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A BDC EGFIH J << Sigma‘KMLON�PRQTSVUXWOYZP[P
Q]\
L_^Z`ba0Q0cOdeQ]NgfVhgikjgQ]l
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A BDC qrFIH J mySum =

N
∑

k=0

(

(

N

k

)
.

(−1)
k.

(1 + k)
4

)

;

sLï1å�úðñ*��øPí!ø<à3ø�å,ä)ñ�øÃäüå�ø��<û3åðå�ø<à��<ø � � N�ø<ï1ì � ø<åðí�ø<å�P�ú*�<å�ø<ä)ñ,ï�þ�øSñ,ø�ì�ø�úK��î�ÿ3ï�à�í�ñ�å�ï��Q(dá�N�ø<ï�A���êñ,ò�ä¦ñ�ï1ú9ú,ä)ñ�ï�úðù3ø<÷ � �,0�t"+
u�0i�
A BDC vwFIH J rec = GenerateRecurrence[mySum,RecOrder− > 3]xgy{z C vwF J {(1 + N) (2 + N) (3 + N) (4 + N) SUM[N] − 3 (2 + N) (3 + N)

2
(4 + N) SUM[1 + N]+

(3 + N) (4 + N)
(

37 + 21 N + 3 N
2
)

SUM[2 + N] − (4 + N)
4
SUM[3 + N] == −1

}

|�ø)GËñu��øÐúðî�ì1þ�øYñ�ò3øSå�øM��û3å�åðø<à���øPï�à»ñ,ø�å�óEútî!ô]ñ,ò3ø}�tä)å�óEî�à3ï��UàËû3ó � ø<åðú~�
N =

∑N
k=1

1
kä!à3÷Zí�ø�à3ø�å,ä!ì1ï��<ø�÷Bþ�ø<å�úðï�î�à�ú-� (o)

N =
∑N

i=1
1
ko

�Nï�ñ,ò
o ∈ N

�
A BDC �wFIH J SolveRecurrence

[

rec[[1]],SUM[N],Tower− >
{

HN,H
(2)
N

,H
(3)
N

}]

xgy{z C �wF J {{
0,

2 + (1 + N) HN (2 + (1 + N) HN) + H
(2)
N

+ N (2 + N) H
(2)
N

(1 + N)
3

}

,
{

0,

−2 N (2 + N) + (1 + N) HN (2 + (1 + N) HN) + H
(2)
N

+ N (2 + N) H
(2)
N

(1 + N)
3

}

,
{

0,

(−1 + N) N + (1 + N) HN (−1− 3 N + (1 + N) HN) + H
(2)
N

+ N (2 + N) H
(2)
N

(1 + N)
3

}

,

{

1,
1

6 (1 + N)
4

(

− 6 N− 6 N (1 + N) HN − 3 N (1 + N)
2
H
2

N
+

(1 + N)
3
H
3

N
+ 3 (1 + N)

2
(−N + (1 + N) HN) H

(2)
N

+ 2 (1 + N)
3
H
(3)
N

)}}
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A BDC �rFIH J sol = FindLinearCombination[recSol,mySum,N,3]xgy{z C �rF J 1

6 (1 + N)
4

(

3 (1 + N)
2
H
2

N
+ (1 + N)

3
H
3

N
+

3 (1 + N)
2
H
(2)
N

+ 3 (1 + N) HN
(

2 + (1 + N)
2
H
(2)
N

)

+

2

(

3 + H
(3)
N

+ 3 N H
(3)
N

+ 3 N
2
H
(3)
N

+ N
3
H
(3)
N

))
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�dä)ÿ3ÿ3ì��jï�à«ñ�ø<åðà�ä!ì�ì�� ñ,ò3ï1úS÷�ï��Âø<å �ø<à���øÊù�ø<ì1÷ óüä'��ò3ï1à3ø�å�� �Nò3ï���òdù�à�ä!ì1ì��jä!ì1ì�îY�Nú%ñ,î¾÷3ï1úK��î�þ�ø�åÐä»ò«û3í�ø,�<ì�ä!ú�úYî!ô_óÐû3ì1ñ�ï�úðû3óï�÷3ø�à«ñ�ï1ñ�ï�ø�úM�«ß�àüñ�ò3øtú�ø��Ëû�ø<ì ��ø*�Nï�ì1ì�ï�ì1ì1û3ú-ñ,å,ä¦ñ,ø�ò�î/� î�à3ø*��ä!à�úðî�ì1þ�ø�å�ø��<û3åðå�ø�à��<ø�	
�
�Uôöåðî�óñ,ò3øeÿ3åðø�þËï�î!û3úNøHG�ä!óEÿ3ì�ø%ï1àBñ,ò3øe÷3ï��Âø<å�ø�à��<ø%ù�ø<ì1÷Zúðø�ñ�ñ�ï�à3í��

� 9������ö���! �� ;>=D?�= �#"�$ %�&(')&(*,+-&/.0&(12" 8öå�ø<úðÿF��å�ï�à�í ; ï�úÑäÊù�ø<ì1÷ 8öå�ø<úðÿF��å�ï�à�í ; F
ñ,î�í!ø�ñ,ò�ø<å

�Nï1ñ�ò�äUù�ø�ì�÷ 8öå�ø<úðÿF�'åðï�à3í ; ä!û�ñ�î�óÊî!å�ÿ3ò3ï1ú�ó σ : F → F
�Ëß�àüñ�ò3øtúðøM�«û3ø<ìÒäU÷3ï��Âø<åðø<à���ø�ù�ø�ì�÷

8 åðø<ú�ÿi�zåðï�à3í ; í�ï1þ�ø�à � �Bñ,ò3øeù3ø<ì1÷ 8öå�ø<úðÿF��å�ï1à3í ; F
ä!à3÷»ä!û�ñ�î�óÊî!å�ÿ3ò3ï1ú�ó

σ
ï�ú9÷3ø<à3î)ñ,ø<÷ � �

(F, σ)
�94»î�å�ø�î�þ�ø�å%ñ�ò3øPú�û � ú�ø�ñ

K := {k ∈ F |σ(k) = k}
ï1úu��ä)ì�ì1ø<÷¾ñ,ò3ø3+-45*
6(798�*�7:.0&(12"î!ô
ñ,ò3øe÷3ï���ø�å�ø<à��<ø%ù�ø<ì1÷

(F, σ)
�

ß/ñNï1ú_ø�ä)ú��üñ,îPúðø<ø%ñ�ò�ä)ñ_ñ,ò�ø �<î�à�úðñ�ä)à«ñ9ù�ø�ì�÷
K
î!ô`äÐ÷3ï���ø�å�ø<à��<øÑù�ø<ì1÷

(F, σ)
ï�ú_äPúðû � ù�ø�ì�÷î!ô

F
��ß�àlñ,ò3øeúðøM�«û3ø�ìp��ø �Nï�ì1ìÒä!ú�úðû3óÊø%ñ�ò�ä)ñ  �7D7 ù�ø<ì1÷3ú�ä!åðøeî!ô���ò3ä!å,ä1��ñ,ø�å�ï1úðñ,ï��

0
��&9ò3ø<à»ï�ñï�úeï1óÊóEø�÷3ï�ä)ñ�øÐñ,ò3ä)ñeôöî�åUä!à�� ù�ø<ì1÷ ä)û�ñ,î�óEî�åðÿ3ò3ï�úðó

σ : F → F
��øÊò�ä�þ�ø

σ(q) = q
ôöî�å

q ∈ Q
�@��ø<à���øYï1àZä!à��B÷3ï��Âø<åðø<à���øeù3ø<ì1÷Òè

Q
ï1úNäÃúðû � ù�ø�ì�÷»î)ôLï�ñ,úL�<î!à3úðñ,ä!à«ñNù�ø�ì�÷F�

2!3  �46587:9 ;>={;>=<; ø�ñ
Q(t1, . . . , t4)

� øÃñ,ò�øÃù�ø<ì1÷dî)ô_å�ä)ñ,ï1î�à�ä!ì`ôöû3à���ñ,ï1î�à3úeî�þ�ø�å
Q
�Nï1ñ�òñ,ò3ø%ù�ø�ì�÷Zä!û�ñ�î�óÊî!å�ÿ3ò3ï1ú�ó

σ
��ä!à3î!à3ï��<ä!ì�ì��Ê÷3ø�ù�à�ø<÷ � �

σ(c) = c ∀c ∈ Q, σ(t1) = t1 + 1, σ(t2) = t2 +
1

t1 + 1
,

σ(t3) = t3 +
1

(t1 + 1)2
, σ(t4) = t4 +

1

(t1 + 1)3
.

|�î)ñ,ø%ñ,ò3ä)ñNñ�ò3øUä!û�ñ,î!óÊî!å�ÿ3ò3ï1ú�ó
σ
ä'��ñ,úNî�à

t1
è
t2
è
t3
ä!à�÷

t4
ì�ï�(!øÑñ�ò3øeú�ò3ï�ô�ñNî�ÿzø<å�ä)ñ,î�å

Sî�à
N
è��

N

è�� (2)
N

ä!à3÷k� (3)
N

�Nï�ñ,ò
SN = N + 1

ä)à3÷
S
�

N =
�

N +
1

(N + 1)
, S
� (2)

N =
� (2)

N +
1

(N + 1)2
, S
� (3)

N =
� (3)

N +
1

(N + 1)3
.

s�û3åðñ�ò3ø<åðóÊî!å�ø%ì�ø�ñ
a1 : = (1 + t1) (2 + t1) (3 + t1) (4 + t1), a2 : = 3 (2 + t1) (3 + t1)

2 (4 + t1),

a3 : = (3 + t1) (4 + t1) (37 + 21 t1 + 3 t21), a4 : = −(4 + t1)
4.
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&9ò3ø�à ñ�ò3øSÿ3åðî � ì1ø<ó î!ô;ú�î!ì1þËï�à�íÊñ�ò3øSå�ø��<û3åðå�ø�à��<ø 	��
�Êï1à��7G�ä!óÊÿ�ì�ø #"��çSï�à»ñ�ø<åðóÊú�î!ô
N
è

�
N

è � (2)
N

ä)à3÷�� (3)
N

��ä!à � ølåðø<ÿ3ò3å�ä!ú�ø�÷ ä!úÐñ�ò3ø�ôöî�ì�ì1îY�Nï1à3í ÿ3åðî � ì1ø<ó ï�à ñ,ø�å�óEúPî!ôNñ,ò3ø÷3ï��Âø�å�ø<à��<øeù3ø<ì�÷
(Q(t1, . . . , t4), σ)

o3ù�à3÷»ä!ì1ì
g ∈ Q(t1, . . . , t4)

úðû���òZñ�ò�ä)ñ
a1 σ3(g) + a2 σ2(g) + a3 σ(g) + a4 g = −1.

8-ç ;
&9ò3øEä)ì�í�î!å�ï�ñ�ò3óEútï1à +�-/.�0
23è � ä!úðø<÷ î!àÏá�!"��ò
��#'�!èp! ��ò
��#!ä�è9!"��ò
��# � ê:è�÷3ø�ì�ï�þ�ø<åtñ,ò�å�ø<øPì1ï�à �ø�ä)å�ì��»ï1à3÷3ø�ÿzø<à3÷3ø�à«ñeú�î!ì�û�ñ�ï�î�à3ú

s1, s2, s3
î�þ�ø<å

Q
î!ô³ñ�ò3øÐò3î�óEî�í�ø�à3ø<î�û�útþ�ø<å�úðï�î!àjî!ô;ñ,ò3ø÷3ï��Âø�å�ø<à��<øtø��«û�ä)ñ,ï1î�à�ä)à3÷üî�à3ø�ÿ�ä!å-ñ,ï��<û3ì�ä!å³úðî�ì�û�ñ�ï�î�à

p
î!ôÒñ,ò�øtåðøM��û3å�åðø<à���øÑï1ñ,úðø<ì�ô#è«à3ä!óEø<ì��

s1 :=
2 + 2 (1 + t1) t2 + (1 + t1)

2
t2

2 + (1 + t1)
2

t3

(1 + t1)
3 ,

s2 :=
−2 t1 (2 + t1) + 2 (1 + t1) t2 + (1 + t1)

2
t2

2 + (1 + t1)
2

t3

(1 + t1)
3 ,

s3 :=
(−1 + t1) t1 − (1 + t1) (1 + 3 t1) t2 + (1 + t1)

2
t2

2 + (1 + t1)
2

t3

(1 + t1)
3

e)g$_
p :=

1

6 (1 + t1)
4

(

− 6 t1 − 6 t1 (1 + t1) t2 − 3 t1 (1 + t1)
2

t2
2 + (1 + t1)

3
t2

3+

(

− 3 t1 (1 + t1)
2

+ 3 (1 + t1)
3

t2
)

t3 + 2 (1 + t1)
3

t4
)

.

!'ï�à��<ø%ñ�ò3øe÷3ï��Âø<åðø<à���øUø��Ëû3ä)ñ,ï1î�à 8#ç ; ò�ä!úNî�åð÷3ø<å 3
è�ñ,ò3øeú�ø�ñ

{k1 s1 + k2 s2 + k3 s3 + p | ki ∈ Q}

÷3ø<ú��<åðï � ø<ú 8�1 1'ñ�ò3øUú�î�ì1û�ñ,ï1î�à3úNî)ô 8-ç ; ï1à Q(t1, . . . , t4)
�@s�å�î�ó[ñ�ò3ï�úNå�ø�ú�û3ì�ñ�ñ,ò�øYî�û'ñ,ÿ3û�ñ�î)ôñ,ò3ø%ôöû3à���ñ,ï1î�à +����5�
���
���gu�	�	������
��ï1à��7G3ä)óÊÿ3ì1øJ#"��çeôöî�ì1ì1î/�Nú_ï�óEóEø�÷3ï�ä)ñ�ø<ì����

�tú6ï1ì�ì1û3ú-ñ,å�ä)ñ,ø�÷Eï1à»á�!"��ò
��ç�è"! ��ò
��#'��êzî�à�ø�ï�ú6ä � ì�ø9ñ�îY÷�ï�úK��î�þ�ø�å�ä!à3÷Êÿ3åðî�þ�ø�äeòËû3í!øD�<ì¼ä)ú�ú6î)ôï�à3÷�ø�ù�à�ï1ñ,ø9ä!à3÷Ã÷3ø�ù3à3ï1ñ�øNóÐû3ì�ñ,ï1ú�û�óÉï1÷3ø<à�ñ,ï�ñ,ï1ø<ú � �Púðî�ì�þ'ï1à3í%ÿ�ä!å�ä!óEø�ñ,ø�å�ï��<ø�÷Ãì�ï1à3ø�ä)å]÷�ï��Âø<å �ø<à���ø�ø��«û�ä)ñ,ï1î�à3ú�ï�à
ΠΣ � ù3ø<ì�÷�úMS�ï1àUÿ3ä!åðñ,ï��<û�ì¼ä!åÒî!à3ø��<ä!àR�<ä!å�å �%î�û�ñ
ï1à3÷3ø�ù3à3ï1ñ�ø³ú�û�óÊóÊä)ñ�ï�î�à�èN�ø<ï1ì � ø�å�í�ø�åMP úL�<åðø�ä)ñ�ï1þ�ø%ñ�ø<ì�ø�úK��î�ÿ3ï�à�íEï1÷3ø�äÃä!à�÷Zú�î�ì�þËï�à3íPå�øM��û3å�åðø<à���ø<úM�
W [���� s�g/d	�
e)\ e�
E^<]f^ \fs
��^�_���s�g/^�eH\���s
�1^�\�^�g��<^����MX$e)]�s�[Hg$q

• ����� ��� �'o _/s!��^ \f^ g�� ^�"$^#��_ (F, σ) $ s ]fn%� [Hg$qr]feHg�]&"$^'�t_ K ( a1, . . . , am ∈ F $ s�]fn m ≥ 1 eHg$_
(a1 . . . am) 6= (0, . . . , 0) =: 0 eHg$_ f1, . . . , fn ∈ F $ s�]�n n ≥ 1 w

• b � �)�*�Ho)�
� g ∈ F e)g'_ e���� c1, . . . , cn ∈ K $ s�]�n a1 σm−1(g)+ · · ·+am g = c1 f1+ · · ·+cn fn.

|�î!ñ�ø_ñ�ò�ä)ñ;ï�àPä!à��S÷3ï��Âø<åðø<à���ø_ù�ø<ì1÷
(F, σ)

�Nï�ñ,ò3��î�à3úðñ,ä!à«ñ;ù�ø�ì�÷
K
è)ñ,ò3ø_ù3ø<ì�÷

F
�<ä!à � øï�à�ñ,ø�å�ÿ3å�ø�ñ,ø�÷Bä!ú�äUþ�øM��ñ�î�å�ú�ÿ3ä1�<øtî�þ�ø�å

K
����ø�à��<øtñ�ò3øÑä � î�þ�øtÿ3åðî � ì1ø<ó ��ä!à � ø�÷3ø<ú��<åðï � ø<÷

� ��ñ�ò3ø%ôöî�ì�ì1îY�Nï1à3íÐú�ø�ñD��ä)ì�ì�ø�÷lúðî�ì�û�ñ�ï�î!àBú�ÿ�ä1��ø1�
� 9������ö���! ��p;"={;>= ; ø�ñ

(F, σ)
� ø6ä9÷3ï���ø�å�ø�à��<ø;ù�ø�ì�÷ �Nï1ñ�ò6�<î�à�úðñ�ä)à«ñ�ù�ø�ì�÷

K
ä)à3÷J��î�à3ú�ï1÷3ø�åäPú�û � ú�ÿ�ä'�<ø

V
î)ô

F
ä!úNäÐþ�øM��ñ,î�å9ú�ÿ�ä1��øeî�þ�ø�å

K
� ; ø�ñ

0 6= a = (a1, . . . , am) ∈ Fm ä!à3÷
f = (f1, . . . , fn) ∈ Fn �,+døU÷�ø�ù�à3øeñ�ò3ø 6 451.-�7 $945*360/
8�+-&�ôöî!å

a,f
ï�à

V
� �

V(a, f , V) = {(c1, . . . , cn, g) ∈ Kn × V : a1 σm−1(g) + · · ·+ am g = c1 f1 + · · ·+ cn fn}.
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ΠΣ ¿
	 ¶�¥,­�½�¯ �

ß/ñEôöî�ì�ì1îY�NúÃï�óEóEø<÷3ï�ä¦ñ,ø�ì�� ñ,ò�ä)ñ
V(a,f , V)

ï�úEä þ!øM��ñ�î�åÊú�ÿ�ä'�<ø¾î�þ�ø<å
K
�%4»î�å�ø�î�þ�ø�åüï1àá�! ��ò���#'��ê � ä)ú�ø<÷Ðî�àBá���î�ò
	�é¦ê�ï�ñ`ï�ú`ÿ3åðî�þ�ø�àÐñ,ò3ä)ñ`ñ,ò3ï1ú
þ�øM��ñ,î�åLú�ÿ�ä'�<ø_ò�ä)ú`ù�à3ï�ñ,ø�÷3ï�óEø�à3ú�ï1î�àF�

� �� @5  z� �ö���  �� ;>=
?�=�� &(7
(F, σ) � & 8 "�$ %�&(')&(*,+-& .0&(12"�� $ 7�� +-45*
6(798�*�7,.0&(12"

K
8�*�" 856
	

6�-�� &
f ∈ Fn 8�*�"

0 6= a ∈ Fm 
 � &(7 V � & 8 6�- � 60/
8�+-& 4�� F
856 8���&-+(7 45' 60/
8�+-& 4���&('

K 
�� ��&(* V(a,f , V)
$ 6�8���&-+(7 45' 60/
8�+-& 4���&('

K
� $ 7���� 8��
$�� 8�1 "�$�� &(*
6($945*

m+n−1 

2!3  �46587:9 ;>=��"= ß�à �7G�ä!óÊÿ�ì�ø #"��#

V((a1, a2, a3, a4), (−1) , Q(t1, . . . , t4))
ï1úÊä ú�û � �ú�ÿ�ä'�<øUî!ô

Q(t1, . . . , te)
î�þ�ø<å

Q
�Nï�ñ,òBñ,ò3ø � ä)ú�ï�ú

{(0, s1) , (0, s2) , (0, s3) , (1, p)}
�

ß�à á�! ��ò
��#'��è !"��ò
��#)ä�è !"��ò���# � ê9ä)ì�í�î!å�ï�ñ�ò3óEúSä)å�øü÷3ø�þ�ø�ì�î�ÿzø�÷ýñ,ò3ä)ñÐø<à�ä � ì�øÊñ,î ú�ø<ä!åK��òôöî�åSä � ä!úðï�úYî!ô_ñ,ò3øüúðî�ì�û�ñ�ï�î�à ú�ÿ�ä1��ø
V(a,f , F)

ï1à ä»òËû3í�ø ��ì¼ä)ú�úSî!ô9÷3ï���ø�å�ø�à��<øÊù�ø�ì�÷3ú�èú�îO�<ä!ì�ì1ø<÷
ΠΣ � ù�ø�ì�÷3ú����tú%ï�à3÷�ï��<ä)ñ,ø�÷ ï�à �7G�ä!óEÿ3ì1ø #"�t#Ëè�î�à3ø3�<ä!àjå�ø�ÿ3ò3å,ä)ú�øÃø)G�ÿ�å�ø<úðú�ï�î�à�úï�à�þ�î�ì1þËï1à3í¾à�ø<úðñ�ø<÷Öú�û3óEúPä!à�÷ýÿ3å�îË÷�û���ñ�úPï�à

ΠΣ � ù�ø�ì�÷3ú�� !'ï�à���ø ΠΣ � ù3ø<ì1÷3ú
��ä!à � ø ��î�à �úðñ�å�û���ñ,ø<÷ ��î�óÊÿ�ì�ø�ñ,ø<ì��|ä!ì1í�î�å�ï�ñ�ò3óEï���ä!ì�ì��!è�ñ�ò3øjû3ú�ø�å �<ä!à � øj÷3ï�úðÿÂø�à3ú�ø�÷âôöåðî�ó ��î!åK(«ï�à�íøHG'ÿ3ì1ï���ï1ñ,ì��
�Nï�ñ,òÊ÷�ï��Âø<åðø<à���ø�ù�ø<ì1÷3úM�
ΠΣ � ù�ø<ì1÷3ú�ä!à�÷üï�ñ,ú³ï�óEÿzî�åðñ,ä!à�ñ³ÿ3å�î!ÿzø<åðñ�ï�ø�ú�ä)å�ø�ï1à«ñ,åðî �÷3û���ø<÷Zï1à á�ãeä!å�æ�ç!è3ãeä!å�æ�é�ê�ä)à3÷�ôöû3åðñ�ò3ø<å9ä!à�ä)ì�� �<ø�÷lï1àjá ��åðî����'è
!"��ò
��ç�è
! ��ò���#!ä)ê���ß�àBñ�ò3ï�ú

��î�å�(,��øÑôöî ��û3ú9î�à3ì��Êî�àBñ�ò3ø%ÿ3åðî�ÿzø<å-ñ<�Êñ,ò�ä¦ñNä
ΠΣ � ù�ø<ì1÷ (F, σ)

�Nï1ñ,ò ��î�à3ú-ñ�ä!à�ñ9ù�ø<ì1÷
Kï�ú9åðø<ÿ3åðø<ú�ø�à«ñ�ø<÷ � �läPù3ø<ì1÷Zî!ô`å,ä)ñ�ï�î�à3ä!ìÂôöû3à���ñ,ï1î�à3ú

K(t1, . . . , te)
î�þ�ø<å

K
�

2!3  �46587:9 ;>=�� = &9ò3ø_÷�ï��Âø<å�ø�à���ø�ù�ø�ì�÷
(Q(t1, . . . , t4), σ)

ï�à �7G�ä!óEÿ3ì�øE#"��#�ï�úLä
ΠΣ � ù�ø<ì1÷�Nï1ñ�ò ��î�à3ú-ñ�ä!à�ñ�ù�ø�ì�÷

Q
�

ß�àeñ,ò�ï�úF��î�åK(tì�ø�ñ
K[t1, . . . , tn]

� ø6ä9ÿzî!ì��Ëà3î�óEï¼ä)ì)åðï�à3íE�Nï�ñ,ò6��îËø�� �<ï1ø<à�ñ,ú
ï1à%ñ�ò3ø;ù�ø�ì�÷
Kä!à3÷Bì�ø�ñ

K(t1, . . . , te)
� ø%ï1ñ,ú �Ëû�î!ñ,ï1ø<à�ñ9ù�ø�ì�÷FS�ï���ø'�

K(t1, . . . , te)
ï�ú�ñ�ò3øÑù�ø�ì�÷Bî!ô
å,ä)ñ�ï�î�à3ä!ìôöû3à���ñ,ï�î!à3úüî�þ�ø�å

K
� ; ø�ñ

T := [t1, . . . , tn]
� ø»ñ,ò3ø óEî�à3î!ï�÷ 8öû3à3÷3ø�å�óPû�ì1ñ,ï1ÿ�ì1ï��<ä)ñ,ï�î�à ;î!ô /�4 � &(' /�'-4 " -�+(7!6

ti11 . . . tinn
�Nï1ñ�òÏñ�ò3øZû3à3ï�ñEø<ì1ø<óEø<à�ñ

1 = t01 . . . t0e
� �tà 8 "!� $ 6-6($ � 1 &45' "�&('($ *�"

<
î�à

T
ï1úNäPñ,î)ñ�ä!ìÒî!å�÷3ø�å�ï�à�íPñ,ò�ä¦ñNôöû3ì�ù�ì�ì�ú�ñ,ò3ø%ôöî�ì1ì�îY�Nï1à3íSñ���îEÿ3åðî�ÿzø<å-ñ,ï�ø�ú o

• 1 < t
ôöî!åNä!ì�ì

t ∈ T \ {1}
è�ä!à3÷

•
ôöî!åNä!ì�ì

s, t, u ∈ T
��øUò3ä�þ�ø

s u < t u
è�ï�ô

s < t
�

; ø�ñ
<
� ø%ú�û���òZä!àZä)÷3óÊï1ú�úðï � ì1ø�î�å�÷�ø<å�ï1à3íPä!à3÷Bñ,ä1(!ø

f ∈ K[t1, . . . , tn]∗
ä!à�÷

t ∈ T
� +dø÷3ø<à�î!ñ,ø � �

[f ]t
ñ�ò3ø +-4 &�# +($9&(*�7Òî!ô

t
ï�à

f
� 4Zî�å�ø�î�þ�ø�å�ñ,ò3ø 1 & 8 "�$ *�" /�4�� &(' /�')4 " - +(7�î!ô

fï�ú9÷3ø�ù�à3ø�÷ � � ì�ÿ�ÿ
<(f) := max<{t ∈ T | [f ]t 6= 0},ä!à3÷jñ,ò3ø 1 & 8 "�$ *�" +-4�&�# +($9&(*�7Lî!ô

f
ï1úe÷3ø�ù�à3ø�÷ � �

lc<(f) := [f ] $&%'%
<(f)

��ß�àjñ,ò3øÃú�øM�«û3ø�ìñ,ò3ï1ú�ä!÷�óÊï1ú�ú�ï � ì1ø9î�å�÷�ø<å�ï1à3í6�Nï�ì1ì � ø�ä!ì���äY�Ëú��<ì1ø�ä!å;ôöå�î�ó ñ�ò3ø*��î�à«ñ�øHGËñ�è'ä!à�÷üò�ø<à���ø*��øD�Nï1ì�ìú�û3ÿ�ÿ3å�ø�ú�ú
<
ï�à

lc
ä)à3÷Êì�ÿ�ÿF��ß/ô

g ∈ K(t1, . . . , tn)
ñ�ò3ø<àEñ,ò3ø�å�ø�ä!å�øNû3à3ï��Ëû�ø<ì��Ã÷�ø�ñ,ø�å�óEï�à3ø�÷

f1, f2 ∈ K[t1, . . . , tn]
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h ∈ F
��ø �Nå�ï�ñ,ø

hf = (h f1, . . . , h fn) ∈ Fnä!à3÷
f∧h = (f1, . . . , fm, h) ∈ Fn+1 �zß�à ä)÷3÷3ï1ñ�ï�î�à ��øY÷3ø�à3î!ñ,ø
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V
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V = {k1 b1 + · · · + kd bd | ki ∈ K}.
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D = D′ 
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K(t1, . . . , te) = K
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e = 0
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��øR��ä!à»ñ�å,ä!à�úðôöî�å�ó[ñ,ò3ø � ä)ú�ï�ú�óÊä)ñ,åðï�G

C∧g ∈
K(n+1)×d î)ô V

� �Öå�îY�Iî�ÿzø�å,ä)ñ�ï�î�à�úPñ,îdä � ä!úðï�úÃóüä¦ñ,å�ïVG
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V
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e = 0
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+ ò�ä)ñ³åðø<óÊä!ï�à3ú`ñ,î6��î�à3úðï�÷3ø�å³ï1ú]ñ�ò3ø �<ä!ú�ø
e > 0

��ß�àÊäÑù3å�úðñ³úðñ�ø<ÿ ��øNåðø<÷3û���øNñ�ò3øNÿ�å�î � ì1ø<óôöå�î�ó ù�à�÷3ï�à�í ä¾û3à�ï��«û3ø � ä!ú�ï1úSóÊä)ñ,åðï�G åðø<ÿ3åðø<úðø<à«ñ,ä)ñ,ï1î�àýî)ô�ä¾úðû � ú�ÿ�ä'�<øBî!ô
Kn × F

ñ�îñ,ò3øSÿ3åðî � ì�ø�ó î!ô³ú�ø<ä!åK��ò3ï1à3íBäüû3à3ï��«û3ø � ä)ú�ï�ú�óüä)ñ�å�ïVGZå�ø�ÿ3å�ø�ú�ø<à�ñ�ä)ñ�ï�î!à î!ô6äÊú�û � úðÿ�ä1��øÃî)ô
Kn × K[t1, . . . , te]
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F := K(t1, . . . , te) � & 8 .0&(12" 4�� ' 8�7 $945*�8�1 ��-�*,+(7 $945*
6 4���&('

K �
V 6= {0} � &�8 6�- � 60/
8�+-& 4�� Kn × F

4���&('
K

8�*�"
u ∈ F∗ 
 " � D∧h

$ 6 8 � 856($ 6 � 8�7 ' $��
4���7���& 6�- � 60/
8�+-& W := {c∧(g u) | c∧g ∈ V}

4��
Kn × (d F)

4���&('
K � D∧h

u

$ 6 8 � 856($ 6� 8�7 ' $�� 4��
V

4���&('
K 


@;å�îËî!ô�o &9ò3ø
d
åðî/�NúÑï�à

D∧h
ä!å�øÐì1ï�à3ø<ä!å�ì��Zï1à3÷3ø�ÿzø<à3÷3ø�à«ñeî�þ�ø�å

K
ï1ô6ä!à3÷ î�à3ì��»ï1ô;ñ,ò3øH�ä!å�ø�ì1ï�à3ø<ä!å�ì��Pï1à3÷3ø�ÿzø<à3÷3ø�à«ñ_ï�à

D∧h

u

����ø<à��<ø
D∧h

u

ï1ú�ä � ä)ú�ï1ú�óÊä)ñ�å�ï�GPî!ô�äYú�û � ú�ÿ�ä1��ø
Uî!ô

V
î�þ�ø�å

K
� &`ä1(!øSä!à��

c∧g ∈ V
�I&9ò3ø<åðø�ôöî�åðø

c∧(g u) ∈ W
�i��î!à3ú�ø��Ëû�ø<à«ñ,ì��Zñ,ò3ø�å�øYï�úä

k ∈ Kd �Nï1ñ�ò c∧(g u) = k · (D∧h)
è�ñ,ò«û3ú

c∧g = k · (D∧h

u
)
è'ä)à3÷üò3ø�à���ø

c∧g ∈ U
�

&9ò3ø�å�ø�ôöî!å�ø
V = U

�Nò3ï���òZÿ3åðî�þ�ø�úNñ,ò3øeì1ø<óEóüä"�
; ø�ñ

g = (g1, . . . , gk)
ä)à3÷ �<î�óEÿ3û�ñ�ø � �Bú�î�óEø

gcd � ��î�óEÿ3û�ñ�ä¦ñ,ï�î!à3ú
u := lcm(den(g1), . . . , den(gk)) ∈ A.

&9ò3ø�à
W := {c∧(g u) | c∧g ∈ V}

ï1ú_äÐúðû � úðÿ�ä1�<ø%î!ô
Kn ×K[t1, . . . , te]

��|�îY�âä!ú�úðû3óÊøñ,ò�ä¦ñE��øeä)å�øÑä � ì1ø�ñ,îÐ÷3ø�ñ,ø<åðóÊï1à3øÑäSû3à3ï��Ëû�ø � ä!úðï�ú�å�ø<ÿ�å�ø<úðø<à�ñ�ä)ñ�ï�î�à
D∧h

ôöî�å6ñ,ò3øtþ�ø���ñ�î�åú�ÿ�ä'�<ø
W
� &9ò3ø<à � � ; ø<óEóÊä �"�t# ��ø³î � ñ�ä!ï1àUä � ä!úðï�ú�óüä¦ñ,å�ïVG

D∧h

u

î!ô
V
ñ,ò�ä)ñ�ï1ú�û3à3ï��Ëû�ø<ì��÷3ø�ñ�ø<åðóÊï1à3ø<÷Zä!óEî�à3íÐñ,ò3ø � ä!úðï�ú9óüä)ñ�å�ï��<ø�ú9î!ô

V
�

2!3  �46587:9 �>= � = ��î�à3úðï�÷3ø�å�ñ,ò3ø³úðû � ú�ÿ3ä1�<ø
V := V((a1, a2, a3, a4), (−1) , Q(t1, . . . , t4))î!ô

Q×Q(t1, . . . , t4)
î�þ�ø<å

Q
ä!à3÷Bï�ñ,ú � ä!ú�ï1ú�óüä)ñ�å�ïVGEôöåðî�ó �7G�ä!óEÿ3ì1ø ����#"��s�û3å-ñ,ò3ø�å�óEî�å�øù�G¾ñ�ò3øÐì1øHG'ï���î�í�å,ä)ÿ3ò3ï��Yî�åð÷3ø<åðï�à3í

<
î�à

[t1, . . . , t4]
�Nï1ñ,ò

1 < t1 < t2 < t3 < t4
� &9ò3ø<à

��ø6��ä)àZ÷3ø�ñ,ø<åðóÊï1à3ø
u := lcm(den(g1), den(g2), den(g3), den(p)) = (1 + t1)

4 ä)à3÷O��ø
ï�óEóEø<÷�ï¼ä¦ñ,ø�ì��üî � ñ�ä!ï1àZä � ä!úðï�úNóÊä)ñ�å�ï�G ( 1 g1

0 g2

0 g3

0 g4

) �Nï1ñ,ò

g1 := (1 + t1) (2 + 2 (1 + t1) t2 + (1 + t1)
2 t22 + (1 + t1)

2 t3),

g2 := (1 + t1) (−2 t1 (2 + t1) + 2 (1 + t1) t2 + (1 + t1)
2 t22 + (1 + t1)

2 t3),

g3 := (1 + t1) ((−1 + t1) t1 − (1 + t1) (1 + 3 t1) t2 + (1 + t1)
2 t22 + (1 + t1)

2 t3),

g4 := 6
(

− 6 t1 − 6 t1 (1 + t1) t2 − 3 t1 (1 + t1)
2 t22 + (1 + t1)

3 t32+

(−3 t1 (1 + t1)
2 + 3 (1 + t1)

3 t2) t3 + 2 (1 + t1)
3 t4
)

ôöî�å�ñ�ò3øÑúðû � ú�ÿ3ä1�<ø
W := {c∧(g u) | c∧g ∈ V}

î)ô
Q×Q[t1, . . . , t4]

î�þ�ø�å
Q
� ; ä)ñ,ø�å%��ø�Nï�ì1ìË÷3ø�þ�ø<ì�î!ÿÃä!àÃä!ì1í�î�åðï�ñ,ò3ó � ä)ú�ø<÷Pî�à =eä!û3úðú�ï¼ä)àÐø<ì1ï�óEï1à3ä)ñ,ï�î�àUñ,ò�ä¦ñ ��î�óEÿ3û�ñ,ø�ú;äÑû�à3ï��«û3ø

� ä!úðï�úNóÊä)ñ�å�ïVG�å�ø�ÿ3å�ø�ú�ø�à«ñ�ä¦ñ,ï�î!àZî!ô
W
è�à�ä)óÊø�ì��

B =

( 1 ḡ
0 q1

0 q2

0 q3

) �Nï1ñ�ò

ḡ :=
1

6

(

6 + 3 (1 + t1)
2 t22 + (1 + t1)

3 t32 + 3 (1 + t1)
2 t3 + 3 (1 + t1) t2

(

2 + (1 + t1)
2 t3
)

+ 2 (1 + t1)
3 t4
)

, q1 := (1 + t1) (2 + (1 + t1) t2 (2 + (1 + t1) t2) + t3 + t1 (2 + t1) t3),

q2 :=(1 + t1)
2 (1 + (1 + t1) t2), q3 := (1 + t1)

3.

��ø�à��<ø � � ; ø<óEóÊä ���t# ��øtî � ñ�ä)ï�àÃñ,ò3ø � ä!ú�ï1ú�óÊä)ñ�å�ï�G ( 1 ḡ/u
0 q1/u
0 q2/u
0 q3/u.

) î)ô
V
ñ�ò�ä)ñ�ï1ú6û3à3ï��Ëû�ø<ì��

÷3ø�ñ�ø<åðóÊï1à3ø<÷Pä)óÊî�à�í�ñ,ò�ø � ä)ú�ï�ú`óüä)ñ�å�ï��<ø�ú`î!ô
V
�1BNø<ÿ3ò3å�ä!ú�ï1à3ítñ�ò3ï�ú � ä!úðï�úLóÊä)ñ�å�ï�Geï�àYñ,ø�å�óEúî!ô

N
è��

N

è�� (2)
N

ä!à3÷k� (3)
N

ì1ø�ä)÷3úN÷3ï1å�ø���ñ,ì��üñ�îÃñ�ò3øeú�î�ì1û�ñ,ï1î�àBí�ï�þ�ø<àZï1à��7G3ä)óÊÿ�ì�ø�����ç��
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�%��ñ�ò3øUä � î�þ�øeì�ø�óÊóÊäR��øUä!å�ø �ðû3úðñD��î�à��<ø�å�à3ø�÷¾ï�àlúðî�ì1þËï1à3íPñ�ò3ø%ôöî�ì1ì�îY�Nï1à3íÐÿ3å�î � ì�ø�ó �
b�s�g$_ue X/g/s �MX/^ `'eHq�s�q&
LeQ]f\�s��D\f^ Z/\f^�q�^ gM]feQ]fs�[�gDs�gus ] qFZ1[ ��a g/[ 
Es�e���\fs�g/d

• ����� ��� ��o Z1[���a g/[�
Este��"\fs�g$d A := K[t1, . . . , te]
[ �H^�\�e "$^#��_ K ( eD`$eHq�stq)
LeQ]f\�s�� C∧g [)m eqrX$`$qrZ'e��<^ W 6= {0} [Hm Kn × A [ �H^ \ K ( e)g'_Te)gueH_ 
 stqfqrs�` ��^ [H\ _Y^ \fs�g$d < [Hg [t1, . . . , te]

w
• b � �)�*�$o X$g/s��MX/^ `$e�qrstq&
Ee)]�\fs��*\�^�Z/\�^Kqr^�g�]fe)]�s�[Hg*[)m W ` a � e)X$qfqrste)g*^#��s�
Es�g'eQ]�s�[Hg w

��� ������� - �����:�
	 ��� � �9� �9-2. �/.0�	12- 154�.0
���
 ��� ��+,� . � ��� �/. � ���

|�ø)GËñ ��ølñ�å,ä!à�úðôöî�åðóHñ�ò3ø � ä!úðï�úÃóÊä)ñ�å�ï�G
C∧g

î!ô
W
� �ýåðî/�[î�ÿzø�å,ä)ñ�ï�î�à3úÐñ�îdä � ä!úðï�úóüä¦ñ,å�ïVG

D∧h
î!ô

W
�Nò�ø<å�ø

D
ï�ú;ï�àÃå�îY� å�ø<÷�û��<ø�÷üøM��ò3ø<ì1î�àÃôöî�å�ó ��&_ò3ø<à � � ; ø<óEóüä�����çôöî�å_ä!à��üî!ñ,ò3ø�å_ú�û���ò � ä!úðï�ú_óÊä)ñ�å�ï�G

D′∧h
î)ô

W
�Nò�ø<å�ø

D′
ï�ú�ï�à�åðî/�oå�ø<÷�û��<ø�÷ZøM��ò3ø�ì�î�àôöî�å�ó ��ø»óÐû3ú-ñÊò�ä�þ�ø

D = D′
����ø�à��<ø¾î!à3ø»î!à3ì��ýò�ä)úEñ,î ÷3ø�ä)ì �Nï�ñ,òÏñ�ò3øZôöî�ì1ì1î/�Nï1à3íú�û � ÿ3å�î � ì�ø<ó �

b�s�g$_ue X/g/s ��X$^ q�[���XY]fs�[�g��H^ ��]�[�\ $ s�]�nu^�g�]�\fs�^�qFs�g K[t1, . . . , te]

• ����� ��� �/o Z1[���a g/[�
Este��1\fs�g/d A := K[t1, . . . , te]
[ �H^ \Fe "$^'�t_ K e)g'_De%`$eHq�s�q 
Ee)]�\fs�� C∧g [Hme�q�X/`$q�Z$e�� ^ W 6= {0} [)m Kn ×A [ �H^ \ K $ n/^�\�^ C ∈ Kd×n stq s�g*\�[ $ \f^�_YX �<^�_ ^#� n/^'��[Hg mV[H\ 
e)g$_ g ∈ Ad w$b/X/\�]�n/^�\ 
E[�\�^ eHgueH_ 
Estq�q�s�`���^ [H\ _Y^�\�s�g/d < [Hg [t1, . . . , te]

w
• b � �)�*��o X/g/s �MX/^'��a _/^<]�^�\ 
Es�g/^�_ h ∈ Ad ` a � eHX$q�q�ste)g ^#��s�
Es�g'eQ]�s�[Hg ( qrX�� n3]�n$e)] C∧h stq%e`$eHq�stq 
Le)]�\fs��D[Hm W w

; ø�ñ
C
� øeï�àlåðî/�Wå�ø�÷3û���ø<÷¾ø���ò3ø<ì1î�àlôöî�å�óZè�óÊî!å�ø%ÿ3åðøM��ï�ú�ø�ì��Bä!ú�úðû3óÊø%ñ�ò�ä)ñ

C∧g :=

















c11 . . . cn1 g1

. . . . . . . . . . . . . . . .

c1l . . . cnl gl

0 . . . 0 gl+1

. . . . . . . . . . . . . . . .

0 . . . 0 gd

















8f# ;

�Nò3ø�å�ø
(c1l, . . . , cnl) 6= 0

� |�î)ñ,øUñ�ò�ä)ñtä!ì�ì�å�îY�Nú�øHG"�<ø�ÿ�ñÑñ�ò3øYì¼ä!ú-ñ�î�à�øSä!å�øJ�<ø<åðîüå�î/�Nú�èzï1ô
l = 0

� 4»î�åðø<î�þ�ø<å�à�î!ñ,ø%ñ�ò�ä)ñ
d ≥ 1

è3ï1ô
d = l

�
2!3  �46587:9 �>=��"= ß�à �7G�ä!óÊÿ�ì�ø ��� �%ñ�ò3ø9ÿ�ä!å�ä!óÊø�ñ,ø�å;óÊä)ñ�å�ïVG

C
î!ô

M = C∧g
ï1ú³ä)ì�å�ø<ä!÷��ï�àlåðî/�Wå�ø�÷3û���ø<÷¾ø���ò�ø<ì1î�àlôöî�å�ó �

ß/ô
C∧g

úðñ,ä!à3÷3ú�ôöî�å�ñ�ò3ø � ä!úðï�ú�óüä¦ñ,å�ïVGlî!ô6äÊú�î!ì�û�ñ�ï�î�àZú�ÿ�ä1��ø
W

ï�à»ñ�ò3ø
�<î!à«ñ,ø)GËñ%î!ô;ÿ�ä �å,ä!óEø�ñ,ø<åðï���ø<÷Bì1ï�à3ø<ä!å�÷�ï��Âø<å�ø�à���øeø��«û�ä)ñ,ï1î�à3ú�è
(g1, . . . , gl)

úðñ,ä!à3÷3ú_ôöî�å�ú�î�ì1û�ñ,ï1î�à3ú�î!ô
ì1ï�à3ø<ä!å÷3ï��Âø�å�ø<à��<ø�ø��Ëû3ä)ñ,ï1î�à3ú �Nò3ø�å�øNñ,ò3øNï1à3ò3î�óEî�í�ø�à3ø<î!û3ú;ÿ�ä!åðñ;þ)ä!åðï�ø�ú<è��Nò3ø�å�ø<ä!ú
(gl+1, . . . , gd)í�ï�þ�ø<úNä � ä)ú�ï�ú_î!ô�ñ,ò�ø%ú�î�ì1û�ñ,ï1î�à3ú�î!ô�ñ,ò�ø%ò3î�óEî�í�ø�à3ø<î!û3ú_þ�ø�å�ú�ï1î�àF��ß�àBñ,ò3ø%úðøM�«û3ø�ì�ñ,ò�ï�ú�ñ���îÿ�ä!å-ñ,ú �Nï1ì�ì � ø �<î!à3ú�ï1÷3ø<åðø<÷Êúðø<ÿ�ä!å�ä)ñ,ø�ì��!è�ù�å�ú-ñ³ñ,ò3øNò3î!óÊî!í�ø<à3ø�î�û3ú³ÿ3ä!åðñ

(gl+1, . . . , gd)
ä!à3÷ù�à�ä!ì1ì��Êñ�ò3øeï�à�ò3î�óEî�í�ø�à3ø<î�û�ú9ÿ�ä!åðñ

(g1, . . . , gl)
�

����������
����81
+,1��
�9-:� 1��:��
 ��� .(154�.0
����&1
����.0�	1
-:�

sLï1å�úðñE��øJ��î�à3úðï�÷3ø�å9ñ,ò3øeú�ÿzø��<ï�ä!ì9�<ä!ú�ø
d = l

ï�à 8�# ; è3ï���ø'� d ≥ 1
�
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! 9�4 4   �>=��>= � &(7
A := K[t1, . . . , te] � &�8 /�451
�5*,4�� $ 8�1:' $ *�" 4���&('

K
8�*�"

C∧g � &�8
� 856($ 6 � 8�7 ' $�� 4�� 8 6�- � 60/�8�+-& W 6= {0}

4 �
Kn×A

4���&('
K

� ��&(')&
C ∈ Kd×n $ 6 $ * ')4 �

')& " -�+-& " &-+ ��&(1 45* � 45' �
� g ∈ Ad 8�*�"�� & �
8!��&������ � $ 7��

(c1l, . . . , cnl) 6= 0

 " �

d = l �
C∧g

$ 6 -�*�$�� -�&(1
� "�&(7 &(' � $ *,& " 

@;å�îËî!ô�o0��ú�ú�û�óÊø�ñ,ò3ø�å�ø_ä!åðø�ñ���îÑúðû���ò � ä!ú�ï1úLóÊä)ñ�å�ï���ø<ú

C1∧g1 6= C2∧g2

î!ô
W
��+dø�ò�ä�þ�ø

C1 = C2

è'ú�ï1à��<øtñ,ò�ø���ä!å�øÑï1à�å�îY�âåðø<÷3û��<ø�÷ZøM��ò3ø<ì1î�à�ôöî�å�ó ����ø�à��<øÑñ,ò�ø<å�ø%ä!å�ø�ñ<��îPå�î/�Nú
c∧u ∈ W

ä!à�÷
c∧v ∈ W

�Nï1ñ�ò
u 6= v

ä!à�÷Zñ,ò3ø�å�ø�ôöî�å�ø
0n∧(u − v) ∈ W

� !'ï1à��<ø
C1

ï�úï�àZå�îY� å�ø�÷3û���ø<÷ øM��ò3ø�ì�î�àZôöî�å�ó·ä!à3÷
d = l

è�ï�ñNôöî�ì�ì1îY�Nú
W ∩ ({0n} × A) = {0n+1}

èzä
�<î!à«ñ,å�ä!÷3ï���ñ,ï1î�àF�
��ø�à��<ø9ôöî!åLñ�ò3øL�<ä!ú�ø

d = l
è1&9ò3ø�î�åðø<ó ���1ç_ò3î�ì�÷�úM�Rs�åðî�ó à3î/�ëî�à ��ø�ä)å�ø_î�à3ì��R�<î�à���ø<åðà3ø<÷ï�àBñ�ò3ø6��ä!úðø

λ := d − l > 0
�Nò3ø�å�ø6��ø �Nå�ï1ñ�ø

P := {p1, . . . , pλ} = {gl+1 . . . , gd} ⊆ A∗.
8 � ;

W
	�c ����
7c&� ����� ��� b�s�g$_TX/g/s �MX/^ \f^ Z$\�^Kqr^�g�]fe)]�s��H^�qi[)m"]fn/^ n/[�
E[�dH^ g$^ [HX'qiq�[���XY]�s�[Hg'q
• ����� ��� �Fo Z1[���a g/[�
Este��p\fs�g/d A := K[t1, . . . , te]

[ �H^�\ K e)g$_ (p1, . . . , pλ) ∈ Aλ $ n/[Mqr^^ gM]�\fs�^KqpmV[H\ 
 e `$e�qrstq [)m eDqrX$`$qrZ'e��<^ B [)m A [ �H^ \ K w�b$X/\r]fn/^ \ 
E[H\f^�eHgJeH_ 
Estq�q�s�` ��^�[�\f_/^ \fs�g/d
< [�g [t1, . . . , te]

w
• b � �)�*�
o X/g/s ��X$^'��a3_/^<]�^�\ 
Es�g/^�_ q ∈ Aλ ` a � eHX$qfqrste)g ^'��s�
 s�g$e)]�s�[Hg,qrX �fn ]�n'eQ]Es ] q%^�g�]�\fs�^�qmV[H\ 
 e `$e�qrstqF[)m"]fn/^CqrX$`$qrZ'e��<^ B [)m A [ �H^ \ K w

ß�àlñ,ò3øeú�ø��«û3ø<ì9��øU÷3ø�ù�à3øeñ�ò3øeú�ø�ñ
X := {x ∈ [t1, . . . , te] |x

ï�úNäÃÿzîY��ø�å�ÿ3åðîË÷3û���ñNñ�ò�ä)ñNî �M�<û�å�ú�ï1àlî�à3øeî!ô
ñ,ò3ø
pi}.

8�� ;
�%�Bñ,ò�øSä)÷3óÊï1ú�úðï � ì1ø%î�åð÷3ø<åðï�à3í

<
î!à

[t1, . . . , te]
��øUî � ñ�ä)ï�à»äÃû3à3ï��Ëû�øYî�åð÷3ø<åðï�à3íEî!àZñ,ò3øÿzî/��ø<å�ÿ�å�îË÷3û���ñ,ú�ï1à

X
è�ú,ä �

X = {x1 > x2 > · · · > xr}.

4»î�åðø<î�þ�ø<å ��ø6��ä)à �Nåðï1ñ�ø
pj =

r
∑

i=1

kji xi

�Nï1ñ�ò
kij ∈ K

�
&9ò�ø<à ��øJ�<ä!àZú�ø�ñ�û3ÿlñ�ò3øeóüä)ñ�å�ïVG

M :=





k11 . . . k1r

. . . . . . . . . . .

kλ1 . . . kλr





�Nï1ñ�ò
p = M ·

( x1���
xr

) � |�øHGËñNñ�å,ä!à�úðôöî�åðó ñ�ò3ï�ú_óÊä)ñ,åðï�G � ��å�îY�âî�ÿzø<å�ä)ñ,ï1î�à3ú�ñ,îÃäPóÊä)ñ�å�ï�G
M ′

ñ,ò�ä)ñNï�ú9ï1àlå�îY�Wå�ø<÷�û��<ø�÷¾øM��ò3ø�ì�î�àlôöî�åðó �
��ì1ø�ä!åðì��Êñ,ò3øeø�à«ñ�å�ï�ø�úNï�à

q = (q1, . . . , qλ) := M ′ ·

( x1���
xr

) 8:é ;
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ôöî�å�ó·ä � ä!ú�ï1ú�î!ô
B
��ß�à»ÿ�ä!åðñ�ï���û3ì¼ä!å � � ; ø<óEóüä ����çYï�ñNôöî�ì1ì�îY�Nú9ñ�ò�ä)ñNñ,ò3ï1ú

q
ï�úNû3à3ï��Ëû�ø<ì��÷3ø�ù3à3ø<÷i�(��ø<à���øJ��øJ�<ä!àO�Nå�ï1ñ�ø

C∧g :=

















c11 . . . cn1 g1

. . . . . . . . . . . . . . .

c1l . . . cnl gl

0 . . . 0 q1

. . . . . . . . . . . . . . .

0 . . . 0 qλ

















8�	 ;

�Nò3ø�å�ø
C
ä!à3÷

q
ä!åðøeû3à3ï��«û3ø<ì��B÷�ø�ù�à3ø�÷F� ��ø�à��<øUï1ô

l = 0
è�&9ò3ø<î!å�ø�ó ���1çeò3î!ì�÷3ú��

2!3  �46587:9 �>=��>= s`ï�G ñ�ò3ø�ì1øHG'ï��<î�í�å�ä!ÿ3ò3ï��Eî�å�÷�ø<å�ï1à3í
<
î!à

[t1, . . . , t4]
�Nï1ñ�ò

1 < t1 <
t2 < t3 < t4

� &9ò3ø<à ñ,ò3øÊÿzî�ì��Ëà3î!óÊï�ä!ì�ú
g1, g2, g3 ∈ Q[t1, . . . , te]

ôöå�î�ó �7G�ä!óEÿ3ì�ø���� ��<î!à3ú�ï1úðñ�î�à3ì���î!ô
ñ,ò3øeÿzîY��ø<åNÿ3å�îË÷�û���ñ�ú
t31 t3 > t21 t3 > t1 t3 > t3 > t31 t22 > t22 > t1 t22 > t22 > t31 t2 > t21 t2 > t1 t2 > t2 > t31 > t21 > t1 > 1.

��ø�à��<ø6��ø6��ä!àO�Nåðï1ñ,ø
(g1, g2, g3) = M · x

�Nò3ø<åðø
M :=

(

1 3 3 1 1 3 3 1 0 2 4 2 0 0 2
1 3 3 1 1 3 3 1 0 2 4 2 −2 −6 −4
1 3 3 1 1 3 3 1 −3 −7 −5 −1 1 0 −1

)

ä!à3÷
x := ( t3

1
t3,t2

1
t3,t1 t3,t3,t3

1
t2
2
,t2

2
,t1 t2

2
,t2

2
,t3

1
t2,t2

1
t2,t1 t2,t2,t3

1
,t2

1
,t1,1 )

�7&9ò�ø<à � � ñ�å,ä!à3ú-ôöî�å�óEï�à�í
M

ï�à«ñ�îÃåðî/�Wå�ø�÷3û���ø<÷¾ø���ò�ø<ì1î�àlôöî�å�ó ��øeî � ñ,ä!ï�à
M ′ =

(

1 3 3 1 1 3 3 1 0 2 4 2 0 0 2 2
0 0 0 0 0 0 0 0 1 3 3 1 0 1 2 1
0 0 0 0 0 0 0 0 0 0 0 0 1 3 3 1

)

�Nò3ï���òO�Ëï�ø�ì�÷3ú_ñ,î
(q1, q2, q3) := M ′ · x

ä!ú9í�ï1þ�ø�àZï�à
B
î!ô��7G3ä)óÊÿ3ì1ø���� ���

�����&����
���� -:
:1
+,1��5� -��91��:� 
 ���0.(1
4 .0
:��� 1
����.0�	1
-:�

sLï1à�ä!ì1ì�� ��ø ��î�à3úðï�÷3ø�åZñ�ò3ø ��ä)ú�ø
l ≥ 1

ôöî�å 8r	 ; �Nò3ø<åðø ��ødò�ä�þ�ø ñ�îÏù�à�÷¤äÖû3à3ï��«û3øþ�øM��ñ,î�å
(g1, . . . , gl)

�7&9ò3ø�à ��ø�÷3ø�ñ�ø<å�óEï�à�øBä û�à3ï��«û3ø � ä!úðï�úÐóÊä)ñ,åðï�G
W
�Nò3ï���òýÿ3å�î�þ�ø<ú

&9ò3ø�î�å�ø�ó ����ç���&9ò3ø9ôöî�ì�ì1îY�Nï1à3íÑì�ø<óEóÊä
†
úðñ,ä)ñ,ø�ú6ò3îY�ëñ,ò3øNÿzî�úðú�ï � ì�ø

(g1, . . . , gl)
ì�îËî�(Yì1ï�(!ø'�

! 9�4 4   �>= � =�� &(7
A := K[t1, . . . , te] � & 8 /�451
�5*,4�� $ 8�1�' $ *�" 4���&('

K � C � & $ * ')4��
')& " -�+-& " &-+ ��&(1 45* � 45'
�#8�*�" 856-6�-�� & 7��
8�7

M = C∧g =















c11 . . . cn1 g1

. . . . . . . . . . . . . . . . .

c1d . . . cnd gl

0 . . . 0 q1
. . . . . . . . . . . . . . . . .

0 . . . 0 qλ















8�*�"
M ′ = C∧g′ =















c11 . . . cn1 g
′

1

. . . . . . . . . . . . . . . . .

c1d . . . cnd g
′

l

0 . . . 0 q1
. . . . . . . . . . . . . . . . .

0 . . . 0 qλ















8�')& � 856($ 6 � 8�7 ' $9+-&-6 4 � 7���& 6�- � 60/
8�+-& W 6= {0}
4��

Kn×A
4���&('

K
� $ 7��

(c1d, . . . , cnd) 6=
0
8�*�"

l ≥ 1 
 � ��&(* � 45' 8�*��
1 ≤ i ≤ l

� & �
8!��&
g′

i := gi +
∑λ

j=1 κj qj

� $ 7��
κj ∈ K 


@;å�îËî!ô�o$��î�à3ú�ï1÷3ø<å�ñ,ò3ø6å�î/�Nú
c∧gi

ä!à3÷
c∧g′

i

�Nï�ñ,ò
c = (ci1, . . . , cin)

ôöî�å
úðî�óÊø
1 ≤ i ≤ l

�
!'ï�à��<ø

c∧gi, c∧g′
i ∈ W

è���øtò�ä�þ�ø
0∧(gi − g′

i) ∈ W
� �tú

C
ï1ú6ï�àÊå�îY� åðø<÷3û���ø<÷Bø���ò�ø<ì1î�àôöî�å�óZè�ï1ñUôöî�ì1ì1î/�Núeñ�ò�ä)ñ

{0∧q1, . . . ,0∧gλ}
ï�úYä � ä!úðï�úYî!ô

W ∩ ({0n+1} × A)
� ��ø<à���ø

0∧(gi − g′
i) =

∑λ
i=1 ki (0∧qi)

ôöî�å9úðî�óEø
ki ∈ K

�Nò�ï���òZÿ3å�î�þ�ø<úNñ,ò�øUì1ø<óEóÊä��
† � [)]f^7]fn$eQ])��^#
 
EeEj$w j%stq9e �<[�g$q�^#�MX/^ g �<^7[Hm ��^'
 
LeEj$w �'w
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s�î�å
qi K := {qi k | k ∈ K}

�Nï1ñ�ò
x ∈ [t1, . . . , te]

�<î!à3ú�ï1÷3ø<å9ñ�ò3øe÷3ï�åðøM��ñNú�û�ó

B :=
λ
⊕

i=1

qi K

ä!úBäýúðû � úðÿ�ä1�<øjî!ô
A
î�þ�ø<å

K
�L4»î!å�ø<î�þ�ø<å ��ø ÷3ø�ù�à3ø

g + B := {g + b | b ∈ B}
ôöî�åä!à��

g ∈ A
� &9ò�ø<à ñ,ò3øSÿ3åðø�þËï�î!û3ú ; ø�óEóüä���� ��ú-ñ�ä)ñ�ø<útñ�ò�ä)ñ*��øÐò3ä�þ�øYñ,îü÷3ø�ä!ì �Nï�ñ,ò»ñ,ò3øôöî�ì1ì�îY�Nï1à3íÐÿ3å�î � ì�ø�ó[ï�àlî�åð÷3ø<å9ñ�îÃù3à3÷¾äPû3à3ï��Ëû�øeþ�ø���ñ�î�å

(g1, . . . , gl)
ï�à 8�	 ; �

W
	 c ��� 
7c&� ����� � ��� b"s�g$_TX/g/s �MX/^ \�^�Z/\f^�qr^�g�] eQ]fs
�H^Kq mV[�\F]�n/^ s�g/n/[ 
 [�dH^�g/^ [�X$qiq�[���XY]fs�[�g$q
• ����� ��� �"o Z1[���a g/[�
Este���\fs�g$d A := K[t1, . . . , te]

[ �H^ \ K ( q = (q1, . . . , qλ) ∈ Aλ $ s ]fn���l �
$ n/^ \f^ M ′ stqFs�gu\�[ $ \�^K_YX��<^K_*^#� n/^'��[Hg*mV[H\ 
 e)g$_ g ∈ A w

• b � �)�*�$o X$g/s��MX/^#��a*_Y^ ]�^�\ 
Es�g/^�_ ḡ ∈ g + B w
; ø�ñ

Q := {q1, . . . , qλ}
8f> ;�Nï1ñ�ò

λ ≥ 1
è
q ∈ Q

ä!à3÷
f, f ′ ∈ A

� + øeú,ä �Bñ�ò�ä)ñ
f
ï�ú9å�ø�÷3û��<ø�÷ � �

q
ñ,î

f ′
è
f

q
−→ f ′

èï1ô]ñ�ò3øÐì1ø�ä!÷�ï�à3íÊÿzî/��ø�åÑÿ3å�îË÷�û���ñÑï�à
q
ä!ÿ�ÿzø�ä!åðú%ä!ú

c
ì1ÿ3ÿ

(q)
ï�à

f
ôöî�å�ú�î�óEø

c ∈ K∗
ä!à3÷

��øeò�ä�þ�ø
f ′ = f − c q.

8�æ ;ß�à î!ñ�ò3ø<å*��î!å�÷3ú�è�ï1ô ��øÐò�ä�þ�ø
f

q
−→ f ′

èzñ�ò3øSñ�ø<å�ó
c
ì�ÿ�ÿ

(g)
ï�ú�ø<ì1ï�óEï1à�ä¦ñ,ø�÷¾ï1à

f
�Nò�ï���ò

ì�ø<ä!÷3úYñ�î
f ′
� 4»î�åðø<î�þ!ø<å
��ø�ú�äY� ñ,ò�ä¦ñ

f
ï1úSåðø<÷3û��<ø<÷ � �

Q
ñ,î

f ′
è
f

Q
−→ f ′

è
ï1ô_ñ,ò�ø<å�øøHG'ï1úðñ,ú�ä
q ∈ Q

�Nï�ñ,ò
f

q
−→ f ′

�
� �� @5  z� �ö���  �� �>=
?�= � &(7

A := K[t1, . . . , te] � & 8 /�451
�5*,4�� $ 8�1�' $ *�" 4���&('
K

8�*�" +-45* 	
6($ "�&('

Q := {q1, . . . , qλ} ⊆ B ⊆ A
� $ 7�� ��� ��� ��&(')&

M ′
$ 6 $ * ')4�� ')& " - +-& " &-+ ��&(1 45*

� 45' � 8�*�"
g ∈ A 
 � ��&(* 8 � 7 &(' 8�7/� 4 6(7

λ
')& " - +(7 $945*
6 4��

g � � Q
45*,& 4 � 798�$ *
608%-�*�$�� -�&(1
�"�&!. *,& "

ḡ ∈ g + B
7��
8�7 + 8�*�*,457 � & ')& " -�+ & " ��-�' 7���&(' � $ 
 & 
 � 45'�6 4�� &

κi ∈ K
� & �
8!��&

ḡ = g +
λ
∑

i=1

κi qi.
8�A ;

@;å�îËî!ô�oI��î�à�ú�ï�÷�ø<å�ä ��ò�ä!ï1àZî)ôLåðø<÷3û���ñ,ï1î�à3ú
g = g1

Q
−→ g2

Q
−→ g3 . . . gj−1

Q
−→ gν

�Nï1ñ�ò
2 ≤ ν ≤ λ

��|�î/� ��ò3îËî!ú�ø�î�à3ø�î!ôÂñ,ò3ø�ú�ø�å�ø<÷�û���ñ�ï�î�à3ú�èËú�äY�
gl−1

Q
−→ gl

è��Nò3ø�å�øtä
c x�Nï1ñ�ò

c ∈ K∗
ä!à3÷

x ∈ [t1, . . . , te]
ï1ú_ø�ì�ï1óÊï�à�ä)ñ�ø<÷F� &9ò3ø�à � � ��î�à3úðñ�å�û���ñ,ï1î�àBî!ô

Q
è"�Nò�ø<å�ø

8:é ; ò3î�ì1÷3ú6ä!à�÷ M
ï1ú³ï1àEå�îY�|åðø<÷3û��<ø<÷üø���ò�ø<ì�î!àEôöî�å�óZè)ñ,ò3ø�å�øD��ä)à3à3î!ñ6î �M��û3å6úðû���òüä%ñ,ø<åðó

κx
ôöî�å�úðî�óEø

κ ∈ K∗
ï1à�ä)à��Eî!ôÒñ,ò�ø

gi
�Nï1ñ,ò

l ≤ i ≤ j
�"��û�ñ�ñ,ò3ï1ú�óÊø<ä!à3ú6ñ�ò�ä)ñ_ä)ô�ñ�ø<å�ä¦ñóÊî!úðñ

λ
å�ø<÷�û���ñ�ï�î�à»úðñ�ø<ÿ3ú�è ��øR��ä)à3à3î!ñ�å�ø<÷�û��<øYôöû�åðñ,ò�ø<åD�Nò�ï���ò¾ì�ø<ä!÷3úNñ�î�ä)à

ḡ
�Nï�ñ,ò 8rA ; �4»î�åðø<î�þ�ø<å9ôöî�åNä)à��

gi
ôöî�å

1 ≤ i < l
ø)G3ä'��ñ,ì��üñ,ò3ø%ÿzî/��ø�åNÿ3å�îË÷�û���ñ

x
î ���<û�å�ú�ï1à�ôöî�å�ó î!ô

c x
�Nò3ø�å�ø

c
ï1úNù�G'ø<÷F����ø<à���øÐä!à��O��ò3ä!ï�à»î!ô]å�ø�÷3û���ñ,ï�î!à3ú�ï�ú � û3ÿ»ñ�î�äEå�ø�î�å�÷�ø<å�ï1à3íÊî!ôLñ,ò3øå�ø�÷3û���ñ�ï�î!à úðñ,ø�ÿ3ú � øHG�ä1��ñ,ì��¾ñ,ò3øÃú,ä)óÊø'��ß�à ÿ�ä!å-ñ,ï���û3ì�ä!åtñ�ò3øÃå�ø<úðû3ì1ñ�ï�à3íBÿzî�ì��Ëà3î!óÊï�ä!ì èzñ,ò�ä)ñ��ä)à3à3î!ñ � øeå�ø�÷3û���ø<÷»ôöû3å-ñ,ò3ø�å<è�óÐû3ú-ñ � øUä!ì��_ä �'ú

ḡ
�
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2!3  �46587:9 �>=���= ; ø�ñBû3úBí�î!ï�à3í � ä1�Q(ëñ�î �7G3ä)óÊÿ3ì1ø �"��	�� ��ø�å�ø ��ø ôöî�û3à3÷ ä!ì�åðø�ä!÷"� äû3à3ï��Ëû�øSþ�ø���ñ�î�å
q = (q1, q2, q3)

èÂï���ø'�Âäüû3à3ï��«û3ø � ä!ú�ï1útî!ô]ñ,ò3øSò3î�óEî�í�ø�à3ø<î!û3ú�þ�ø<åðú�ï�î!à î)ôñ,ò3ø�ì�ï�à�ø�ä!å�÷3ï��Âø<åðø<à���ø�øM�«û�ä)ñ�ï�î�à 8-ç ; � ; îËî�(«ï1à3íÑä¦ñ`ñ,ò3ø�ì1ø�ä)÷3ï�à3í�ÿzî/��ø�åLÿ3å�îË÷3û���ñ,ú���ø�ò�ä�þ�øì�ÿ3ÿ
(q1) = t31 t3

èÂì1ÿ3ÿ
(q2) = t31 t2

ä!à3÷ ì1ÿ3ÿ
(h3) = t31

� &9ò3ø<àjî!à3ø ��ä)à ú�ø<øPï1óEóEø<÷3ï�ä¦ñ,ø<ì��ñ,ò�ä¦ñ
g := g1

ï1à �7G�ä!óEÿ3ì�ø �"��	Eï1úNôöå�ø�øYî!ô;ä)à��Bñ,ø�å�ó �Nï1ñ,ò»ÿzîY��ø�å�ÿ3å�îË÷3û���ñ,ú�ì�ÿ�ÿ
(h2)

î�å
ì�ÿ3ÿ

(h3)
è � û�ñ6ñ,ò3ø�ñ,ø�å�ó

−1
2
t31 t3

î �M��û3å�ú�����ø�à��<ø*��ø*��ä!à�ä)ÿ3ÿ3ì��Pñ�ò3ø�å�ø�÷3û���ñ�ï�î!à
g

h1−→ g′�Nï1ñ�ò
g′ := g+ 1

2
h1

�/��ì�ø<ä!å�ì��tñ�ò3ø³å�ø<úðû3ì1ñ�ï�à3í
g′
ï1úÒôöå�ø<ø³î)ô3ä!à��Ññ,ø�å�ó �Nï�ñ,òeÿÂîY��ø�å
ÿ3åðîË÷3û���ñ,úì�ÿ3ÿ

(h1)
è«ì1ÿ3ÿ

(h2)
ä!à3÷Êì1ÿ3ÿ

(h3)
è«ä!à3÷ �<î�à3úðøM�«û3ø<à�ñ,ì��

g′
ï�ú³à�î!ñ³ôöû3åðñ�ò3ø<å³å�ø<÷�û��<ï � ì�ø'� ��ø�à��<ø

��øPôöî�û3à�÷
ḡ := g′

ä!ú%î�û�å%û3à3ï��«û3ø�ì�� ÷�ø�ñ,ø�å�óEï�à3ø�÷jÿ�ä!å-ñ%ñ,ò�ä)ñ%ï�ú%à�ø<ø<÷�ø<÷ ñ,îl÷3ø�ù�à3øPñ,ò3ø÷3ø<úðï�åðø<÷ � ä!ú�ï1úNóÊä)ñ,åðï�G
B
î!ô

W
ï�à��7G�ä!óEÿ3ì�ø���� ���

� 9�4  3���*�"=
?�= ß�àlñ,ò�øeø<à�÷»ß6ï�à3÷3ï���ä)ñ�øtñ,ò�ä¦ñ � ø<ò3ï1à3÷»ä!ì1ìÂñ,ò�ø<ú�ø6�<î�à�úðñ,åðû���ñ�ï�î�à�úNî�à3ø ��ä!àù�à3÷Zñ,ò3øUóÊî!å�øeí�ø�à3ø<å�ä!ìp�<î�à���ø<ÿ'ñÑî!ô =eå � � à3ø�å � ä!úðï�ú���ß �Nï1ì�ìÒû3úðøSä!ì�ì�ñ,ò�øYà3î)ñ�ä)ñ�ï�î�à3úNä!à3÷÷3ø�ù3à3ï1ñ�ï�î�à�ú�ä)ú9ñ,ò3øH�lä!å�øeí!ï1þ�ø�àZï�à á + ï�à�A�	'è ��ò3ä!ÿ�ñ,ø�å�æ¦êf�
sLï�åðúðñ%ì�ø�ñeû3ú6��î�à3ú�ï1÷3ø<åÑñ,ò3øÃúðï�óEÿ3ì�ø�åu�<ä!ú�øPñ,ò�ä¦ñ

1 /∈ X
ï�à 8�� ; �p4»î�åðø<î�þ�ø<åeôöî!å�í�ø�ñUä!ì�ìä!ì1í�ø � å�ä!ï��tå�ø<ì�ä)ñ,ï1î�à3ú_ï1àBñ,ò3øeÿzîY��ø<åNÿ3åðîË÷3û���ñ�ú�î!ô

X
è3ïf� ø1�3ï�à�ñ,ø�å�ÿ3åðø�ñ�ä!ì�ìÂñ,ò�øeø<ì�ø�óEø<à«ñ�úNï1à

X = {x1, . . . , xr}
8#çY� ;

ä!úÑà�ø�� þ)ä!åðï¼ä � ì�ø�úM� &9ò3ø<àjø<ä1��òjÿzî�ì��Ëà3î�óEï¼ä)ì
pj ∈ P

ôöå�î�ó 8�� ; ��ä)à � ø
�Nå�ï1ñðñ,ø�à ï1à¾ñ,ò3øôöî�å�ó
pj =

r
∑

i=1
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