z = L^2(Ω), (6.3)

the operators e : X × Q → X^∗, (u, q) → (−Δu + qu) (6.4) E : X → Z, u → u, (6.5) satisfy all assumptions needed for the convergence analysis of the LMSQP-method. Now we shall study a concrete finite-element discretization of the KKT-system and the derivation of estimates for the numerical errors ϵ_η, ϵ_h and κ_h.

6.1 Error Estimates for the Discretized KKT-System In this case we can write the whole KKT-system in classical form as

−Δv + q_kv + su_k = f in Ω, (6.6) −Δλ + q_kλ + u − z^δ = 0 in Ω, (6.7) βL_ds + u_kλ = 0 in Ω, (6.8)

again with homogenous Dirichlet boundary conditions upon v and λ on ∂Ω, where L_d is a dimension-dependent differential operator of order 2d corresponding the norm in H^d(Ω), e.g., we have

L_1q = −q_{xx} + q (6.9) L_2q = Δ(Δq + q) + q, (6.10)

supplemented by homogenous boundary conditions up to order d − 1. If f ∈ L^2(Ω) and u_0 ∈ H^2(Ω) ∩ H^1_0 (Ω), a standard elliptic regularity argument shows that û, u_k ∈ H^2(Ω) ∩ H^1_0 (Ω), for all k ∈ N. In the same way we can show that λ_k ∈ H^2(Ω) ∩ H^1_0 (Ω) and s_k ∈ H^{2d}(Ω). This additional regularity can be employed to derive standard error estimates for finite-element discretizations of the KKT-system (2.12).

If we use piecewise linear finite elements on regular triangulations T_η and T_h for the discretization spaces Z_η and X_h, where η and h represent the fineness of the grids, then a classical approximation result for finite elements (cf. [32, p.96]) implies that

ϵ_η = O(η^2) and ϵ_h = O(h). (6.11)

Of course, one could also use piecewise constant elements on T_η, which would yield ϵ_η = O(η). However, in practical applications a higher-order approximation in η is often desirable, since

20 6 APPLICATION TO POTENTIAL RECONSTRUCTION

η can be significantly larger than a reasonable choice of h. A canonical approximation of the parameter q is a finite element space of order greater or equal d on a regular triangulation T_{h̃} ⊂ T_h; under a-priori assumptions on the exact solution q̂ one can obtain quantitative estimates for κ_h in terms h̃. At a first glance it seems surprising that one needs a-priori assumptions on the parameter, but not on the state in order to derive error estimates. However, due to the ill-posedness of the identification problem with respect to the parameter q, such a-priori knowledge seems to be necessary. The approximation of the state corresponds rather to the approximation of the underlying elliptic state equation, which is well-posed with respect to u and yields further regularity. We finally want to mention that according to the theory developed above, one could choose T_{h̃} independent of T_h, but this would cause unnecessary complications in the implementation of the method.

We note that alternatively one can use the space Q = L^2(Ω) for d ≤ 3, which yields L_d = I, i.e., (6.8) becomes βs + u_kλ = 0. (6.12)

An appropriate discretization strategy is e.g. to choose Q_h as the space of piecewise constant elements on an underlying grid T_{h̃}. The advantage of this approach is that elements of order greater than one, which are necessary for Q = H^d(Ω) (d ≥ 2), can be avoided.

6.2 Structure of the System Matrix

For the potential identification problem, some parts of the system matrix M in (5.6) are wellunderstood. First of all, G is an L^2-mass matrix and it is positive definite if the triangulations T_η and T_h coincide, which we assume in the following. The eigenvalues of G are then all of order h^d. The matrix H is the stiffness matrix for the differential operator L_d, with minimal eigenvalue of order h^d and maximal eigenvalue of order h^{−d}.

The matrix K is the sum of a stiffness matrix for the Laplacian and a weighted mass matrix (with weight q_k in the L^2-scalar product), where one can expect the first part in this sum to be dominating. Thus, the stiffness matrix K̂ for the Laplacian will be a good preconditioner for K. The maximal and minimal eigenvalues of K and K̂ are of order h^{d−2} and h^d, respectively. The remaining part in the system matrix, namely the matrix L, is difficult to understand, since its elements are weighted L^2-scalar products of basis functions of different finite element spaces. However, the spectral norm of L can be estimated, it is of order h̃^d.

The construction of preconditioners for G and H is well-investigated, even exact preconditioning seems to be applicable. For K it seems reasonable to use a preconditioner K̂ for the Laplacian, e.g. a multi-grid preconditioner. With preconditioning for K, the system matrix can be transformed to

M̃ = G 0 KK̂^{−1} 0 βH L^T K̂^{−1} K̂−1K K̂−1L 0 , (6.13)

with the corresponding Schur-complement

C̃ = K̂^{−1}KG^{−1}KK̂^{−1} + β^{−1}K̂^{−1}LH^{−1}L^T K̂^{−1}. (6.14)

If K̂ is an appropriate preconditioner for K, then we can estimate the minimal eigenvalue by

λ_{min}(C̃) ≥ λ_{min}(K̂^{−1}KG^{−1}KK̂^{−1}) = O(h^{−d}), (6.15) and the maximal eigenvalue by

λ_{max}(C̃) ≤ ‖K̂^{−1}KG^{−1}KK̂^{−1}‖_2 + β^{−1}‖K̂^{−1}LH^{−1}L^T K̂^{−1}‖_2 (6.16) = O ( h^{−d}(1 + β^{−1}h^{−2d}h̃^{2d}) ) . (6.17)

Hence, the condition number of C̃ is independent of h, but only depends on β and^{h̃} . One observes that the condition number is decreasing as h̃ tends to h from above (note that usually h̃ ≥ h). For the Uzawa iteration, one can choose the preconditioner Ĉ in this case as a multiple of K̂^{−1}KG^{−1}KK̂^{−1} or even of G^{−1}. If h̃ ≫ h, the Uzawa iteration seems not to be optimal, in this case one can apply either a reduced SQP-approach or use Krylov-subspace methods with different preconditioning strategies. For the details on the latter we refer to [11].

7 Numerical Experiments

In order to test our theoretical results, we numerically solve some model problems, which have already been investigated with respect to the convergence behavior of the LMSQP-method in [10].

Example 7.1. Our first example is the identification of the potential q in (6.1), (6.2) from a state observation u ∈ L^2(Ω), with Ω = (0, 1), g = 0 and f(x) = 1 2 + sin x, x ∈ Ω. The exact potential is given by q(x) = x(1 − x), which is an element of Q = H^1(Ω). This problem was implemented in the software-system MATLAB.

The data are generated by solving the state equation on a fine grid and subsequent interpolation to a coarser grid; the noise is an additive high-frequency perturbation. We used uniform grids with m nodes for the discretization of the state u and the Lagrange-parameter λ and n nodes for the parameter q, i.e., h = (m − 1)^{−1} and h̃ = (n − 1)^{−1}. The parameters β_k are chosen according to β_{k+1} = 0.9β_k, with β_0 = 10^{−6}, which lead to convergence of the method even for starting value q ≡ 0.

The KKT-system (5.6) is solved by the QMR method, using an Uzawa-type preconditioner as described in Section 6.2, with Â = A, K̂ a preconditioner for the Laplacian and Ĉ = G^{−1}. The convergence results for the overall LMSQP-method have been shown in [10] and compared to a Levenberg-Marquardt method following the feasible path. It turned out that both methods lead to almost the same iteration sequence q_k. In particular, the number of iterations needed until the stopping rule is satisfied, is the same for both methods. Now we compare the numerical efficiency of the LMSQP-method with feasible path approaches, namely the Levenberg-Marquardt method (LM) on the feasible path (with the same Galerkin discretization as for LMSQP and solution of the Gauss-Newton system by a preconditioned CG-method) and a Broyden-type variant of the Levenberg-Marquardt method (cf. [23] for further details).

m n LMSQP LM Broyden 201 41 0.07 1.37 0.51 201 101 0.18 3.44 1.34 201 201 0.36 6.94 2.88 401 201 0.51 24.83 9.09 401 401 1.39 50.39 20.48 801 401 2.61 193.21 70.69 801 801 5.66 392.54 158.69 1601 801 7.91 1564.50 600.66 1601 1601 22.86 3144.40 1356.60

Table 1: CPU-time (in seconds) needed for the LMSQP-method, the LM-method and a Broyden-type variant of the LM-method.

For this sake we choose different discretization levels (fixed during the iteration) and measure the CPU-time needed for the LMSQP-method, until the stopping rule is satisfied (for fixed noise level δ). From the results shown in Table 1 one observes that the LMSQP-method with simultaneous solution of the KKT-system outperforms the feasible-path approaches for all different discretizations. Since the LMSQP and the LM-method need the same number of outer iterations, the difference in the numerical effort is caused by the fact that the effort for the evaluation of the system matrix in the LM-method is significantly higher than evaluation and preconditioning of the system matrix in the simultaneous LMSQP-method. Obviously, the gain in the numerical effort for the evaluation of the system matrix increases with the number of discretization points, which explains the extremely large CPU-time for the LMmethod at the finest discretization level (m = 1601). For small m and n, the Broyden-variant is much faster than the LM-method, which is again caused by the fact that the evaluation of the system matrix can be carried out efficiently. However, the number of iterations needed for the Broyden-type variant is much larger than for the other two methods, which use the full information about the derivatives.

Finally, we investigate the spectral condition of the system matrix M as well as of the matrix M̃ defined by (6.13), where we use a preconditioner for the Laplacian as K̂. ¿From the left picture in Figure 1, which shows the condition number as a function of the discretization size h (in logarithmic scale) for fixed β = 10^{−5}, one observes that the condition number of M grows quadratically with h^{−1}, while the condition number of M̃ is much smaller and almost independent of h. The second part of Figure 1 shows a plot of the condition numbers vs. the parameter β in doubly logarithmic scale, from which it seems that the growth of the condition number as β → 0 is slower for M̃ than for the original matrix M. In both cases, the condition number seems to be a convex function of β, which has a unique minimum at some β. However, this value β is rather large and values of β that are significantly larger than β are not of interest for our purpose, since they would cause a tremendous slow-down of the outer iteration. Therefore we can focus our attention to the case β < β, where the condition number increases in a monotonically with β^{−1}.

Example 7.2. Our second numerical example is the identification of the conductivity q ∈

Figure 1: Plot of the spectral condition of the matrix M vs. the discretization size h (in logarithmic scale, left) and vs. the parameter β (in doubly logarithmic scale, right). The solid line shows the condition number of the original matrix M, the dashed line of the matrix M̃ with preconditioned state equation.

L^∞(Ω) in

− div (q∇u) = f in Ω, (7.1) u = g on ∂Ω. (7.2)

from a state observation u ∈ L^2(Ω). The domain Ω is a ball in R^2 with missing first quadrant, i.e., in radial coordinates

Ω = { (r cos θ, r sin θ) | r ∈ [0, 1), θ ∈ (π/2, 2π) }. (7.3)

The exact parameter to be reconstructed is q̂ ≡ 1, the right-hand side in (7.1) is given by f = 3π 4 ( 3π cos( 3π 2 r) + 2 r sin( 3π 2 r) ) with r = √ x^2 + y^2.

The corresponding solution of the state equation is û = cos(^{3π}_2 r). The data are generated using the exact solution û perturbed by uniformly distributed random noise. For the discretization we used triangular finite elements with piecewise quadratic shape functions for the state u and the Lagrange parameter λ and piecewise constant shape functions for the parameter q. The results were calculated using the finite element code FEPP [27], developed at the Department for Analysis and Computational Mathematics of the University of Linz.

We want to mention that this identification problem is quite challenging not only due to the complicated geometry, but also due to the fact that q is not identifiable along a level line in the interior, where u attains an extremum. This does not destroy the theoretical identifiability results, because it is a set of Lebesgue-measure zero, but it can be expected to create numerical difficulties.

Results for exact data can be found in Table 2. The good performance of the method with respect to both, CPU time and number of outer iterations can be observed clearly. Especially for problems with fine discretizations of the parameter q, this method can still be realized efficiently, while classical approaches do not yield results in reasonable time. A plot

Level dim q dim u avg QMR it SQP it time 2 92 215 200 9 8 sec 3 368 797 200 4 15 sec 4 1472 3065 180 5 77 sec 5 5888 12017 142 6 450 sec

Table 2: CPU-time and number of inner (QMR) and outer (SQP) iterations for exact data

Figure 2: Parameter distribution for exact data at level 4

of the parameter q can be found in Figure 2, from which one observes that the parameter is reconstructed very well except in a neighborhood of the level curve {∇u = 0}.

Additional speed-up can be gained using a multi-level approach as described in Subsection 4.3. We used nested spaces for q and u by subdividing each triangular element into four smaller elements, when refining the mesh. Table 3 presents results for this approach. It can be seen that on fine discretization levels one SQP step is sufficient for fulfilling the stopping criterion, which corresponds very well to the theoretical predictions made in Section 4.3. A comparison of the results to the ones in Table 2 shows that for fixed discretization level, the solution of the identification problem on level 5 is only slightly faster than the identification of q on level 6 (with about the fourfold number of parameters) using a multi-level approach. A plot of

Level dim q dim u avg QMR it SQP it time acc. time 2 92 215 200 9 8 sec 8 sec 3 368 797 200 4 15 sec 23 sec 4 1472 3065 175 2 24 sec 47 sec 5 5888 12017 80 1 47 sec 94 sec 6 23552 47585 121 1 425 sec 520 sec

Table 3: CPU-time per level, accumulated time and number of inner (QMR) and outer (SQP) iterations for exact data using a nested multi-level approach

Figure 3: Parameter distribution for exact data at level 4 using a nested multi-level approach

the parameter can be found in Figure 3. Here the approximation of the parameter in the area where it can not identified is by far better than in the classical approach using only one discretization level (compare Figure 2).

8 Conclusions and Outlook

We have developed a framework for Galerkin-type approximations of the LMSQP-method for parameter identification problems in elliptic partial differential equations and we have discussed the implementation of the Galerkin LMSQP-method with iterative solution of the KKT-system. The numerical results show that the resulting iteration method clearly outperforms state-of-the-art methods for iterative regularization and provides a tool for the efficient solution of identification problems with fine discretizations. Moreover, we have developed a multi-level version of the Galerkin-LMSQP method, which yields a further speed-up.

The crucial point for the possibility to obtain an efficient implementation of the LMSQPmethod is the preconditioning of the KKT-system, which is then solved iteratively as an indefinite problem in the product space for state, parameter and Lagrangian variable. The construction of such preconditioners is not a simple task and has not been discussed in detail in the present paper, but will be investigated in [11], where different preconditioning techniques will be compared.

Other numerical aspects to be investigated in future research are adaptive discretization strategies and fast parallel solvers based on domain-decomposition techniques. The adaptive discretization of optimal control problems, which is a closely related subject, has been discussed by Becker et al. [3]; possibly the ideas of this work can be carried over to identification problems, too. The parallel solution of optimal control problems has been investigated by Lions and Pironneau [28] in the case of quadratic problems; recently Biros and Ghattas [4, 5] performed a numerical study of a parallel solver with an SQP-method for the outer and preconditioned Krylov-subspace methods for the inner iteration. Many of their ideas seem to be applicable also for parameter identification problems that are solved with the LMSQPmethod, which rises the hope that efficient parallel versions of the LMSQP-method can be designed also for large-scale identification problems such as impedance tomography.

Finally, we want to recall that the framework of this problem does not apply to transient problems of parabolic or hyperbolic type. Since numerical methods for different types of partial differential equations have many type-specific features in general, it is not surprising that also the numerical treatment of parameter identification problems should depend on the type of the underlying state equation. However, it seems possible to construct efficient and convergent discretized methods at least in the case of parabolic equations, which is an important task for future research.

Acknowledgments

The authors thank Dr. Walter Zulehner (University of Linz) and Dr. Joachim Schöberl (currently Texas A & M University) for useful and stimulating discussions on the preconditioning of the indefinite system (5.6).

References

[1] H.T.Banks, K.Kunisch, Estimation Techniques for Distributed Parameter Systems, (Birkhäuser, Basel, Boston, Berlin,1989).

[2] A.Battermann, M.Heinkenschloss, Preconditioners for Karush-Kuhn-Tucker matrices arising in the optimal control of distributed systems, in: W.Desch, F.Kappel, K.Kunisch, eds., Optimal Control of Partial Differential Equations, Vorau 1997 (Birkhäuser, Basel, Boston, Berlin, 1998), 15-32.

[3] R.Becker, H.Kapp, R.Rannacher, Adaptive finite element methods for optimal control of partial differential equations: basic concept, SIAM J. Cont. Optim.

[4] G.Biros, O.Ghattas, Parallel Lagrange-Newton-Krylov-Schur methods for PDE-constrai-ned optimization problems. Part 1: The Krylov–Schur solver, Preprint (Carnegie-Mellon University, 2000).

[5] G.Biros, O.Ghattas, Parallel Lagrange-Newton-Krylov-Schur methods for PDE-constrai-ned optimization problems. Part 2: The Lagrange-Newton solver and its application to optimal control of steady viscous flow, Preprint (Carnegie-Mellon University, 2001).

[6] J.H.Bramble, J.E.Pasciak, A.T.Vassilev, Analysis of the inexact Uzawa algorithm for saddle point problems, SIAM J. Numer. Anal. 34 (1997), 1072-1092.

[7] F.Brezzi, On the existence, uniqueness and approximation of saddle-point problems arising from Lagrangian multipliers, R.A.I.R.O., R-2, 8 (1974), 129-151.

[8] F.Brezzi, M.Fortin, Mixed and Hybrid Finite Element Methods, Springer Series in Computational Mathematics 15 (Springer, New York, 1991).

[9] M.Burger, Iterative regularization of a parameter identification problem occurring in polymer crystallization, SIAM J. Numer. Anal. (2001), to appear.

[10] M.Burger, W.Mühlhuber, Iterative regularization of parameter identification problems by SQP-methods. Part 1: Regularizing properties and convergence analysis, Preprint (2001).

[11] M.Burger, W.Mühlhuber, Iterative solution of saddle-point problems arising in the identification and control of distributed parameters, in preparation.

[12] D.Colton, R.Ewing, W.Rundell (eds.), Inverse Problems in Partial Differential Equations (SIAM, Philadelphia, 1990).

[13] A.Conn, N.I.M.Gould, P.L.Toint, Trust region methods, (MPS/SIAM Series on Optimization, SIAM, Philadelphia, 2000).

[14] J.E.Dennis, M.Heinkenschloss, L.N.Vicente, Trust-region interior-point SQP-algorithms for a class of nonlinear programming problems, SIAM J. Cont. Optim. 36 (1998), 1750- 1794.

[15] H.C.Elman, G.H.Golub, Inexact and preconditioned Uzawa algorithms for saddle point problems, SIAM J. Numer. Anal. 31 (1994), 1645-1661.

[16] H.W.Engl, W.Rundell, eds., Inverse Problems in Diffusion Processes. Proceedings of the GAMM-SIAM Symposium (SIAM Proceedings, Philadelphia, 1995), 217-232.

[17] H.W.Engl, O.Scherzer, Convergence rate results for iterative methods for solving nonlinear ill-posed problems, to appear in: D.Colton, H.W.Engl, J.McLaughlin, A.Louis, W.Rundell, eds., Solution Methods for Inverse Problems (Springer, Vienna, New York, 2000).

[18] R.W.Freund, N.M.Nachtigal, QMR: a quasi-minimal residual method for non-Hermitian linear systems, Numerische Mathematik 60 (1991), 315-339.

[19] P.E.Gill, W.Murray, M.H.Wright, Practical Optimization (Academic Press, London-San Diego-New York, 1981).

[20] E.Haber, U.Ascher, Preconditioned all-at-once methods for large, sparse parameter estimation problems, Preprint (University of British Columbia, 2001).

[21] M. Heinkenschloss, The numerical solution of a control problem governed by a phase field model, Optimization Methods and Software 7 (1997), 211-263.

[22] B.Heise, Nonlinear field calculations with multigrid Newton methods, Impact Comput.

Sci. Eng. 5 (1993), 75-110.

[23] B.Kaltenbacher, On Broyden’s method for the regularization of nonlinear ill-posed problems, Numer. Funct. Anal. and Optimiz. 19 (1998), 807-833.

[24] B.Kaltenbacher, A projection-regularized Newton method for nonlinear ill-posed problems with application to parameter identification problems with finite element discretization, SIAM J.Numer.Anal. 37 (2000), 1885-1908.

[25] B.Kaltenbacher, M.Kaltenbacher, S.Reitzinger, Identification of nonlinear B-H curves based on magnetic field computations and multigrid methods for ill-posed problems, SFB- Report 01-17 (SFB F 013, University Linz, 2001).

[26] B.Kaltenbacher, J.Schöberl, A saddle point variational formulation for projectionregularized parameter Identification, SFB-Report 00-13 (SFB F 013, University Linz, 2000).

[27] M.Kuhn, U.Langer, J.Schöberl, Scientific computing tools for 3D magnetic field problems, in: J.R.Whiteman, ed., The Mathematics of Finite Elements and Applications X (Elsevier, Amsterdam, 2000), 239-258.

[28] J.L.Lions, O.Pironneau, Sur le controle parallele des systemes distribues, C. R. Acad.

Sci., Paris, Ser. I, 327 (1998), 993-998.

[29] D.Lukáš, Shape optimization of homogeneous electromagnets, SFB-Report 00-30 (SFB F 013, University Linz, 2000).

[30] J.Nocedal, S.Wright, Numerical optimization (Springer Series in Operations Research, Springer, New-York, Berlin, Heidelberg, 1999).

[31] C.C.Paige, M.A.Saunders, Solution of sparse indefinite linear systems of linear equations, SIAM J. Numer. Anal. 12 (1975), 617-629.

[32] A.Quarteroni, A.Valli, Numerical approximation of partial differential equations (Springer Series in Computational Mathematics Vol. 23, Springer, Berlin, Heidelberg, New York, 1994).

[33] D.E.Reeve, M.Spivack, Determination of a source term in the linear diffusion equation, Inverse Problems 10 (1994), 1335-1344.

[34] Y.Saad, M.H.Schultz, GMRES: a generalized minimal residual algorithm for solving nonsymmetric linear systems, SIAM J. Sci. Stat. Comput. 7 (1986), 856-869.

[35] E.W.Sachs, Control applications of reduced SQP methods, in R.Bulirsch, D.Kraft, eds., Computational Optimal Control. Proceedings of the 9th IFAC Workshop on Control Applications of Optimization (Birkhäuser, Basel, 1994), 89-104.

[36] V.Schulz, H.G.Bock, Partially reduced SQP methods for large-scale nonlinear optimization problems, Nonlinear Analysis 30 (1997), 4723-4734.

[37] V.Schulz, Solving discretized optimization problems by partially reduced SQP methods, Computing and Visualization in Science 1 (1998), 83-96.

[38] M. Ulbrich, S. Ulbrich, M. Heinkenschloss, Global convergence of trust-region interiorpoint algorithms for infinite-dimensional nonconvex minimization subject to pointwise bounds, SIAM J. Cont. Optim. , 37 (1999), 731-764.

[39] W.Zulehner, Analysis of iterative methods for saddle point problems: a unified approach, Mathematics of Computation (2001), to appear.