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� Abstract

In this paper, we give a sequence of definitions and theorems that builds up in a formal way plane geometry
from  geometric  intuition.  The  cultivation  of  geometric  intuition,  in  particular  the  clear  understanding  of  the
difference between observing and proving, should play a key role in any mathematical education.

Our account is the initial part of a major case study in formal theory exploration. It covers the basis "thread" in
the four  thread model of  Theorema  theory exploration proposed by  B.  Buchberger. Thus,  our  case study is
both  an  exercise  a  preparatory  exercise  for  the  didactics  of  geometry  and  a  case  study  for  the  use  of
algorithmic tools, like Theorema, in mathematical knowledge management.

Acknowledgement:  Sponsored by  SFB  1302  (Theorema  Project)  of  the  FWF  (Österreichischer Fonds  zur
Förderung  der  Wissenschaftlichen  Forschung;  Austrian  Science  Foundation)  under  guidance  of  B.
Buchberger.

� Introduction

Formal  Theory  exploration  is  a  main  goal  of  the  Theorema  project.  According  to  the  basic  philosophy  of
Theorema theory exploration outlined in [Buchberger 2000, 2003a, 20003b], elaboration of major case studies
in  the  built−up of  formal  theories  is  very  important  in  order  to  classify  the  basic  formal  tools  future
mathematical software systems must provide in order to computer−support all phases of the theory exploration
process. 

In  this  paper,  we  give  a  first  account of  a  major  case study which we carried out  in  the past  two years  for
building  up  geometry  from  a  few  concepts  that  are  appropriate for  teaching  geometry  in  high  scool  with  a
particular  emphasis  of  claryfying  the  subtle  transition  from  an  approach  based  on  geometric  intuition  to  a
presentation  in  coordinate  geometry.  The  cultivation  of  geometric  intuition,  in  particular  the  clear
understanding of  the difference between observing and proving, should play a key role in any mathematical
education as discussed in [Fuchs 1999].

This  account  covers  the  basis  "thread"  in  the  thread  model  of  theory  exploration  in  [Buchberger  2003b]
(namely the theory formation thread). Starting from this, we will soon embark on the elaboration of the other
three threads for this particular case study.

The  body  of  the  paper  is  a  sequence  of  definitions  and  theorems  that  builds  up  a  particular  version  of
geometry  in  a  formal  way.  Since  the  formulae  should  be  self−explanatory, we  do  not  add  any  explanatory
natural language text.  Also note that  the axioms introduced do not  strive for  minimality. Rather, we want to
start from a platform that should be intuitively appropriate for what high−scool students consider as evident. All
the rest should be formally provable from this platform.

Plane  Geometry  is  a  very  old  theory  of  mathematics  to  describe  interesting  "plane  figures"  and  to  solve
problems  related  with  them.  We  suppose  each  figure  to  be  composed  of  "points".  Among  the  figures  the
"(straight) lines" play an essential role. Points, lines and figures are then the interesting types of objects which
we want to decribe within the Plane Geometry based on set theory.



Plane  Geometry  is  a  very  old  theory  of  mathematics  to  describe  interesting  "plane  figures"  and  to  solve
problems  related  with  them.  We  suppose  each  figure  to  be  composed  of  "points".  Among  the  figures  the
"(straight) lines" play an essential role. Points, lines and figures are then the interesting types of objects which
we want to decribe within the Plane Geometry based on set theory.

We will follow the metric approach to geometry where the knowledge about the field of real numbers is 
assumed to be available. As usual, "R" denotes the set of the real numbers. "P", "L", "F" denote the set of 
points, lines and figures respectively. Some of the steps in building up the theory follow suggestions in 
[Hartshorne], [Martin], [Millmann−Parker], and [Moise].

In order to shorten the notation, we will introduce typed variables:

        A, B, C ... points
        a, b, c ...  lines
        A, B, C ... figures
        a, b, c ... real numbers        

� Incidence

ã The Axiom of Incidence

Axiom@"I0",
F Í P@PD ß L Í FD

AxiomA"I1",

"
A,B

$
g

HA Î g ß B Î gLE
AxiomA"I2",

"
A,B
A¹B

"
g,h

HA Î g ß B Î g ß A Î h ß B Î h Þ Hg = hLLE
AxiomA"I3",

"
g

$
A,B
A¹B

HA Î g ß B Î gLE
DefinitionA"G2.1.1",

"
g,A,B,C

His|col@g, A, B, CD � HA Î g ß B Î g ß C Î gLLE
DefinitionA"G2.1.2",

"
A,B,C

ikjjjis|col@A, B, CD � $
g

is|col@g, A, B, CDy{zzzE
DefinitionA"G2.1.3",

"
A,B,C

His|tc@A, B, CD � Ø is|col@A, B, CDLE
AxiomA"I4",

$
A,B,C

is|tc@A, B, CDE
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ã Propositions on Incidence

Definition@"G2.2.1", any@a, b, cD,
is|pd@a, b, cD � Ha ¹ b ß a ¹ c ß b ¹ cLD

Proposition@"G2.2.2", any@A, B, CD
is|tc@A, B, CD Þ is|pd@A, B, CDD

Proposition@"G2.2.3", any@A, B, g, hD, with@g ¹ hD,
A Î g ß B Î g ß A Î h ß B Î h Þ HA = BLD

Proposition@"G2.2.4", any@A, B, g, hD,
A Ï h ß A Î g ß B Î h Þ A ¹ BD

Proposition@"G2.2.5", any@P, g, hD,
P Ï g ß P Î h Þ g ¹ hD

Proposition@"G2.2.6", any@P, g, hD, with@g ¹ hD,
P Î g ß P Î h Þ g Ý h = 8P<D

Proposition@"G2.2.7", any@P, g, hD,
g Ý h = 8P< Þ g ¹ hD

Proposition@"G2.2.8", any@A, P, g, hD, with@g Ý h = 8P<D,
A Î h ß A ¹ P Þ A Ï gD

PropositionA"G2.2.9", any@A, BD, with@A ¹ BD,
$!
g

 HA Î g ß B Î gLE
DefinitionA"G2.2.10",

"
A,B
A¹B

ikjjjl@A, BD = Ι
g
 HA Î g ß B Î gLy{zzzE

Proposition@"G2.2.11", any@A, BD, with@A ¹ BD,
l@A, BD Î L ß A Î l@A, BD ß B Î l@A, BDD

Proposition@"G2.2.12", any@g, A, BD, with@A ¹ BD,Hg = l@A, BDL � HA Î g ß B Î gLD
Proposition@"G2.2.13", any@A, BD, with@A ¹ BD,

l@A, BD = l@B, ADD
Proposition@"G2.2.14", any@A, B, CD, with@A ¹ BD,

C Ï l@A, BD Þ C ¹ A ß C ¹ BD
Proposition@"G2.2.15", any@A, B, CD, with@A ¹ B ß B ¹ CD,

A Î l@B, CD Þ Hl@B, CD = l@A, BDLD
Proposition@"G2.2.16", any@A, B, CD,HA ¹ B ß C Ï l@A, BDL � is|tc@A, B, CDD
Proposition@"G2.2.17", any@A, B, CD, with@is|pd@A, B, CDD,

is|col@A, B, CD Þ l@A, BD = l@A, CDD
Proposition@"G2.2.18", any@A, B, CD,

is|tc@A, B, CD Þ l@A, BD ¹ l@A, CDD
Proposition@"G2.2.19", any@A, B, P, QD, with@A ¹ B ß P ¹ QD,

P Î l@A, BD ß Q Î l@A, BD Þ Hl@A, BD = l@P, QDLD
PropositionA"G2.2.20",

"
g

$
P

P Ï gE
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PropositionA"G2.2.21",

"
P

$
g,h

Hg ¹ h ß Hg Ý h = 8P<LLE
PropositionA"G2.2.22",

"
P

$
g

P Ï gE
Proposition@"G2.2.23", any@g, hD,

g Í h Þ g = hD
ã Parallel Lines

DefinitionA"G2.3.1",

"
g,h

Hg þ h � HHg = hL ê Hg Ý h = ÆLLLE
PropositionA"G2.3.2", any@g, hD,

Ø g þ h Þ $!
S

 HS Î g ß S Î hLE
DefinitionA"G2.3.3",

"
g,h

Øgþh

Ji@g, hD = Ι
S

 HS Î g ß S Î hLNE
Proposition@"G2.3.4", any@g, hD, with@Ø g þ hD,

i@g, hD Î g ß i@g, hD Î h ß HHS = i@g, hDL � HS Î g ß S Î hLLD
Proposition@"G2.3.5", any@A, B, CD,

is|tc@A, B, CD Þ Ø l@A, BD þ l@A, CD ß Ø l@A, BD þ l@B, CD ß Ø l@A, CD þ l@B, CDD
� Distance and Betweenness

ã Ruler Axiom and Distance Function

DefinitionA"G3.1.1",

"
G,g

i
k
jjjjjjjjjis|cos@G, gD �

i
k
jjjjjjjjjJG : g �

bij
RN í "

A,B
AÎgßBÎg

Hd@A, BD = È GPBT - GPAT ÈLy
{
zzzzzzzzzy

{
zzzzzzzzzE

DefinitionA"G3.1.2",

"
x,X,g,G

XÎg

His|co@x, X, g, GD � His|cos@G, gD ß Hx = GPXTLLLE
AxiomA"RA",

"
g

$
G

is|cos@G, gDE
PropositionA"G3.1.3", any@A, BD,

d@A, BD ³ 0Hd@A, BD = 0L � HA = BL
d@A, BD = d@B, AD E
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PropositionA"G3.1.4", any@g, G1 , G2 D, with@is|cos@G1 , gD ß G2 : g �RD,
$
a

"
P

PÎg

HG2 PPT = G1 PPT + aL Þ is|cos@G2 , gD
"
P

PÎg

HG2 PPT = -G1 PPTL Þ is|cos@G2 , gD E
PropositionA"G3.1.5", any@A, BD, with@A ¹ BD,

$
G

His|cos@G, l@A, BDD ß HGPAT = 0L ß GPBT > 0LE
Proposition@"G3.1.6", any@A, B, P, QD, with@A ¹ BD,Hd@A, PD = d@A, QDL ß Hd@B, PD = d@B, QDL Þ HP = QLD

ã Ordering the Points on a Line

DefinitionA"G3.2.1",

"
A,B,C

His|b@A, B, CD � His|pd@A, B, CD ß is|col@A, B, CD ß d@A, BD + d@B, CD = d@A, CDLLE
Proposition@"G3.2.2", any@A, B, CD,

is|b@A, B, CD Þ is|b@C, B, ADD
Proposition@"G3.2.3", any@A, B, CD,

is|b@A, B, CD Þ HØ is|b@A, C, BD ß Ø is|b@C, A, BDLD
DefinitionA"G3.2.4",

"
a,b,c

His|b@a, b, cD � Ha < b < c Þ c < b < aLLE
Proposition@"G3.2.5", any@A, B, C, g, GD, with@is|col@g, A, B, CD ß is|cos@G, gDD,

is|b@GPAT, GPBT, GPCTD � is|b@A, B, CDD
PropositionA"G3.2.6", any@A, B, CD, with@is|pd@A, B, CD ß is|col@A, B, CDD,Þ! @is|b@A, B, CD, is|b@A, C, BD, is|b@C, A, BDDE
PropositionA"G3.2.7", any@A, BD, with@A ¹ BD,

"
X

ikjjjX Î l@A, BD � is|b@X, A, BD Þ! X = A Þ! is|b@A, X, BD Þ! X = B Þ! is|b@A, B, XDy{zzzE
PropositionA"G3.2.8", any@A, CD, with@A ¹ CD,

$
B,D

His|b@A, B, CD ß is|b@A, C, DDLE
Proposition@"G3.2.9", any@A, B, C, DD,

is|b@A, B, CD ß is|b@A, B, DD Þ HHC = DL Þ is|b@B, C, DD Þ is|b@B, D, CDLD
Definition@"G3.2.10", any@A, B, C, DD,

is|b@A, B, C, DD � His|b@A, B, CD ß is|b@A, B, DD ß is|b@A, C, DD ß is|b@B, C, DDLD
Proposition@"G3.2.11", any@A, B, C, DD,

is|b@A, B, CD ß is|b@B, C, DD Þ is|b@A, B, C, DDD
Definition@"G3.2.12", any@a, b, c, dD,

is|pd@a, b, c, dD � Ha ¹ b ß a ¹ c ß a ¹ d ß b ¹ c ß b ¹ d ß c ¹ dLD
DefinitionA"G3.2.13",

"
g,A,B,C,D

His|col@g, A, B, C, DD � HA Î g ß B Î g ß C Î g ß D Î gLLE
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DefinitionA"G3.2.14",

"
A,B,C,D

ikjjjis|col@A, B, C, DD � $
g

is|col@g, A, B, C, DDy{zzzE
ã Congruence of Line Segments and Midpoint

DefinitionA"G3.3.1",

"
A,B
A¹B

Hs@A, BD = 8A, B< Ü 8X È is|b@A, X, BD<LE
Definition@"G3.3.2",

S = 8s@A, BD È A ¹ B<D
Proposition@"G3.3.3", any@A, BD, with@A ¹ BD,

s@A, BD = s@B, ADD
Proposition@"G3.3.4", any@A, B, C, DD, with@A ¹ B ß C ¹ DD,

s@A, BD = s@C, DD � 8A, B< = 8C, D<D
DefinitionA"G3.3.5",

"
S

SÎS

ikjjle@SD = Ι
y
 $
X,Y

HX ¹ Y ß S = s@X, YD ß y = d@X, YDLy{zzE
Proposition@"G3.3.6", any@A, BD, with@A ¹ BD,

le@s@A, BDD = d@A, BDD
DefinitionA"G3.3.7",

"
S1 ,S2

HS1 > S2 � HS1 Î S ß S2 Î S ß Hle@S1 D = le@S2 DLLLE
Proposition@"G3.3.8", any@A, B, C, DD, with@A ¹ B ß C ¹ DD,

s@A, BD > s@C, DD � Hd@A, BD = d@C, DDLD
Proposition@"G3.3.9", any@A, B, C, D, E, FD, with@A ¹ B ß C ¹ D ß E ¹ FD,

s@A, BD > s@A, BD ß Hs@A, BD > s@C, DD Þ s@C, DD > s@A, BDL ß Hs@A, BD > s@C, DD ß s@C, DD > s@E, FD Þ s@A, BD > s@E, FDLD
Proposition@"G3.3.10", any@A, B, C, D, E, FD,

is|b@A, B, CD ß is|b@D, E, FD ß s@A, BD > s@D, ED ß s@B, CD > s@E, FD Þ s@A, CD > s@D, FDD
Proposition@"G3.3.11", any@A, B, C, D, E, FD,

is|b@A, B, CD ß is|b@D, E, FD ß s@A, BD > s@D, ED ß s@A, CD > s@D, FD Þ s@B, CD > s@E, FDD
DefinitionA"G3.3.12",

"
A,M,B

His|mip@A, M, BD � His|b@A, M, BD ß s@A, MD > s@M, BDLLE
PropositionA"G3.3.13", any@A, BD, with@A ¹ BD,

$!
M,N

 His|mip@A, M, BD ß is|mip@A, B, NDLE
DefinitionA"G3.3.14",

"
A,B
A¹B

Jmp@A, BD = Ι
M

 is|mip@A, M, BDNE
Proposition@"G3.3.15", any@A, B, CD,

is|pd@A, B, CD ß is|col@A, B, CD ß s@A, BD > s@B, CD Þ is|b@A, B, CDD
Proposition@"G3.3.16", any@g, A, B, CD, with@A ¹ BD, g Ý l@A, BD = 8C< ß C Ï s@A, BD Þ g Ý s@A, BD = ÆD
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� Rays, Angles and Triangles

ã Rays and Half Lines

DefinitionA"G4.1.1",

"
V,A
V¹A

Hr@V, AD = 8X È X Î l@V, AD ß Ø is|b@X, V, AD<LE
Proposition@"G4.1.2", any@A, BD, with@A ¹ BD,

r@A, BD ¹ r@B, ADD
PropositionA"G4.1.3", any@A, BD, with@A ¹ BD,

r@A, BD = s@A, BD Ü 8X È @A, B, XD< "a"
s@A, BD Ì r@A, BD Ì l@A, BD "b"

E
PropositionA"G4.1.4", any@A, BD, with@A ¹ BD,

s@A, BD = r@A, BD Ý r@B, AD "a"
l@A, BD = r@A, BD Ü r@B, AD "b"

E
PropositionA"G4.1.5", any@V, AD, with@V ¹ AD,

$!
G

 His|cos@G, l@V, ADD ß HGPVT = 0L ß Hr@V, AD = 8X È GPXT ³ 0<LLE
PropositionA"G4.1.6", any@A, B, V, CD, with@A ¹ B ß V ¹ CD,

$!
D

 HD Î r@V, CD ß s@A, BD > s@V, DDLE
DefinitionA"G4.1.7",

"
V,C,A,B

V¹CßA¹B

Jlo@V, C, A, BD = Ι
X

 HX Î r@V, CD ß s@V, XD > s@A, BDLNE
DefinitionA"G4.1.8",

"
V,A
V¹A

Hhl@V, AD = r@V, AD � 8V<LE
Proposition@"G4.1.9", any@A, VD, with@V ¹ AD,Hr@V, AD = 8V< Ü hl@V, ADLD
Proposition@"G4.1.10", any@A, B, VD, with@V ¹ AD,

B Î hl@V, AD Þ Hr@V, BD = r@V, ADLD
Proposition@"G4.1.11", any@A, B, V, WD, with@V ¹ A ß W ¹ BD,Hr@V, AD = r@W, BDL Þ HV = WLD
DefinitionA"G4.1.12",

"
A,B
A¹B

Hint@A, BD = s@A, BD � 8A, B<LE
Proposition@"G4.1.13", any@A, BD, with@A ¹ BD,

int@A, BD = hl@A, BD Ý hl@B, ADD
DefinitionA"G4.1.14",

"
V,A
V¹A

Hor@V, AD = l@V, AD � hl@V, ADLE
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DefinitionA"G4.1.15",

"
V,A
V¹A

Hohl@V, AD = or@V, AD � 8V<LE
PropositionA"G4.1.16", any@A, VD, with@V ¹ AD,

"
P

HP Î ohl@V, AD � is|b@P, V, ADLE
PropositionA"G4.1.17", any@V, AD, with@V ¹ AD,

l@V, AD = ohl@V, AD Ü 8V< Ü hl@V, AD "a"

ohl@V, AD Ý hl@V, AD = Æ "b"
E

Proposition@"G4.1.18", any@V, A, BD, with@A ¹ V ß V ¹ BD,Hr@V, BD = or@V, ADL � is|b@B, V, ADD
Proposition@"G4.1.19", any@A, V, BD, with@A ¹ V ß V ¹ BD,

r@V, BD = or@V, AD � r@V, AD = or@V, BDD
ã Angles

DefinitionA"G4.2.1",

"
A,V,B

is|tc@A,V,BD HÐ@A, V, BD = r@V, AD Ü r@V, BDLE
Proposition@"G4.2.2", any@A, V, BD, with@is|tc@A, V, BDD,HÐ@A, V, BD = Ð@B, V, ADL ß Ð@A, V, BD ¹ Ð@A, B, VDD
Proposition@"G4.2.3", any@A, V, B, C, DD, with@is|tc@A, V, BDD,

C Î hl@V, AD ß D Î hl@V, BD Þ HÐ@A, V, BD = Ð@C, V, DDLD
Proposition@"G4.2.4", any@A, V, B, C, DD, with@is|tc@A, V, BD ß is|tc@C, V, DDD,HÐ@A, V, BD = Ð@C, V, DDL Þ Hr@V, AD = r@V, CDL Þ Hr@V, AD = r@V, DDLD
Proposition@"G4.2.5", any@A, V, B, WD, with@is|tc@A, V, BD ß is|tc@A, W, BDD,HÐ@A, V, BD = Ð@A, W, BDL Þ HV = WLD
Proposition@"G4.2.6", any@A, V, B, C, W, D, P, QD, with@is|tc@A, V, BD ß is|tc@C, W, DD ß HÐ@A, V, BD = Ð@C, W, DDLD,

P Î hl@W, CD ß Q Î hl@W, DD Þ HHP Î hl@V, AD ß Q Î hl@V, BDL Þ HP Î hl@V, BD ß Q Î hl@V, ADLLD
Proposition@"G4.2.7", any@A, V, B, C, W, DD, with@is|tc@A, V, BD ß is|tc@C, W, DDD,HÐ@A, V, BD = Ð@C, W, DDL Þ HHV = WL ß HHr@V, AD = r@V, CDL Þ Hr@V, AD = r@V, DDLLLD
DefinitionA"G4.2.8",

"
A1 ,A2

i
k
jjjjjjjjjis|pv@A1 , A2 D � $

A1 ,V,B1 ,A2 ,B2
is|tc@A1 ,V,B1 D His|b@A1 , V, A2 D ß is|b@B1 , V, B2 D ß HA1 = Ð@A1 , V, B1 DL ß HA2 = Ð@A2 , V, B2 DLLy

{
zzzzzzzzzE

Proposition@"G4.2.9", any@A1 , V, B1 , A2 , B2 D, with@is|tc@A1 , V, B1 D ß is|b@A1 , V, A2 D ß is|b@B1 , V, B2 DD,
is|pv@Ð@A1 , V, B2 D, Ð@A2 , V, B1 DDD

DefinitionA"G4.2.10",

"
A1 ,A2

i
k
jjjjjjjjjis|lp@A1 , A2 D � $

A1 ,V,B,A2
is|tc@A1 ,V,BD His|b@A1 , V, A2 D ß HA1 = Ð@A1 , V, BDL ß HA2 = Ð@A2 , V, BDLLy

{
zzzzzzzzzE
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PropositionA"G4.2.11", any@C1 , W, D1 , C2 , D2 D, with@is|tc@C1 , W, D1 D ß is|b@C1 , W, C2 D ß is|b@D1 , W, D2 DD,
is|lp@Ð@C1 , W, D1 D, Ð@C1 , W, D2 DD "a"
is|lp@Ð@C2 , W, D1 D, Ð@C2 , W, D2 DD "b"
is|lp@Ð@C1 , W, D2 D, Ð@C2 , W, D2 DD "c"

E
ã Triangles

DefinitionA"G4.3.1",

"
A,B,C

is|tc@A,B,CD Hó@A, B, CD = s@A, BD Ü s@B, CD Ü s@C, ADLE
PropositionA"G4.3.2", any@A, B, CD, with@is|tc@A, B, CDD,Hó@A, B, CD = ó@C, B, ADL ß Hó@A, B, CD = ó@A, C, BDL "a"

s@A, BD = ó@A, B, CD Ý l@A, BD "b"
E

Proposition@"G4.3.3", any@A, B, CD, with@is|tc@A, B, CD ß is|tc@D, E, FDD,Hó@A, B, CD = ó@D, E, FDL Þ H8A, B, C< = 8D, E, F<LD
� Convexity and Plane Separation

ã Convex Figures

DefinitionA"G5.1.1",

"
F

i
k
jjjjjjjjis|cv@F D � "

A,B
A¹B

HA Î F ß B Î F Þ s@A, BD Í F Ly
{
zzzzzzzzE

Proposition@"G5.1.2", any@F1 , F2 D,
is|cv@F1 , F2 D Þ is|cv@F1 Ý F2 DD

PropositionA"G5.1.3",

is|cv@ÆD í is|cv@PD í "
A

is|cv@8A<DE
PropositionA"G5.1.4", any@A, BD, with@A ¹ BD,

is|cv@l@A, BDD "a"
is|cv@r@A, BDD "b"
is|cv@s@A, BDD "c"

E
PropositionA"G5.1.5", any@A, BD, with@A ¹ BD,

is|cv@hl@A, BDD "a"
is|cv@int@A, BDD "b"

E
PropositionA"G5.1.6", any@g, VD, with@V Î gD,

$
H1 ,H2

is|cv@H1 ,H2 D
ikjjHg � 8V< = H1 Ü H2 L í "

P,Q
HP Î H1 ß Q Î H2 Þ s@P, QD Ý 8V< ¹ ÆLy{zzE
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ã The Plane Separation Axiom

AxiomA"PSA",

"
g

$
H1 ,H2

is|cv@H1 ,H2 D
i
k
jjjjjjjjjHP � g = H1 Ü H2 L í "

P,Q
P¹Q

HP Î H1 ß Q Î H2 Þ s@P, QD Ý g ¹ ÆLy
{
zzzzzzzzzE

Proposition@"G5.2.1", any@g, H1 , H2 , A, BD, with@is|cv@H1 , H2 D ß HP � g = H1 Ü H2 L ß A ¹ B ß A Ï g ß B Ï gD,
s@A, BD Ý g ¹ Æ Þ HA Ï H1 Þ B Ï H1 L ß HA Ï H2 Þ B Ï H2 LD

Proposition@"G5.2.2", any@g, H1 , H2 D, with@is|cv@H1 , H2 D ß HP � g = H1 Ü H2 LD,
H1 ¹ Æ ì H2 ¹ Æ ì HH1 Ý H2 = ÆLD

Proposition@"G5.2.3", any@g, H1 , H2 D, with@is|cv@H1 , H2 D ß HP � g = H1 Ü H2 LD,HP = H1 Ü g Ü H2 L ß HH2 = P � HH1 Ü gLL ß HH2 = HP � gL � H1 LD
PropositionA"G5.2.4", any@g, H1 , H2 , H3 , H4 D,

is|cv@H1 , H2 , H3 , H4 D í HP � g = H1 Ü H2 L í "
P,Q
P¹Q

HP Î H1 ß Q Î H2 Þ s@P, QD Ý g ¹ ÆL í
HP � g = H3 Ü H4 L í "

P,Q
P¹Q

HP Î H3 ß Q Î H4 Þ s@P, QD Ý g ¹ ÆL Þ H8H1 , H2 < = 8H3 , H4 <LE
DefinitionA"G5.2.5",

"
g,A
AÏg

ikjjjjhp@g, AD = 9X È
XÏg

HX = AL Þ s@A, XD Ý g = Æ=y{zzzzE
DefinitionA"G5.2.6",

"
g,A
AÏg

ikjjjjohp@g, AD = 9X È
XÏg

X ¹ A ì s@A, XD Ý g ¹ Æ=y{zzzzE
PropositionA"G5.2.7", any@g, AD, with@A Ï gD,

is|cv@hp@g, AD, ohp@g, ADD í HP � g = hp@g, AD Ü ohp@g, ADL í "
P,Q
P¹Q

HP Î hp@g, AD ß Q Î ohp@g, AD Þ s@P, QD Ý g ¹ ÆLE
DefinitionA"G5.2.8",

"
g,A,B

His|ss@g, A, BD � HA Ï g ß B Î hp@g, ADLLE
DefinitionA"G5.2.9",

"
g,A,B

His|os@g, A, BD � HA Ï g ß B Î ohp@g, ADLLE
DefinitionA"G5.2.10",

"
A,B,P

is|tc@A,B,PD Hhp@A, B, PD = hp@l@A, BD, PDLE
DefinitionA"G5.2.11",

"
A,B,P

is|tc@A,B,PD Hohp@A, B, PD = ohp@l@A, BD, PDLE
Proposition@"G5.2.12", any@g, h, AD, with@A Ï gD,Hhp@g, AD = hp@h, ADL Þ Hg = hLD
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ã Incidence Theorems based on PSA

PropositionA"G5.3.1", any@g, A, BD, with@A Ï gD,
B Î hp@g, AD Þ Hhp@g, AD = hp@g, BDL "a"
B Î ohp@g, AD Þ Hhp@g, AD = ohp@g, BDL "b"

E
Proposition@"G5.3.2", any@g, A, BD, with@A Ï g ß B Ï gD,Hhp@g, BD = ohp@g, ADL Þ Hhp@g, AD = ohp@g, BDLD
Proposition@"G5.3.3", any@g, A, BD,

is|os@g, A, BD Þ Ø is|ss@g, A, BDD
PropositionA"G5.3.4", any@g, A, B, CD, with@is|os@g, A, BDD,

is|os@g, B, CD Þ is|ss@g, A, CD "a"
is|ss@g, B, CD Þ is|os@g, A, CD "b"

E
PropositionA"G5.3.5", any@g, A, BD, with@A Î g ß B Ï gD,

"
P

HP Î hl@A, BD Þ is|ss@g, B, PDLE
Proposition@"G5.3.6", any@g, A, B, CD, with@is|tc@A, B, CD ß A Ï g ß B Ï g ß C Ï gD,Hs@A, BD Ý g = ÆL ê Hs@B, CD Ý g = ÆL ê Hs@C, AD Ý g = ÆLD
Proposition@"G5.3.7", any@g, A, B, CD, with@is|tc@A, B, CD ß A Ï g ß B Ï g ß C Ï gD,

g Ý s@A, BD ¹ Æ Þ Hg Ý s@B, CD ¹ Æ ê g Ý s@A, CD ¹ ÆLD
PropositionA"G5.3.8", any@A, B, C, D, ED, with@is|tc@A, B, CDD,

is|b@A, B, DD ß is|b@B, E, CD Þ $
F

HF Î l@D, ED ß is|b@A, F, CDLE
PropositionA"G5.3.9", any@A, B, C, D, FD, with@is|tc@A, B, CDD,

is|b@A, B, DD ß is|b@A, F, CD Þ $
E

HE Î l@D, FD ß is|b@B, E, CD ß is|b@D, E, FDLE
PropositionA"G5.3.10", any@A, B, C, PD, with@is|tc@A, B, CDD,

$
Q,R
Q¹R

HQ Î ó@A, B, CD ß R Î ó@A, B, CD ß P Î l@Q, RDLE
Proposition@"G5.3.11", any@F , g, AD, with@is|cv@F D ì F ¹ Æ ì A Î F D,

F Ý g = Æ Þ F Í hp@g, ADD
� More Incidence Theorems and Quadrilaterals

ã Interior of Angles and Triangles

DefinitionA"G6.1.1",

"
A,V,B

is|tc@A,V,BD Hint@A, V, BD = hp@V, A, BD Ý hp@V, B, ADLE
PropositionA"G6.1.2", any@A, V, B, PD, with@is|tc@A, V, BDD,

P Î int@A, V, BD � His|ss@l@V, BD, A, PD ß is|ss@l@V, AD, B, PDL "a"
is|b@A, P, BD Þ P Î int@A, V, BD "b"

E
Proposition@"G6.1.3", any@A, B, CD, with@is|tc@A, B, CDD,

int@A, BD Í int@A, C, BDD
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Proposition@"G6.1.4", any@A, V, B, P, DD, with@is|tc@A, V, BD ß P Î int@A, V, BDD,
r@A, PD Ý r@V, BD = 8D< Þ is|b@A, P, DDD

Proposition@"G6.1.5", any@A, V, B, PD, with@is|tc@A, V, BDD,
P Î int@A, V, BD Þ r@V, PD Ý int@A, BD ¹ ÆD

Proposition@"G6.1.6", any@A, V, B, PD, with@is|tc@A, V, BDD,
r@V, PD Ý int@A, BD ¹ Æ Þ P Î int@A, V, BDD

Proposition@"G6.1.7", any@A, V, B, PD, with@is|tc@A, V, BD ß P Î hp@V, A, BDD,
P Î int@A, V, BD � is|os@l@V, PD, A, BDD

Proposition@"G6.1.8", any@A, V, B, C, PD, with@is|tc@A, V, BD ß P Î hp@V, A, BD ß is|b@A, V, CDD,
P Î int@A, V, BD � B Î int@C, V, PDD

PropositionA"G6.1.9", any@A, V, B, PD, with@is|tc@A, V, BD ß P Î hp@V, A, BDD,Þ! @Hr@V, PD = r@V, BDL, P Î int@A, V, BD, B Î int@A, V, PDDE
Proposition@"G6.1.10", any@A, V, B, C, D, ED, with@is|tc@A, V, BD ß is|tc@C, V, DDD,HÐ@A, V, BD = Ð@C, V, DDL ì r@V, ED Ý int@C, DD ¹ Æ Þ r@V, ED Ý int@A, BD ¹ ÆD
Proposition@"G6.1.11", any@A, B, C, D, E, FD, with@is|tc@A, B, CDD,

is|b@B, C, DD ß is|b@A, E, CD ß is|b@B, E, FD Þ F Î int@A, C, DDD
DefinitionA"G6.1.12",

"
A,V,B

is|tc@A,V,BD Har@A, V, BD = Ð@A, V, BD Ü int@A, V, BDLE
DefinitionA"G6.1.13",

"
A,V,B

is|tc@A,V,BD Hext@A, V, BD = P � ar@A, V, BDLE
DefinitionA"G6.1.14",

"
A,B,C

is|tc@A,B,CD Hit@A, B, CD = hp@A, B, CD Ý hp@B, C, AD Ý hp@C, A, BDLE
Proposition@"G6.1.15", any@A, B, C, VD, with@is|tc@A, V, BD ß is|tc@A, B, CDD,

is|cv@int@A, V, BDD ß is|cv@it@A, B, CDDD
Proposition@"G6.1.16", any@A, B, CD, with@is|tc@A, B, CDD,

it@A, B, CD = int@C, A, BD Ý int@A, B, CD Ý int@B, C, ADD
PropositionA"G6.1.17", any@g, A, B, CD, with@is|tc@A, B, CDD,

g Ý it@A, B, CD ¹ Æ Þ $
P,Q
P¹Q

Hg Ý ó@A, B, CD = 8P, Q<LE
ã Quadrilaterals

DefinitionA"G6.2.1",
"

A,B,C,D
His|qc@A, B, C, DD � His|tc@A, B, CD ß is|tc@B, C, DD ß

is|tc@C, D, AD ß is|tc@D, A, BD ß int@A, BD Ý int@C, DD = Æ ì int@B, CD Ý int@A, DD = ÆLLE
DefinitionA"G6.2.2",

"
A,B,C,D

is|qc@A,B,C,DD Há@A, B, C, DD = s@A, BD Ü s@B, CD Ü s@C, DD Ü s@D, ADLE
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Proposition@"G6.2.3", any@A, B, C, DD, with@is|qc@A, B, C, DDD,Há@A, B, C, DD = á@D, C, B, ADL ß Há@A, B, C, DD = á@B, C, D, ADL ßHá@A, B, C, DD = á@C, D, A, BDL ß Há@A, B, C, DD = á@D, A, B, CDLD
Proposition@"G6.2.4", any@A, B, C, DD,

is|qc@A, B, C, DD ß is|qc@A, B, D, CD Þ á@A, B, C, DD ¹ á@A, B, D, CDD
Proposition@"G6.2.5", any@A, B, C, D, E, F, G, HD, with@is|qc@A, B, C, DD ß is|qc@E, F, G, HDD,Há@A, B, C, DD = á@E, F, G, HDL Þ H8A, B, C, D< = 8E, F, G, H<LD
DefinitionA"G6.2.6",

"
A,B,C,D

His|cqc@A, B, C, DD �His|qc@A, B, C, DD ß A Î hp@B, C, DD ß B Î hp@C, D, AD ß C Î hp@D, A, BD ß D Î hp@A, B, CDLLE
Proposition@"G6.2.7", any@A, B, C, DD,

is|cqc@A, B, C, DD � His|qc@A, B, C, DD ß A Î int@B, C, DD ß B Î int@C, D, AD ß C Î int@D, A, BD ß D Î int@A, B, CDLD
Proposition@"G6.2.8", any@A, B, C, DD,

is|cqc@A, B, C, DD � His|qc@A, B, C, DD ì s@A, CD Ý s@B, DD ¹ ÆLD
DefinitionA"G6.2.9",

"
A,B,C,D

His|trc@A, B, C, DD � His|qc@A, B, C, DD ß l@A, BD þ l@C, DDLLE
DefinitionA"G6.2.10",

"
A,B,C,D

His|itc@A, B, C, DD � His|trc@A, B, C, DD ß s@A, DD > s@B, CDLLE
DefinitionA"G6.2.11",

"
A,B,C,D

His|pc@A, B, C, DD � His|trc@A, B, C, DD ß l@B, CD þ l@A, DDLLE
Proposition@"G6.2.12", any@A, B, C, DD,

is|pc@A, B, C, DD Þ is|cqc@A, B, C, DDD
� Angular Measure

ã Degree Measure of Angles and the Protractor Axiom

Definition@"G7.1.1",
A = 8Ð@A, V, BD È is|tc@A, V, BD<D

Axiom@"PA1",
Α : A�8x È 0 < x < 180<D

DefinitionA"G7.1.2",

"
A,V,B

is|tc@A,V,BD Hm@A, V, BD = ΑPÐ@A, V, BDTLE
DefinitionA"G7.1.3",

"
H ,V

i
kjjjjjjjjis|hl@H , VD � $

A
A¹V

HH = hl@V, ADLy
{zzzzzzzzE

AxiomA"PA2",

"
V,A,P

is|tc@V,A,PD "
r

0<r<180

$!
H

is|hl@H ,VD JH Í hp@V, A, PD í "
XÎH

Hm@A, V, XD = rLNE
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AxiomA"PA3",

"
V,A,B,C

is|tc@A,V,CD HB Î int@A, V, CD Þ Hm@A, V, BD + m@B, V, CD = m@A, V, CDLLE
Proposition@"G7.1.4", any@A, V, B, CD, with@is|tc@A, V, CD ß B Î hp@V, A, CDD,

m@A, V, BD < m@A, V, CD Þ B Î int@A, V, CDD
DefinitionA"G7.1.5",

"
A1 ,A2

His|sup@A1 , A2 D � HA1 Î A ß A2 Î A ß HΑPA1 T + ΑPA2 T = 180LLLE
DefinitionA"G7.1.6",

"
A1 ,A2

His|com@A1 , A2 D � HA1 Î A ß A2 Î A ß HΑPA1 T + ΑPA2 T = 90LLLE
Proposition@"G7.1.7", any@A1 , A2 D,

is|lp@A1 , A2 D Þ is|sup@A1 , A2 DD
Proposition@"G7.1.8", any@A, V, B, CD, with@is|tc@A, V, BD ß is|os@l@V, BD, A, CDD,Hm@A, V, BD + m@B, V, CD = 180L Þ is|b@A, V, CDD
Proposition@"G7.1.9", any@A, V, B, CD, with@is|tc@A, V, CD ß is|tc@B, V, CDD,Hm@A, V, BD + m@B, V, CD = m@A, V, CDL Þ B Î int@A, V, CDD
DefinitionA"G7.1.10",

"
A

His|aa@AD � HA Î A ß ΑPAT < 90LLE
DefinitionA"G7.1.11",

"
A

His|oa@AD � HA Î A ß ΑPAT > 90LLE
ã Congruence of Angles and Angle Bisector

DefinitionA"G7.2.1",

"
A1 ,A2

HA1 @ A2 � HA1 Î A ß A2 Î A ß HΑPA1 T = ΑPA2 TLLLE
Proposition@"G7.2.2", any@A, V, B, C, W, DD, with@is|tc@A, V, BD ß is|tc@C, W, DDD,

Ð@A, V, BD @ Ð@C, W, DD � Hm@A, V, BD = m@C, W, DDLD
Proposition@"G7.2.3", any@A, V, B, C, W, D, E, X, FD, with@is|tc@A, V, BD ß is|tc@C, W, DD ß is|tc@E, X, FDD,

Ð@A, V, BD @ Ð@A, V, BD ß HÐ@A, V, BD @ Ð@C, W, DD Þ Ð@C, W, DD @ Ð@A, V, BDL ßHÐ@A, V, BD @ Ð@C, W, DD ß Ð@C, W, DD @ Ð@E, X, FD Þ Ð@A, V, BD @ Ð@E, X, FDLD
PropositionA"G7.2.4", any@A, V, B, W, C, PD, with@is|tc@A, V, BD ß is|tc@W, C, PDD,

$!
H

 
i
kjjjjjjjjis|hl@H , WD í H Í hp@W, C, PD í "

D
DÎH

Ð@A, V, BD @ Ð@C, W, DDy
{zzzzzzzzE

PropositionA"G7.2.5", any@A, B, P, a, rD, with@is|tc@A, B, PD ß 0 < a < 180 ß r > 0D,
$!
C

 HC Î hp@A, B, PD ß Hm@A, B, CD = aL ß Hd@B, CD = rLLE
Proposition@"G7.2.6", any@A1 , V1 , B1 , C1 , A2 , V2 , B2 , C2 D,

with@is|tc@A1 , V1 , B1 D ß is|tc@A2 , V2 , B2 D ß C1 Î int@A1 , V1 , B1 D ß
C2 Î int@A2 , V2 , B2 D ß Ð@A1 , V1 , C1 D @ Ð@A2 , V2 , C2 DD,

Ð@A1 , V1 , B1 D @ Ð@A2 , V2 , B2 D � Ð@C1 , V1 , B1 D @ Ð@C2 , V2 , B2 DD
Proposition@"G7.2.7", any@A1 , A2 D,

is|pv@A1 , A2 D Þ A1 @ A2 D
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Proposition@"G7.2.8", any@A, B, C, D, VD, with@is|b@A, V, CD ß is|os@l@A, CD, B, DDD,
Ð@A, V, BD @ Ð@C, V, DD Þ is|b@B, V, DDD

DefinitionA"G7.2.9",

"
B,A,V,B

is|tc@A,V,BD
i
k
jjjjjjjjis|ab@B, A, V, BD � $

C
CÎint@A,V,BD HHB = r@V, CDL ß Ð@A, V, CD @ Ð@C, V, BDLy

{
zzzzzzzzE

PropositionA"G7.2.10", any@A, V, BD, with@is|tc@A, V, BDD,
$!
B

 is|ab@B, A, V, BDE
DefinitionA"G7.2.11",

"
A,V,B

is|tc@A,V,BD Jab@A, V, BD = Ι
B

 is|ab@B, A, V, BDNE
Proposition@"G7.2.12", any@A, V, B, PD,

P ¹ V ß P Î ab@A, V, BD Þ P Î int@A, V, BDD
ã Right Angles and Perpendicularity

DefinitionA"G7.3.1",

"
A

His|ra@AD � HA Î A ß HΑPAT = 90LLLE
Proposition@"G7.3.2", any@A1 , A2 D,

A1 @ A2 ß is|lp@A1 , A2 D Þ is|ra@A1 , A2 DD
Proposition@"G7.3.3", any@A, V, B, C, DD, with@is|tc@A, V, BD ß is|b@A, V, CD ß is|b@B, V, DDD,

is|ra@Ð@A, V, BDD Þ is|ra@Ð@C, V, BD, Ð@A, V, DD, Ð@C, V, DDDD
DefinitionA"G7.3.4",

"
g,h

Jg ¦ h � $
A

His|ra@AD ß A Í g Ü hLNE
Proposition@"G7.3.5", any@g, hD,

g ¦ h Þ h ¦ gD
PropositionA"G7.3.6", any@g, PD, with@P Î gD,

$!
h

 HP Î h ß h ¦ gLE
� Congruence for Triangles

ã The Penultimate Axiom SAS

DefinitionA"G8.1.1",
"

A,B,C,D,E,F
His|ctc@A, B, C, D, E, FD � His|tc@A, B, CD ß is|tc@D, E, FD ß s@A, BD > s@D, ED ß s@A, CD > s@D, FD ß
s@B, CD > s@E, FD ß Ð@C, A, BD @ Ð@F, D, ED ß Ð@A, B, CD @ Ð@D, E, FD ß Ð@B, C, AD @ Ð@E, F, DDLLE

Proposition@"G8.1.2", any@A, B, C, D, E, FD,His|ctc@A, B, C, D, E, FD � is|ctc@D, E, F, A, B, CDL ßHis|ctc@A, B, C, D, E, FD � is|ctc@B, C, A, E, F, DDL ß His|ctc@A, B, C, D, E, FD � is|ctc@C, B, A, F, E, DDLD
Proposition@"G8.1.3", any@A, B, C, D, E, F, G, H, ID,

is|ctc@A, B, C, A, B, CD ß His|ctc@A, B, C, D, E, FD Þ is|ctc@D, E, F, A, B, CDL ßHis|ctc@A, B, C, D, E, FD ß is|ctc@D, E, F, G, H, ID Þ is|ctc@A, B, C, G, H, IDLD
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DefinitionA"G8.1.4",

"
T1 ,T2

Jis|cg@T1 , T2 D �

$
A,B,C,D,E,F

HHT1 = ó@A, B, CDL ß HT2 = ó@D, E, FDL ß His|ctc@A, B, C, D, E, FD Þ is|ctc@A, C, B, D, E, FD Þ
is|ctc@B, A, C, D, E, FD Þ is|ctc@B, C, A, D, E, FD Þ is|ctc@C, A, B, D, E, FD Þ is|ctc@C, B, A, D, E, FDLLNE

Proposition@"G8.1.5", any@A, B, C, D, E, FD, with@is|tc@A, B, CD ß is|tc@D, E, FDD,
is|cg@ó@A, B, CD, ó@D, E, FDD � His|ctc@A, B, C, D, E, FD Þ is|ctc@A, C, B, D, E, FD Þ

is|ctc@B, A, C, D, E, FD Þ is|ctc@B, C, A, D, E, FD Þ is|ctc@C, A, B, D, E, FD Þ is|ctc@C, B, A, D, E, FDLD
AxiomA"SAS",

"
A,B,C,D,E,F

is|tc@A,B,CDßis|tc@D,E,FD Hs@A, BD > s@D, ED ß Ð@C, A, BD @ Ð@F, D, ED ß s@A, CD > s@D, FD Þ is|ctc@A, B, C, D, E, FDLE
ã The Basic Congruence Theorems

DefinitionA"G8.2.1",

"
A,B,C

His|iso@A, B, CD � His|tc@A, B, CD ß s@A, CD > s@B, CDLLE
DefinitionA"G8.2.2",

"
A,B,C

His|sca@A, B, CD � His|tc@A, B, CD ß Ø is|iso@A, B, CD ß Ø is|iso@B, C, AD ß Ø is|iso@C, A, BDLLE
Proposition@"G8.2.3", any@A, B, CD,

is|iso@A, B, CD Þ Ð@C, A, BD @ Ð@C, B, ADD
DefinitionA"G8.2.4",

"
A,B,C

His|eql@A, B, CD � His|iso@A, B, CD ß s@A, BD > s@A, CDLLE
DefinitionA"G8.2.5",

"
A,B,C

His|eqa@A, B, CD � is|tc@A, B, CD ß Ð@C, A, BD @ Ð@A, B, CD ß Ð@A, B, CD @ Ð@B, C, ADLE
Proposition@"G8.2.6", any@A, B, CD,

is|eql@A, B, CD Þ is|eqa@A, B, CDD
Proposition@"ASA", any@A, B, C, D, E, FD, with@is|tc@A, B, CD ß is|tc@D, E, FDD,

Ð@C, A, BD @ Ð@F, D, ED ß s@A, BD > s@D, ED ß Ð@C, B, AD @ Ð@F, E, DD Þ is|ctc@A, B, C, D, E, FDD
Proposition@"G8.2.7", any@A, B, CD, with@is|tc@A, B, CDD,

Ð@C, A, BD @ Ð@C, B, AD Þ is|iso@A, B, CDD
Proposition@"G8.2.8", any@A, B, CD,

is|eqa@A, B, CD Þ is|eql@A, B, CDD
Proposition@"SSS", any@A, B, C, D, E, FD, with@is|tc@A, B, CD ß is|tc@D, E, FDD,

s@A, BD > s@D, ED ß s@B, CD > s@E, FD ß s@C, AD > s@F, DD Þ is|ctc@A, B, C, D, E, FDD
� Geometric Inequalities

ã Exterior Angle Theorem and its Consequences, Perpendicular Bisector

PropositionA"G9.1.1", any@A, B, C, DD, with@is|tc@A, B, CDD,
is|b@D, A, BD Þ m@D, A, CD > m@B, C, AD "a"
is|b@D, A, BD Þ m@D, A, CD > m@A, B, CD "b"

E
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Proposition@"G9.1.2", any@A, B, CD,
is|iso@A, B, CD Þ is|aa@Ð@C, A, BDDD

Proposition@"SAA", any@A, B, C, D, E, FD, with@is|tc@A, B, CD ß is|tc@D, E, FDD,
s@A, BD > s@D, ED ß Ð@A, B, CD @ Ð@D, E, FD ß Ð@B, C, AD @ Ð@E, F, DD Þ is|ctc@A, B, C, D, E, FDD

PropositionA"G9.1.3", any@g, PD,
$!
h

 HP Î h ß h ¦ gLE
DefinitionA"G9.1.4",

"
P,g

Jpp@g, PD = Ι
h
 HP Î h ß h ¦ gLNE

DefinitionA"G9.1.5",

"
P,g

Hft@g, PD = i@g, pp@g, PDDLE
DefinitionA"G9.1.6",

"
g,A,B

His|pbs@g, A, BD � HA ¹ B ß mp@A, BD Î g ß g ¦ l@A, BDLLE
PropositionA"G9.1.7", any@A, BD, with@A ¹ BD,

$!
g

 is|pbs@g, A, BDE
DefinitionA"G9.1.8",

"
A,B
A¹B

ikjjjpb@A, BD = Ι
g
 is|pbs@g, A, BDy{zzzE

Proposition@"G9.1.9", any@A, B, XD, with@A ¹ BD,
d@X, AD = d@X, BD � X Î pb@A, BDD

PropositionA"G9.1.10", any@P, gD,
P Ï g Þ $!

Q
 is|pbs@g, P, QDE

Proposition@"G9.1.11", any@g, h, kD,
h ¦ g ß k ¦ g Þ h þ kD

Proposition@"G9.1.12", any@P, Q, RD, with@is|pd@P, Q, RDD,
is|col@P, Q, RD Þ pb@P, QD þ pb@Q, RDD

Proposition@"G9.1.13", any@A, B, C, FD, with@is|tc@A, B, CD ß HF = ft@l@A, BD, CDLD,
is|aa@Ð@B, A, CDD Þ F Î hl@A, BDD

ã Inequalities and Right Triangles

Proposition@"9.2.1", any@A, B, CD, with@is|tc@A, B, CDD,
d@A, BD > d@A, CD Þ m@A, C, BD > m@A, B, CDD

Proposition@"9.2.2", any@A, B, CD, with@is|tc@A, B, CDD,
m@B, C, AD > m@A, B, CD Þ d@A, BD > d@A, CDD

Proposition@"G9.2.3", any@A, B, CD,
is|tc@A, B, CD Þ d@A, BD + d@B, CD > d@A, CDD

Proposition@"G9.2.4", any@A, B, CD,
d@A, BD + d@B, CD ³ d@A, CDD

Proposition@"G9.2.5", any@A, B, CD,Hd@A, BD + d@B, CD = d@A, CDL � HHA ¹ C ß B Î s@A, CDL Þ HA = B = CLLD
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PropositionA"G9.2.6", any@A, B, MD, with@A ¹ BD,ikjjjd@A, MD =
d@A, BD
���������������������������

2
y{zzz í ikjjjd@B, MD =

d@A, BD
���������������������������

2
y{zzz Þ HM = mp@A, BDLE

PropositionA"G9.2.7", any@A, BD, with@A ¹ BD,
s@A, BD = 8X È Hd@A, XD + d@X, BD = d@A, BDL< "a"
r@A, BD = 8X È Hd@B, XD = È d@A, XD - d@A, BD ÈL< "b"

E
Proposition@"G9.2.8", any@A, B, CD,

is|tc@A, B, CD � Hd@A, BD + d@B, CD > d@A, CD ß d@A, CD + d@C, BD > d@A, BD ß d@B, AD + d@A, CD > d@B, CDLD
Proposition@"G9.2.9", any@A, B, C, DD, with@is|tc@A, B, CDD,

D Î tri@A, B, CD Þ d@A, DD + d@D, BD < d@A, CD + d@C, BD ß m@A, D, BD > m@A, C, BDD
Proposition@"G9.2.10", any@A, B, C, DD, with@is|tc@A, B, CDD,

is|b@A, D, BD ß d@B, CD ³ d@A, CD Þ d@D, CD < d@B, CDD
Proposition@"G9.2.11", any@A, B, C, D, E, FD, with@is|tc@A, B, CD ß is|tc@D, E, FDD,

s@A, BD > s@D, ED ß s@A, CD > s@D, FD ß m@C, A, BD > m@F, D, ED Þ s@B, CD > d@E, FDD
Proposition@"G9.2.12", any@A, B, C, D, E, FD, with@is|tc@A, B, CD ß is|tc@D, E, FDD,

s@A, BD > s@D, ED ß s@A, CD > s@D, FD ß d@B, CD > d@E, FD Þ m@C, A, BD > m@F, D, EDD
Proposition@"G9.2.13", any@A, B, CD, with@is|tc@A, B, CDD,

m@B, C, AD ³ 90 Þ is|aa@Ð@C, A, BD, Ð@A, B, CDDD
DefinitionA"G9.2.14",

"
A,B,C

His|rtc@A, B, CD � His|tc@A, B, CD ß l@A, CD ¦ l@B, CDLLE
Proposition@"G9.2.15", any@g, A, B, CD,HA Ï g ß HC = ft@g, ADL ß B ¹ C ß B Î gL Þ Hd@A, CD < d@A, BD ß d@B, CD < d@A, BDLD
DefinitionA"G9.2.16",

"
P,g

Hd@g, PD = d@P, ft@g, PDDLE
Proposition@"G9.2.17", any@A, B, C, FD, with@is|tc@A, B, CD ß HF = ft@l@A, BD, CDLD,

d@A, BD ³ d@A, CD ß d@A, BD ³ d@B, CD Þ is|b@A, F, BDD
Proposition@"G9.2.18", any@A, B, C, D, E, FD, with@is|rtc@A, B, CD ß is|rtc@D, E, FDD,

s@B, CD > s@E, FD ß s@A, BD > s@D, ED Þ is|ctc@A, B, C, D, E, FDD
Proposition@"G9.2.19", any@P, Q, RD,

is|pd@P, Q, RD Þ pb@P, QD ¹ pb@Q, RDD
Proposition@"G9.2.20", any@A, V, B, PD, with@P ¹ VD,

P Î ab@A, V, BD Þ Hd@l@V, AD, PD = d@l@V, BD, PDLD
Proposition@"G9.2.21", any@A, V, B, PD, with@P Î int@A, V, BDD,Hd@l@V, AD, PD = d@l@V, BD, PDL Þ Hft@l@V, AD, PD Î hl@V, AD ß ft@l@V, BD, PD Î hl@V, BDLD
Proposition@"G9.2.22", any@A, V, B, PD, with@P Î int@A, V, BDD,Hd@l@V, AD, PD = d@l@V, BD, PDL Þ P Î ab@A, V, BDD
PropositionA"G9.2.23", any@A, B, CD, with@is|tc@A, B, CDD,

$
P

Hab@C, A, BD Ý ab@A, B, CD Ý ab@B, C, AD = 8P<LE
DefinitionA"G9.2.24",

"
A,B,C

is|tc@A,B,CD Jinc@A, B, CD = Ι
P

 Hab@C, A, BD Ý ab@A, B, CD Ý ab@B, C, AD = 8P<LNE
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Proposition@"G9.2.25", any@A, B, C, PD, with@is|tc@A, B, CDD,HP = inc@A, B, CDL Þ HP Î it@A, B, CD ß Hd@l@A, BD, PD = d@l@B, CD, PDL ß Hd@l@B, CD, PD = d@l@A, CD, PDLLD
� Reflections

ã Introducing Isometries

DefinitionA"G10.1.1",

"
j

ikjjis|iso@jD � ikjjHj : P�PL í "
P,Q

Hd@jPPT, jPQTD = d@P, QDLy{zzy{zzE
Definition@"G10.1.2",

I = 8j È is|iso@jD<D
Definition@"G10.1.3",

id = 8XX, X\ È X Î P<D
PropositionA"G10.1.4", any@jD,

is|iso@jD Þ Jj : P�
inj

PNE
Proposition@"G10.1.5", any@j, A, B, CD,

is|iso@jD Þ His|b@A, B, CD � is|b@jPAT, jPBT, jPCTDLD
Proposition@"G10.1.6", any@j, A, B, CD,

is|iso@jD Þ His|tc@A, B, CD � is|tc@jPAT, jPBT, jPCTDLD
Proposition@"G10.1.7", any@j, A, B, CD, with@is|tc@A, B, CDD,

is|iso@jD Þ Hm@A, B, CD = m@jPAT, jPBT, jPCTDLD
PropositionA"G10.1.8", any@jD,

is|iso@jD Þ Jj : P�
surj

PNE
DefinitionA"G10.1.9",

"
j,F

j:P�P

Ha@j, F D = 8jPPT È P Î F <LE
Proposition@"G10.1.10", any@j, gD,

is|iso@jD Þ a@j, gD Î LD
PropositionA"G10.1.11", any@j, ΨD, with@is|iso@jDD,HΨ = 8Xg, a@j, gD\ È g Î L<L Þ JΨ : L�

bij
LNE

Proposition@"G10.1.12", any@j, A, BD, with@A ¹ BD,
is|iso@jD Þ Ha@j, s@A, BDD = s@jPAT, jPBTDLD

Proposition@"G10.1.13", any@j, A, BD, with@A ¹ BD,
is|iso@jD Þ Ha@j, r@A, BDD = r@jPAT, jPBTDLD

Proposition@"G10.1.14", any@j, ΨD,
is|iso@j, ΨD Þ is|iso@Ψë jDD

Proposition@"G10.1.15", any@jD,
is|iso@jD Þ is|iso@j-1 DD
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ã Reflection in a Line

DefinitionA"G10.2.1",

"
Ρ,g

i
k
jjjjjjjjjis|rf@Ρ, gD �

i
k
jjjjjjjjjHΡ : P�PL í "

P
PÎg

HΡPPT = PL í "
P

PÏg

is|pbs@g, P, ΡPPTDy
{
zzzzzzzzzy

{
zzzzzzzzzE

PropositionA"G10.2.2", any@gD,
$!
Ρ

 is|rf@Ρ, gDE
DefinitionA"G10.2.3",

"
g

ikjjr@gD = Ι
Ρ
 is|rf@Ρ, gDy{zzE

DefinitionA"G10.2.4",

"
j

His|inv@jD � HHj : P�PL ß j ¹ idL ß Hjë j = idLLE
Proposition@"G10.2.5", any@Ρ, gD,

is|rf@Ρ, gD Þ is|inv@ΡDD
PropositionA"G10.2.6", any@Ρ, gD,

is|rf@Ρ, gD Þ "
P

PÏg

Ha@Ρ, hp@g, PDD = ohp@g, PDL "a"

is|rf@Ρ, gD Þ "
P

PÏg

Ha@Ρ, ohp@g, PDD = hp@g, PDL "b"
E

PropositionA"G10.2.7", any@Ρ, g, hD, with@is|rf@Ρ, gDD,
"
X

XÎh

HΡPXT = XL � Hg = hLE
Proposition@"G10.2.8", any@Ρ, g, hD, with@is|rf@Ρ, gDD,Ha@Ρ, hD = hL � HHg = hL Þ h ¦ gLD
Proposition@"G10.2.9", any@Ρ, gD,

is|rf@Ρ, gD Þ is|iso@ΡDD
PropositionA"G10.2.10", any@j, gD, with@is|iso@jDD,

$
A,B

A¹BßAÎgßBÎg

HHjPAT = AL ß HjPBT = BLL Þ "
X

XÎg

HjPXT = XLE
PropositionA"G10.2.11", any@jD, with@is|iso@jDD,

$
A,B,C

is|tc@A,B,CD HHjPAT = AL ß HjPBT = BL ß HjPCT = CLL Þ Hj = idLE
ã The Most General Concept of Congruence, Symmetry

PropositionA"G10.3.1", any@A, B, C, D, E, FD,
is|ctc@A, B, C, D, E, FD Þ $!

j
is|iso@jD HHjPAT = DL ß HjPBT = EL ß HjPCT = FLLE
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PropositionA"G10.3.2", any@jD,
is|iso@jD Þ

i
k
jjjjjjjjjjHj = idL ë $

g
Hj = r@gDL ë $

g,h
g¹h

Hj = r@gDër@hDL ë $
g,h,k

is|pd@g,h,kD Hj = r@gDër@hDër@kDLy
{
zzzzzzzzzzE

PropositionA"G10.3.3", any@jD, with@is|iso@jDD,
$
P

HjPPT = PL Þ Hj = idL ë $
g

Hj = r@gDL ë $
g,h

g¹h

Hj = r@gDër@hDLE
PropositionA"G10.3.4", any@j, gD, with@is|iso@jDD,i

k
jjjjjjjjj $

A,B
A¹BßAÎgßBÎg

HHjPAT = AL ß HjPBT = BLLy
{
zzzzzzzzz � HHj = idL Þ Hj = r@gDLLE

Proposition@"G10.3.5", any@j, A, BD, with@is|iso@jD ß A ¹ BD,HjPAT = BL ß HjPBT = AL Þ HjPmp@A, BDT = mp@A, BDLD
PropositionA"G10.3.6", any@A, B, D, ED, with@A ¹ B ß D ¹ ED,

s@A, BD > s@D, ED � $
j

is|iso@jD Ha@j, s@A, BDD = s@D, EDLE
PropositionA"G10.3.7", any@A, B, C, D, E, FD, with@is|tc@A, B, CD ß is|tc@D, E, FDD,

Ð@A, B, CD @ Ð@D, E, FD � $
j

is|iso@jD Ha@j, Ð@A, B, CDD = Ð@D, E, FDLE
PropositionA"G10.3.8", any@A, B, C, D, E, FD, with@is|tc@A, B, CD ß is|tc@D, E, FDD,

is|cg@ó@A, B, CD, ó@D, E, FDD � $
j

is|iso@jD Ha@j, ó@A, B, CDD = ó@D, E, FDLE
DefinitionA"G10.3.9",

"
F1 ,F2

i
k
jjjjjjjjjjF1 º F2 � $

j
is|iso@jD HF2 = a@j, F1 DLy

{
zzzzzzzzzzE

Proposition@"G10.3.10", any@F1 , F2 , F3 D,
F1 º F1 ß HF1 º F2 Þ F2 º F1 L ß HF1 º F2 ß F2 º F3 Þ F1 º F3 LD

DefinitionA"G10.3.11",

"
g,F1 ,F2

His|los@g, F1 , F2 D � HF2 = a@r@gD, F1 DLLE
DefinitionA"GG10.3.12",

"
g,F

His|sym@g, F D � is|los@g, F , F DLE
� Circles

ã Introducing Circles

DefinitionA"G11.1.1",

"
C,r
r>0

Hc@C, rD = 8X È d@C, XD = r<LE
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DefinitionA"G11.1.2",

"
R,C,A,r

His|rad@R, A, C, rD � Hr > 0 ß A Î c@C, rD ß HR = s@C, ADLLLE
DefinitionA"G11.1.3",

"
C,A,B,C,r

His|cho@C, A, B, C, rD � Hr > 0 ß A ¹ B ß A Î c@C, rD ß B Î c@C, rD ß HC = s@A, BDLLLE
DefinitionA"G11.1.4",

"
D,A,B,C,r

His|dia@D, A, B, C, rD � His|cho@D, A, B, C, rD ß is|b@A, C, BDLLE
DefinitionA"G11.1.5",

"
d,C,C,r

His|di@d, C, C, rD � Hr > 0 ß HC = c@C, rDL ß Hd = 2 rLLLE
DefinitionA"G11.1.6",

"
g,A,B,C,r

His|sec@g, A, B, C, rD � Hr > 0 ß A ¹ B ß A Î c@C, rD ß B Î c@C, rD ß Hg = l@A, BDLLLE
DefinitionA"G11.1.7",

"
g,P,C,r

His|tg@g, P, C, rD � Hr > 0 ß g Ý c@C, rD = 8P<LLE
DefinitionA"G11.1.8",

"
C,r
r>0

Hint@C, rD = 8X È d@C, XD < r<LE
DefinitionA"G11.1.9",

"
C,r
r>0

Hext@C, rD = 8X È d@C, XD > r<LE
DefinitionA"G11.1.10",

"
C1 ,C2 ,C,r1 ,r2

His|con@C1 , C2 , C, r1 , r2 D � Hr1 > 0 ß r2 > 0 ß HC1 = c@C, r1 DL ß HC2 = c@C, r2 DLLLE
DefinitionA"G11.1.11",

"
P,Q,R,C,r

His|coc@P, Q, R, C, rD � Hr > 0 ß is|pd@P, Q, RD ß P Î c@C, rD ß Q Î c@C, rD ß R Î c@C, rDLLE
DefinitionA"G11.1.12",

"
A,B,C

is|tc@A,B,CD Hinr@A, B, CD = d@l@A, BD, inc@A, B, CDDLE
DefinitionA"G11.1.13",

"
A,B,C

is|tc@A,B,CD Hicc@A, B, CD = c@inc@A, B, CD, inr@A, B, CDDLE
ã First Propositions on Circles

Proposition@"G11.2.1", any@C, A, B, C, rD,
is|cho@C, A, B, C, rD Þ C Î pb@A, BDD

Proposition@"G11.2.2", any@C, A, B, M, C, rD, with@is|cho@C, A, B, C, rD ß C Ï CD,HM = mp@A, BDL Þ l@C, MD ¦ l@A, BDD
Proposition@"G11.2.3", any@C, A, B, C, rD, with@is|cho@C, A, B, C, rDD,

pp@l@A, BD, CD Ý C = 8mp@A, BD<D
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Proposition@"G11.2.4", any@C1 , C2 , P, Q, R, C, rD, with@P ¹ RD,
is|cho@C1 , P, Q, C, rD ß is|cho@C2 , Q, R, C, rD Þ pb@P, QD Ý pb@Q, RD = 8C<D

Proposition@"G11.2.5", any@P, Q, R, C, rD,
is|coc@P, Q, R, C, rD Þ is|tc@P, Q, RDD

Proposition@"G11.2.6", any@P, Q, R, C1 , r1 , C2 , r2 D,
is|coc@P, Q, R, C1 , r1 D ß is|coc@P, Q, R, C2 , r2 D Þ HHC1 = C2 L ß Hr1 = r2 LLD

Proposition@"G11.2.7", any@P, Q, R, C, rD,
is|coc@P, Q, R, C, rD ß is|col@P, Q, RD Þ HHR = PL Þ HR = QLLD

PropositionA"G11.2.8", any@C, rD, with@r > 0D,
$

P,Q,R
His|coc@P, Q, R, C, rDLE

Proposition@"G11.2.9", any@C1 , r1 , C2 , r2 D, with@r1 > 0 ß r2 > 0D,Hc@C1 , r1 D = c@C2 , r2 DL Þ HHC1 = C2 L ß Hr1 = r2 LLD
Proposition@"G11.2.10", any@P, Q, R, C1 , r1 , C2 , r2 D, with@r1 > 0 ß r2 > 0 ß c@C1 , r1 D ¹ c@C2 , r2 DD,

is|coc@P, Q, R, C1 , r1 D ß is|coc@P, Q, R, C2 , r2 D Þ HHR = PL Þ HR = QLLD
PropositionA"G11.2.11", any@P, C, rD, with@r > 0D,

P Î c@C, rD Þ "
X

XÎc@C,rD $
g

HC Î g ß HX = r@gDPPTLLE
PropositionA"G11.2.12", any@X, P, C, rD, with@r > 0 ß P Î c@C, rDD,

$
g

HC Î g ß HX = r@gDPPTLL Þ X Î c@C, rDE
Proposition@"G11.2.13", any@g, C, rD, with@r > 0D,

C Î g � is|sym@g, c@C, rDDD
Proposition@"G11.2.14", any@g, P, C, rD, with@r > 0 ß P Î c@C, rDD,

g = pp@l@C, PD, PD � is|tg@g, P, C, rDD
PropositionA"G11.2.15", any@P, C, rD, with@r > 0 ß P Î c@C, rDD,

$!
g

 is|tg@g, P, C, rDE
PropositionA"G11.2.16", any@g, P, C, rD, with@r > 0D,

is|tg@g, P, C, rD Þ "
X

XÎg

X Ï int@C, rDE
Proposition@"G11.2.17", any@C, A, B, C, rD,

is|cho@C, A, B, C, rD Þ d@A, BD £ 2 rD
Proposition@"G11.2.18", any@C, A, B, C, rD, with@is|cho@C, A, B, C, rDD,

is|dia@C, A, B, C, rD � Hd@A, BD = 2 rLD
Proposition@"G11.2.19", any@j, C, rD, with@r > 0D,

is|iso@jD Þ Ha@j, c@C, rDD = c@jPCT, rDLD
Proposition@"G11.2.20", any@j, g, P, C, rD, with@is|iso@jDD,

is|tg@g, P, C, rD Þ is|tg@a@j, gD, jPPT, jPCT, rDD
Proposition@"G11.2.21", any@C1 , r1 , C2 , r2 D, with@r1 > 0 ß r2 > 0D,

c@C1 , r1 D º c@C2 , r2 D � Hr1 = r2 LD
Proposition@"G11.2.22", any@C1 , C2 , A, B, D, E, C1 , C2 , rD, with@is|cho@C1 , A, B, C1 , rD ß is|cho@C2 , D, E, C2 , rDD,

C1 > C2 � Hdi@l@A, BD, C1 D = di@l@D, ED, C2 DLD
Proposition@"G11.2.23", any@C, rD, with@r > 0D,

is|cv@c@C, rDDD
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Proposition@"G11.2.24", any@U, V, W, X, Y, Z, g, h, k, C, rD,
with@is|tc@U, V, WD ß Hg = l@U, VDL ß Hh = l@V, WDL ß Hk = l@W, UDL ßHX = ft@g, CDL ß HY = ft@h, CDL ß HZ = ft@k, CDL ß HC = inc@U, V, WDL ß Hr = inr@U, V, WDLD,His|tg@g, X, C, rD ß is|tg@h, Y, C, rD ß is|tg@k, Z, C, rDLD

ã The Two−Circle−Theorem

PropositionA"G11.3.1", any@C, P, Q, rD, with@r > 0 ß is|tc@C, P, QDD,
l@P, QD ¦ l@C, PD ß d@C, PD < r Þ $!

T
 HT Î r@P, QD ß Hd@C, TD = rLLE

Proposition@"G11.3.2", any@S, Q, C, rD, with@r > 0D,
S Î int@C, rD ß Q Î ext@C, rD Þ c@C, rD Ý s@S, QD ¹ ÆD

PropositionA"G11.3.3", any@g, C, rD, with@r > 0D,
g Ý int@C, rD ¹ Æ Þ $

A,B
A¹B

HA Î g Ý c@C, rD ß B Î g Ý c@C, rDLE
PropositionA"G11.3.4", any@g, C, rD, with@r > 0D,

g Ý int@C, rD ¹ Æ Þ $
A,B
A¹B

Hg Ý c@C, rD = 8A, B<LE
PropositionA"G11.3.5", any@V, P, C, rD, with@r > 0 ß V ¹ PD,

V Î int@C, rD Þ $
A

Hr@V, PD Ý c@C, rD = 8A<LE
DefinitionA"G11.3.6", any@V, P, C, rD, with@V ¹ P ß r > 0 ß V Î int@C, rDD,

irc@V, P, C, rD = Ι
X

 HX Î r@V, PD Ý c@C, rDLE
PropositionA"G11.3.7", any@P, C, rD, with@r > 0 ß P Î ext@C, rDD,

$
P,Q,R

is|tc@P,Q,RD His|tg@l@P, QD, Q, C, rD ß is|tg@l@P, RD, R, C, rD ß s@P, QD > s@P, RDLE
Proposition@"G11.3.8", any@P, Q, R, S, C, rD, with@r > 0 ß P Î ext@C, rD ß is|tc@P, Q, RD ß P ¹ SD,

is|tg@l@P, QD, Q, C, rD ß is|tg@l@P, RD, R, C, rD ß is|tg@l@P, SD, S, C, rD Þ HHS = QL Þ HS = RLLD
Proposition@"G11.3.9", any@A, B, C, D, E, FD, with@is|rtc@A, B, CD ß is|rtc@D, E, FDD,Hd@A, BD = d@D, EDL ß d@A, CD > d@D, FD Þ d@B, CD < d@E, FDD
Proposition@"G11.3.10", any@D, C1 , C2 , A, B, P, R, Q, S, X, Y, C, rD,

with@is|dia@D, A, B, C, rD ß is|cho@C1 , P, R, C, rD ß is|cho@C2 , Q, S, C, rD ß
l@P, RD ¦ l@A, BD ß l@Q, SD ¦ l@A, BD ß HD Ý C1 = 8X<L ß HD Ý C2 = 8Y<LD,

is|b@C, X, YD Þ r > d@P, XD > d@Q, YDD
PropositionA"G11.3.11", any@a, b, cD, with@a > 0 ß b > 0 ß c > 0D,i

k
jjjjjjjjj $

A,B,C
is|tc@A,B,CD HHd@A, BD = cL ß Hd@B, CD = aL ß Hd@C, AD = bLLy

{
zzzzzzzzz � Ha < b + c ß b < a + c ß c < a + bLE

PropositionA"G11.3.12", any@A, B, a, b, cD, with@a > 0 ß b > 0 ß c > 0 ß Hd@A, BD = cLD,
a < b + c ß b < a + c ß c < a + b Þ $

P,Q
P¹Q

HHc@A, bD Ý c@B, aD = 8P, Q<L ß is|os@l@A, BD, P, QDLE
DefinitionA"G11.3.13", any@P, C1 , C2 , r1 , r2 D,

with@is|tc@C1 , C2 , PD ß r1 > 0 ß r2 > 0 ß d@C1 , C2 D < r1 + r2 ß r1 < r2 + d@C1 , C2 D ß r2 < r1 + d@C1 , C2 DD,
icc@M1 , r1 , M2 , r2 , PD = Ι

X
 HX Î c@C1 , r1 D ß X Î c@C2 , r2 D ß X Î hp@C1 , C2 , PDLE
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� More of Absolute Geometry

ã Sufficient Conditions for Parallelism

PropositionA"G12.1.1", any@g, PD, with@P Ï gD,
$
h

HP Î h ß g þ hLE
DefinitionA"G12.1.2",

"
g,h,V,W

His|trc@g, h, V, WD � HV ¹ W ß V Î g ß W Î h ß is|pd@g, h, l@V, WDDLLE
Definition@"G12.1.3", any@A1 , A2 , g, h, V, W, X, YD,

is|pai@A1 , A2 , g, h, V, W, X, YD �His|trc@g, h, V, WD ß X Î g ß Y Î h ß is|os@l@V, WD, X, YD ß HA1 = Ð@X, V, WDL ß HA2 = Ð@V, W, YDLLD
PropositionA"G12.1.4", any@A1 , A2 , g, h, V, W, X, YD, with@is|pai@A1 , A2 , g, h, V, W, X, YDD,

A1 @ A2 Þ $
k

Hk ¦ g ß k ¦ hLE
Proposition@"G12.1.5", any@A1 , A2 , g, h, V, W, X, YD, with@is|pai@A1 , A2 , g, h, V, W, X, YDD,

A1 @ A2 Þ g þ hD
Definition@"G12.1.6", any@C1 , C2 , g, h, V, W, X, Y, A1 , A2 D,

is|pca@C1 , C2 , g, h, V, W, X, Y, A1 , A2 D � His|pai@A1 , A2 , g, h, V, W, X, YD ß HC1 = A1 L ß is|pva@C2 , A2 DLD
Proposition@"G12.1.7", any@C1 , C2 , g, h, V, W, X, Y, A1 , A2 D, with@is|pca@C1 , C2 , g, h, V, W, X, Y, A1 , A2 DD,

C1 @ C2 � A1 @ A2 D
Proposition@"G12.1.8", any@C1 , C2 , g, h, V, W, X, Y, A1 , A2 D, with@is|pca@C1 , C2 , g, h, V, W, X, Y, A1 , A2 DD,

C1 @ C2 Þ g þ hD
Proposition@"G12.1.9", any@A, B, C, DD, with@B ¹ C ß is|ss@l@B, CD, A, DDD,Hm@A, B, CD + m@B, C, DD = 180L Þ l@A, BD þ l@C, DDD
Proposition@"G12.1.10", any@A, B, C, DD, with@is|qc@A, B, C, DDD,Hd@A, BD = d@C, DDL ß Hd@B, CD = d@D, ADL Þ is|pc@A, B, C, DDD
Proposition@"G12.1.11", any@A, B, C, DD, with@is|qc@A, B, C, DDD,

Ð@D, A, BD @ Ð@B, C, DD ß Ð@A, B, CD @ Ð@C, D, AD Þ is|pc@A, B, C, DDD
Proposition@"G12.1.12", any@A, B, C, DD, with@is|cqc@A, B, C, DDD,Hmp@A, CD = mp@B, DDL Þ is|pc@A, B, C, DDD
Proposition@"G12.1.13", any@A, B, C, DD, with@is|trc@A, B, C, DDD,

d@A, BD = d@B, CD Þ is|pc@A, B, C, DDD
ã Saccheri Quadrilaterals

Proposition@"G12.2.1", any@A, B, C, DD, with@is|qc@A, B, C, DDD,
is|ra@Ð@B, A, DD, Ð@A, D, CDD Þ is|cqc@A, B, C, DDD

Proposition@"G12.2.2", any@A, B, C, DD, with@is|qc@A, B, C, DD ß is|ra@Ð@B, A, DD, Ð@A, D, CDDD,Hd@A, BD = d@C, DDL Þ Hm@A, B, CD = m@D, C, BDLD
Proposition@"G12.2.3", any@A, B, C, DD, with@is|qc@A, B, C, DD ß is|ra@Ð@B, A, DD, Ð@A, D, CDDD,

d@A, BD < d@C, DD Þ m@A, B, CD > m@D, C, BDD
Proposition@"G12.2.4", any@A, B, C, DD, with@is|qc@A, B, C, DD ß is|ra@Ð@B, A, DD, Ð@A, D, CDDD,

d@A, BD > d@C, DD Þ m@A, B, CD < m@D, C, BDD
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Proposition@"G12.2.5", any@A, B, C, DD, with@is|qc@A, B, C, DD ß is|ra@Ð@B, A, DD, Ð@A, D, CDDD,Hd@A, BD = d@C, DDL � Hm@A, B, CD = m@D, C, BDLD
Proposition@"G12.2.6", any@A, B, C, DD, with@is|qc@A, B, C, DD ß is|ra@Ð@B, A, DD, Ð@A, D, CDDD,

d@A, BD < d@C, DD � m@A, B, CD > m@D, C, BDD
Proposition@"G12.2.7", any@A, B, C, DD, with@is|qc@A, B, C, DD ß is|ra@Ð@B, A, DD, Ð@A, D, CDDD,

d@A, BD > d@C, DD � m@A, B, CD < m@D, C, BDD
DefinitionA"G12.2.8",

"
A,B,C,D

His|rec@A, B, C, DD � His|qc@A, B, C, DD ß is|ra@Ð@B, A, DD, Ð@A, D, CD, Ð@D, C, BD, Ð@C, B, ADDLLE
DefinitionA"G12.2.9",

"
A,B,C,D

His|sqc@A, B, C, DD � His|qc@A, B, C, DD ß is|ra@Ð@B, A, DD, Ð@A, D, CDD ß Hd@A, BD = d@C, DDLLLE
Proposition@"G12.2.10", any@A, B, C, DD,

is|sqc@A, B, C, DD Þ is|cqc@A, B, C, DDD
Proposition@"G12.2.11", any@A, B, C, DD,

is|sqc@A, B, C, DD Þ HHm@A, B, CD = m@D, C, BDL ß Hd@A, CD = d@B, DDLLD
Proposition@"G12.2.12", any@A, B, C, DD,

is|rec@A, B, C, DD Þ HHd@A, BD = d@C, DDL ß Hd@A, DD = d@B, CDLLD
Proposition@"G12.2.13", any@A, B, C, D, M, ND, with@is|sqc@A, B, C, DDD,HM = mp@B, CDL ß HN = mp@A, DDL Þ Hl@M, ND ¦ l@A, DD ß l@M, ND ¦ l@B, CDLD
Proposition@"G12.2.14", any@A, B, C, DD,

is|sqc@A, B, C, DD Þ Hpb@A, DD = pb@B, CDLD
Proposition@"G12.2.15", any@A, B, C, DD,

is|sqc@A, B, C, DD Þ is|trc@A, D, C, BDD
Proposition@"G12.2.16", any@A, B, C, DD,

is|sqc@A, B, C, DD Þ is|pc@A, B, C, DDD
Proposition@"G12.2.17", any@A, B, C, D, M, N, F, GD, with@is|sqc@A, B, C, DDD,HM = mp@B, CDL ß HN = mp@A, DDL ß HF = mp@A, BDL ß HG = mp@C, DDL Þ l@M, ND ¦ l@F, GDD
Proposition@"G12.2.18", any@g, P, QD, with@P ¹ Q ß is|ss@g, P, QDD,Hd@g, PD = d@g, QDL Þ g þ l@P, QDD
DefinitionA"G12.2.19",

"
g,h

i
k
jjjjjjjjjjis|eqd@g, hD � "

P,Q
PÎgßQÎg

Hd@h, PD = d@h, QDLy
{
zzzzzzzzzzE

Proposition@"G12.2.20", any@g, hD,
is|eqd@g, hD Þ is|eqd@h, gDD

Proposition@"G12.2.21", any@g, hD,
is|eqd@g, hD Þ g þ hD

Proposition@"G12.2.22", any@A, B, C, X, Y, Z, hD,
with@Ø is|col@h, A, B, CD ß is|b@A, B, CD ß X = ft@h, AD ß Y = ft@h, BD ß Z = ft@h, CDD,Hd@A, XD = d@B, YDL ß Hd@B, YD = d@C, ZDL Þ is|rec@X, A, C, ZDD

Proposition@"G12.2.23", any@A, B, C, P, hD, with@is|b@A, B, CD ß Hd@h, AD = d@h, BDL ß Hd@h, BD = d@h, CDLD,
is|b@A, P, CD Þ Hd@h, PD = d@h, ADLD

PropositionA"G12.2.24", any@g, hD,J $
A,B,C

His|pd@A, B, CD ß is|col@g, A, B, CD ß Hd@h, AD = d@h, BDL ß Hd@h, BD = d@h, CDLLN Þ is|eqd@g, hDE
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DefinitionA"G12.2.25",

"
g,h

is|eqd@g,hD
i
k
jjjjjjjjjd@g, hD = Ι

x
 "

P
PÎg

Hx = d@h, PDLy
{
zzzzzzzzzE

ã The Theory of Parallels

PropositionA"G12.3.1",

"
A,B,C,D

B¹Cßis|ss@l@B,CD,A,DD Hl@A, BD þ l@C, DD Þ Hm@A, B, CD + m@B, C, DD = 180LLE
PropositionA"EPP",

"
A,B,C,D

B¹Cßis|ss@l@B,CD,A,DD Hm@A, B, CD + m@B, C, DD < 180 Þ r@B, AD Ý r@C, DD ¹ ÆLE
PropositionA"PPP",

"
g,P
PÏg

$!
h

 HP Î h ß g þ hLE
PropositionA"G12.3.2",

"
A,B,C,D

B¹Cßis|ss@l@B,CD,A,DD Hm@A, B, CD + m@B, C, DD < 180 Þ r@B, AD Ý r@C, DD ¹ ÆL Þ

"
A,B,C,D

B¹Cßis|ss@l@B,CD,A,DD Hl@A, BD þ l@C, DD Þ Hm@A, B, CD + m@B, C, DD = 180LLE
PropositionA"G12.3.3",

"
A,B,C,D

B¹Cßis|ss@l@B,CD,A,DD Hl@A, BD þ l@C, DD Þ Hm@A, B, CD + m@B, C, DD = 180LL Þ "
g,P
PÏg

$!
h

 HP Î h ß g þ hLE
PropositionA"G12.3.4",

"
g,P
PÏg

$!
h

 HP Î h ß g þ hL Þ "
A,B,C,D

B¹Cßis|ss@l@B,CD,A,DD Hm@A, B, CD + m@B, C, DD < 180 Þ r@B, AD Ý r@C, DD ¹ ÆLE
� Classical Results of Euclidean Geometry

ã The Euclidean Parallel Axiom and Immediate Consequences

AxiomA"EPA",

"
P,g,h,k

PÏg

HP Î h ß g þ h ß P Î k ß g þ k ß Þ Hh = kLLE
PropositionA"PPP",

"
g,P
PÏg

$!
h

 HP Î h ß g þ hLE
DefinitionA"G13.1.1",

"
P,g

Jp@g, PD = Ι
h
 HP Î h ß g þ hLNE
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Proposition@"G13.1.2", any@g, h, kD,
g þ h ß h þ k Þ g þ kD

Proposition@"G13.1.3", any@A1 , A2 , g, h, V, W, X, YD, with@is|pai@A1 , A2 , g, h, V, W, X, YDD,
g þ h Þ A1 @ A2 D

Proposition@"G13.1.4", any@C1 , C2 , g, h, V, W, X, Y, A1 , A2 D, with@is|pca@C1 , C2 , g, h, V, W, X, Y, A1 , A2 DD,
g þ h Þ C1 @ C2 D

Proposition@"G13.1.5", any@g, h, kD,
g ¹ k ì g þ h ì g Ý k ¹ Æ Þ h Ý k ¹ ÆD

Proposition@"G13.1.6", any@g, h, kD,
g þ h ß k ¦ g Þ k ¦ hD

Proposition@"G13.1.7", any@A, B, C, DD,
is|sqc@A, B, C, DD Þ is|rec@A, B, C, DDD

Proposition@"G13.1.8", any@g, hD,
g þ h Þ is|eqd@g, hDD

Proposition@"G13.1.9", any@a, b, g, hD,
a þ b ß g ¦ a ß h ¦ b Þ g þ hD

PropositionA"G13.1.10", any@A, B, CD,
is|tc@A, B, CD Þ $

P
Hpb@A, CD Ý pb@B, CD = 8P<LE

Proposition@"G13.1.11", any@A, B, CD,
is|tc@A, B, CD Þ Hm@B, A, CD + m@A, B, CD + m@B, C, AD = 180LD

ã Theorems about Triangles and Quadrilaterals

PropositionA"G13.2.1", any@A, B, CD, with@is|tc@A, B, CDD,
$
P

Hpb@A, BD Ý pb@B, CD Ý pb@C, AD = 8P<LE
DefinitionA"G13.2.2",

"
A,B,C

is|tc@A,B,CD Jcc@A, B, CD = Ι
P

 Hpb@A, BD Ý pb@B, CD Ý pb@C, AD = 8P<LNE
Proposition@"G13.2.3", any@A, B, C, PD, with@is|tc@A, B, CDD,HP = cc@A, B, CDL Þ HHd@A, PD = d@B, PDL ß Hd@B, PD = d@C, PDLLD
DefinitionA"G13.2.4",

"
A,B,C

is|tc@A,B,CD Hccr@A, B, CD = d@A, cc@A, B, CDDLE
DefinitionA"G13.2.5",

"
A,B,C

is|tc@A,B,CD Hccc@A, B, CD = c@cc@A, B, CD, ccr@A, B, CDDLE
PropositionA"G13.2.6", any@P, Q, RD, with@is|tc@P, Q, RDD,

$!
C,r

 is|coc@P, Q, R, C, rDE
DefinitionA"G13.2.7",

"
A,B,C

is|tc@A,B,CD Halt@A, B, CD = pp@l@B, CD, ADLE
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PropositionA"G13.2.8", any@A, B, CD, with@is|tc@A, B, CDD,
$
P

Halt@A, B, CD Ý alt@B, C, AD Ý alt@C, A, BD = 8P<LE
DefinitionA"G13.2.9",

"
A,B,C

is|tc@A,B,CD Joc@A, B, CD = Ι
P

 Halt@A, B, CD Ý alt@B, C, AD Ý alt@C, A, BD = 8P<LNE
Proposition@"G13.2.10", any@A, B, C, DD,

is|trc@A, B, C, DD Þ is|cqc@A, B, C, DDD
Proposition@"G13.2.11", any@A, B, C, DD,

is|pc@A, B, C, DD Þ is|ctc@A, B, C, C, D, ADD
Proposition@"G13.2.12", any@A, B, C, DD,

is|pc@A, B, C, DD Þ HHd@A, BD = d@C, DDL ß Hd@B, CD = d@D, ADLLD
Proposition@"G13.2.13", any@A, B, C, DD,

is|pc@A, B, C, DD Þ HÐ@D, A, BD @ Ð@B, C, DD ß Ð@A, B, CD @ Ð@C, D, ADLD
Proposition@"G13.2.14", any@A, B, C, DD, with@is|pc@A, B, C, DDD,

is|pc@A, B, C, DD Þ Hmp@A, CD = mp@B, DDLD
ã Angles in a Circle

Proposition@"Thales", any@P, Q, R, C, rD,
is|coc@P, Q, R, C, rD ß is|b@P, C, QD Þ Hm@P, R, QD = 90LD

PropositionA"G13.3.1", any@P, Q, RD,
is|rtc@P, Q, RD Þ is|cocAP, Q, R, m@P, QD, d@P, QD

��������������������������
2

EE
PropositionA"G13.3.2", any@P, Q, R, C, rD, with@is|tc@P, Q, CDD,

R Î hp@P, Q, CD Þ Hm@P, R, QD = 1�����2  m@P, C, QDL "a"

R Î ohp@P, Q, CD Þ Hm@P, R, QD = 1�����2  H360 - m@P, C, QDLL "b"
E

Proposition@"G13.3.3", any@P, Q, R, S, C, rD, with@is|coc@P, Q, R, C, rD ß S Î hp@P, Q, RDD,
S Î c@C, rD Þ Hm@P, S, QD = m@P, R, QDLD

Proposition@"G13.3.4", any@P, Q, R, S, C, rD, with@is|coc@P, Q, R, C, rD ß S Î hp@P, Q, RDD,Hm@P, S, QD = m@P, R, QDL Þ S Î c@C, rDD
Proposition@"G13.3.5", any@g, P, Q, R, S, T, C, rD,

with@is|coc@P, Q, R, C, rD ß S Î hp@P, Q, RD ß is|tg@g, P, C, rD ß T Î g ß T Î ohp@P, Q, RDD,
S Î c@C, rD Þ Hm@P, S, QD = m@T, P, QDLD

DefinitionA"G13.3.6",

"
A,B,C,D

i
k
jjjjjjjjis|iqc@A, B, C, DD �

i
k
jjjjjjjjis|qc@A, B, C, DD í $

M,r
r>0

HA Î c@M, rD ß B Î c@M, rD ß C Î c@M, rD ß D Î c@M, rDLy
{
zzzzzzzzy

{
zzzzzzzzE

Proposition@"G13.3.7", any@A, B, C, DD,
is|iqc@A, B, C, DD � is|sup@Ð@D, A, BD, Ð@B, C, DDDD

29



� Similarity

ã The Basic Similarity Theorem

Definition@"G14.1.1", any@a, b, c, g, h, A, B, C, D, E, FD,
is|sic@a, b, c, g, h, A, B, C, D, E, FD � His|pd@a, b, cD ß a þ b ß b þ c ß g ¹ h ßHg Ý a = 8A<L ß Hg Ý b = 8B<L ß Hg Ý c = 8C<L ß Hh Ý a = 8D<L ß Hh Ý b = 8E<L ß Hh Ý c = 8F<LLD

Proposition@"G14.1.2", any@a, b, c, g, h, A, B, C, D, E, FD, with@is|sic@a, b, c, g, h, A, B, C, D, E, FDD,
is|b@A, B, CD Þ is|b@D, E, FDD

Proposition@"G14.1.3", any@a, b, c, g, h, A, B, C, D, E, FD, with@is|sic@a, b, c, g, h, A, B, C, D, E, FDD,
s@A, BD > s@B, CD Þ s@D, ED > s@E, FDD

PropositionA"G14.1.4", any@a, b, c, g, h, A, B, C, D, E, F, p, qD, with@is|sic@a, b, c, g, h, A, B, C, D, E, FD ß q Î ND,i
k
jjjjjjjjjis|b@A, B, CD ß p = max 9n ÄÄÄÄÄÄÄÄÄ

nÎN0

n £ q ×
d@B, CD
���������������������������
d@A, BD =y

{
zzzzzzzzz Þ ikjjj p

������
q

£
d@B, CD
���������������������������
d@A, BD <

p + 1
������������������

q
í p

������
q

£
d@E, FD
��������������������������
d@D, ED <

p + 1
������������������

q
y{zzzE

PropositionA"G14.1.5", any@a, b, c, g, h, A, B, C, D, E, FD, with@is|sic@a, b, c, g, h, A, B, C, D, E, FDD,
is|b@A, B, CD Þ ikjjj d@B, CD

���������������������������
d@A, BD =

d@E, FD
��������������������������
d@D, ED y{zzzE

PropositionA"G14.1.6", any@A, B, C, D, ED, with@is|tc@A, B, CD ß is|b@A, D, CD ß is|b@B, E, CDD,
l@D, ED þ l@A, BD Þ ikjjjikjjj d@C, DD

���������������������������
d@D, AD =

d@C, ED
��������������������������
d@E, BD y{zzz í ikjjj d@C, DD

���������������������������
d@C, AD =

d@C, ED
���������������������������
d@C, BD y{zzzy{zzzE

PropositionA"G14.1.7", any@A, B, C, D, ED, with@is|tc@A, B, CD ß is|b@A, D, CD ß is|b@B, E, CDD,ikjjj d@C, DD
���������������������������
d@D, AD =

d@C, ED
��������������������������
d@E, BD y{zzz Þ l@D, ED þ l@A, BDE

ã Similarities Between Triangles

DefinitionA"G14.2.1",
"

A,B,C,D,E,F
His|stc@A, B, C, D, E, FD �His|tc@A, B, CD ß is|tc@D, E, FD ß Ð@C, A, BD @ Ð@F, D, ED ß Ð@A, B, CD @ Ð@D, E, FD ß Ð@B, C, AD @ Ð@E, F, DDLLE

Proposition@"G14.2.2", any@A, B, C, D, E, FD, with@is|tc@A, B, CD ß is|tc@D, E, FDD,
Ð@C, A, BD @ Ð@F, D, ED ß Ð@A, B, CD @ Ð@D, E, FD Þ is|stc@A, B, C, D, E, FDD

Proposition@"G14.2.3", any@A, B, C, D, E, F, G, H, ID,
is|stc@A, B, C, A, B, CD ß His|stc@A, B, C, D, E, FD Þ is|stc@D, E, F, A, B, CDL ßHis|stc@A, B, C, D, E, FD ß is|stc@D, E, F, G, H, ID Þ is|stc@A, B, C, G, H, IDLD

Proposition@"G14.2.4", any@A, B, C, D, ED, with@is|tc@A, B, CD ß is|b@A, D, CD ß is|b@B, E, CDD,
l@D, ED þ l@A, BD Þ is|stc@D, E, C, A, B, CDD

PropositionA"G14.2.5", any@A, B, C, D, E, FD,
is|stc@A, B, C, D, E, FD Þ ikjjjikjjj d@A, BD

���������������������������
d@D, ED =

d@B, CD
���������������������������
d@E, FD y{zzz í ikjjj d@B, CD

���������������������������
d@E, FD =

d@A, CD
���������������������������
d@D, FD y{zzzy{zzzE

PropositionA"G14.2.6", any@A, B, C, D, ED, with@is|tc@A, B, CD ß is|b@A, D, CD ß is|b@B, E, CDD,
l@D, ED þ l@A, BD Þ ikjjj d@D, ED

���������������������������
d@A, BD =

d@C, DD
���������������������������
d@C, AD y{zzzE
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PropositionA"G14.2.7", any@A, B, C, D, E, FD, with@is|tc@A, B, CD ß is|tc@D, E, FDD,ikjjj d@A, BD
���������������������������
d@D, ED =

d@B, CD
���������������������������
d@E, FD y{zzz í ikjjj d@B, CD

���������������������������
d@E, FD =

d@A, CD
���������������������������
d@D, FD y{zzz Þ is|stc@A, B, C, D, E, FDE

PropositionA"G14.2.8", any@A, B, C, D, E, FD, with@is|tc@A, B, CD ß is|tc@D, E, FDD,
Ð@B, C, AD @ Ð@E, F, DD í ikjjj d@A, CD

���������������������������
d@D, FD =

d@B, CD
���������������������������
d@E, FD y{zzz Þ is|stc@A, B, C, D, E, FDE

Proposition@"G14.2.9", any@A, B, C, D, ED, with@is|tc@A, B, CD ß HD = ft@l@A, BD, CDL ß HE = ft@l@A, CD, BDLD,
d@C, DD d@A, BD = d@B, ED d@A, CDD

PropositionA"G14.2.10", any@A, B, C, D, E, F, G, HD,
is|stc@A, B, C, D, E, FD ß HG = ft@l@A, BD, CDL ß HE = ft@l@D, ED, FDL Þ ikjjj d@C, GD

���������������������������
d@F, HD =

d@A, CD
���������������������������
d@D, FD y{zzzE

Proposition@"G14.2.11", any@A, B, C, D, ED, with@is|tc@A, B, CD ß is|b@B, C, DD ß is|b@A, C, EDD,
l@D, ED þ l@A, BD Þ is|stc@A, B, C, E, D, CDD

PropositionA"G14.2.12", any@A, B, C, D, ED, with@is|tc@A, B, CDD,HD = mp@A, CDL ß HE = mp@B, CDL Þ ikjjl@D, ED þ l@A, BD í ikjjd@D, ED =
1
������
2

 d@A, BDy{zzy{zzE
PropositionA"G14.2.13", any@A, B, C, D, ED, with@is|tc@A, B, CD ß HD = mp@A, CDL ß HE = mp@B, CDLD,

$
P

ikjjHs@A, ED Ý s@B, DD = 8P<L ß d@P, ED =
1
������
2

 d@A, PD í d@P, DD =
1
������
2

 d@B, PDy{zzE
DefinitionA"G14.2.14",

"
A,B,C

is|tc@A,B,CD Hmed@A, B, CD = s@A, mp@B, CDDLE
PropositionA"G14.2.15", any@A, B, CD, with@is|tc@A, B, CDD,

$
P

Hmed@A, B, CD Ý med@B, C, AD Ý med@C, A, BD = 8P<LE
DefinitionA"G14.2.16",

"
A,B,C

is|tc@A,B,CD Jcto@A, B, CD = Ι
P

 Hmed@A, B, CD Ý med@B, C, AD Ý med@C, A, BD = 8P<LNE
PropositionA"G14.2.17", any@A, B, C, E, PD, with@is|tc@A, B, CDD,HP = cto@A, B, CDL ß HE = mp@B, CDL Þ ikjjd@A, PD =

2
������
3

 d@A, EDy{zzE
Proposition@"G14.2.18", any@A, B, CD, with@is|tc@A, B, CDD,

is|col@oc@A, B, CD, cto@A, B, CD, cc@A, B, CDDD
ã The Pythagorean Theorem

Proposition@"G14.3.1", any@A, B, C, DD, with@is|rtc@A, B, CDD,HD = ft@l@A, BD, CDL Þ is|b@A, D, BDD
Proposition@"G14.3.2", any@A, B, C, DD, with@is|rtc@A, B, CD ß HD = ft@l@A, BD, CDLD,

is|stc@A, B, C, A, C, DD ß is|stc@A, B, C, C, B, DD ß is|stc@C, B, D, A, C, DDD
PropositionA"G14.3.3", any@A, B, C, D, a, b, c, p, q, hD,

with@is|tc@A, B, CD ß HD = ft@l@A, BD, CDL ß Hd@B, CD = aL ß Hd@A, CD = bL ßHd@A, BD = cL ß Hd@B, DD = pL ß Hd@A, DD = qL ß Hd@C, DD = hLD,
is|rtc@A, B, CD Þ HHa2 = cpL ì Hb2 = cqLL "a"

is|rtc@A, B, CD Þ Hh2 = pqL "b"
E
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Proposition@"Pythagoras", any@A, B, C, a, b, cD, with@is|tc@A, B, CD ß Hd@B, CD = aL ß Hd@A, CD = bL ß Hd@A, BD = cLD,
is|rtc@A, B, CD Þ Ha2 + b2 = c2 LD

Proposition@"G14.3.4", any@A, B, C, a, b, cD, with@is|tc@A, B, CD ß Hd@B, CD = aL ß Hd@A, CD = bL ß Hd@A, BD = cLD,Ha2 + b2 = c2 L Þ is|rtc@A, B, CDD
� Polygonal Regions and Their Areas

ã The Area Function

DefinitionA"G15.1.1",

"
A,B,C

is|tc@A,B,CD Hò@A, B, CD = it@A, B, CD Ü ó@A, B, CDLE
Definition@"G15.1.2",

T = 8ò@A, B, CD È is|tc@A, B, CD<D
DefinitionA"G15.1.3",

"
T

T ÎT

i
k
jjjjjjjjjint@T D = Ι

F
 
i
k
jjjjjjjjj $

X,Y,Z
is|tc@X,Y,ZD HHT = ò@X, Y, ZDL ß HF = it@X, Y, ZDLLy

{
zzzzzzzzzy

{
zzzzzzzzzE

Proposition@"G15.1.4", any@A, B, CD, with@is|tc@A, B, CDD,
int@ò@A, B, CDD = it@A, B, CDD

DefinitionA"G15.1.5",

"
n,Τ

i
k
jjjjjjjjjjis|por@n, ΤD �

i
k
jjjjjjjjjjn Î N í Τ : Nn �T í "

i,j
iÎNßjÎN

H1 £ i < j £ n Þ Hint@ΤPiTD Ý int@ΤPjTD = ÆLLy
{
zzzzzzzzzz

y
{
zzzzzzzzzzE

DefinitionA"G15.1.6",

"
n,Τ

is|por@n,ΤD
ikjjjjjjpr@n, ΤD = æ

i=1,¼,n

ΤPiTy{zzzzzzE
Definition@"G15.1.7",

O = 8pr@n, ΤD È is|por@n, ΤD<D
DefinitionA"G15.1.8",

"
P,R

RÎO

i
k
jjjjjjjjjis|ins@P, RD � $

A,B,C
is|tc@A,B,CD Hò@A, B, CD Í R ß P Î it@A, B, CDLy

{
zzzzzzzzzE

DefinitionA"G15.1.9",

"
P,R

RÎO

His|bp@P, RD � HP Î R ß Ø is|ins@P, RDLLE
DefinitionA"G15.1.10",

"
R

RÎO

Hins@RD = 8P È is|ins@P, RD<LE
DefinitionA"G15.1.11",

"
R

RÎO

Hbd@RD = 8P È is|bp@P, RD<LE
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DefinitionA"G15.1.12",

"
A,B,C,D

is|cqc@A,B,C,DD Hint@A, B, C, DD = hp@A, B, CD Ý hp@B, C, DD Ý hp@C, D, AD Ý hp@D, A, BDLE
DefinitionA"G15.1.13",

"
A,B,C,D

is|cqc@A,B,C,DD Hà@A, B, C, DD = int@A, B, C, DD Ü á@A, B, C, DDLE
Proposition@"G15.1.14", any@A, B, CD, with@is|tc@A, B, CDD,

ò@A, B, CD Î O ß Hins@ò@A, B, CDD = it@A, B, CDL ß Hbd@ò@A, B, CDD = ó@A, B, CDLD
Proposition@"G15.1.15", any@A, B, C, DD, with@is|cqc@A, B, C, DDD,

à@A, B, C, DD Î O ß Hins@à@A, B, C, DDD = int@A, B, C, DDL ß Hbd@à@A, B, C, DDD = á@A, B, C, DDLD
Axiom@"A1",

Μ : O�R+ D
AxiomA"A2",

"
A,B,C,D,E,F

His|ctc@A, B, C, D, E, FD Þ HΜPò@A, B, CDT = ΜPò@D, E, FDTLLE
AxiomA"A3",

"
R1 ,R2

R1 ÎOßR2 ÎO

HHR1 Ý R2 = bd@R1 D Ý bd@R1 DL Þ HΜPR1 Ü R2 T = ΜPR1 T + ΜPR2 TLLE
AxiomA"A4",

"
A,B,C,D

His|sqc@A, B, C, DD ß Hd@A, BD = 1L Þ HΜPà@A, B, C, DDT = 1LLE
DefinitionA"G15.1.16",

"
A,B,C

is|tc@A,B,CD HA@A, B, CD = ΜPò@A, B, CDTLE
DefinitionA"G15.1.17",

"
A,B,C,D

is|cqc@A,B,C,DD HA@A, B, C, DD = ΜPà@A, B, C, DDTLE
ã Area Theorems for Triangles and Quadrilaterals

PropositionA"G15.2.1", any@A, B, C, D, qD, with@q Î ND,
is|sqc@A, B, C, DD í ikjjd@A, BD =

1
������
q

y{zz Þ ikjjA@A, B, C, DD =
1

����������
q2

y{zzE
PropositionA"G15.2.2", any@A, B, C, D, p, qD, with@p Î N ß q Î ND,

is|sqc@A, B, C, DD í ikjjd@A, BD =
p
������
q

y{zz Þ
ikjjjjA@A, B, C, DD =

p2

����������
q2

y{zzzzE
Proposition@"G15.2.3", any@A, B, C, D, aD,

is|sqc@A, B, C, DD ß Hd@A, BD = aL Þ HA@A, B, C, DD = a2 LD
Proposition@"G15.2.4", any@A, B, C, D, a, bD,

is|rec@A, B, C, DD ß Hd@A, BD = aL ß Hd@A, DD = bL Þ HA@A, B, C, DD = abLD
PropositionA"G15.2.5", any@A, B, C, a, bD,

is|rtc@A, B, C, DD ß Hd@B, CD = aL ß Hd@A, CD = bL Þ ikjjjA@A, B, CD =
ab
����������
2

y{zzzE
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PropositionA"G15.2.6", any@A, B, C, c, hD, with@is|tc@A, B, CDD,Hd@A, BD = cL ß Hd@l@A, BD, CD = hL Þ ikjjjA@A, B, CD =
ch
����������
2

y{zzzE
Proposition@"G15.2.7", any@A, B, C, D, a, hD,

is|pc@A, B, C, DD ß Hd@A, BD = aL ß Hd@l@A, BD, CD = hL Þ HA@A, B, C, DD = ahLD
PropositionA"G15.2.8", any@A, B, C, D, a, c, hD,

is|trc@A, B, C, DD ß Hd@A, BD = aL ß Hd@C, DD = cL ß Hd@l@A, BD, CD = hL Þ ikjjjA@A, B, C, DD =
Ha + cL h
����������������������������

2
y{zzzE

PropositionA"G15.2.9", any@A, B, C, D, E, FD,
is|stc@A, B, C, D, E, FD Þ

ikjjjj A@A, B, CD
��������������������������������������
A@D, E, FD = ikjjj d@A, BD

���������������������������
d@D, ED y{zzz2 y{zzzzE

� Cartesian Coordinate Systems

ã Introduction of Coordinates

DefinitionA"G16.1.1",

"
Κ,x1 ,x2 ,G1 ,G2

Jis|ccs@Κ, x1 , x2 , G1 , G2 D � Jx1 ¦ x2 í is|cos@G1 , x1 D í is|cos@G2 , x2 D í HG1 Pi@x1 , x2 DT = 0L í
HG2 Pi@x1 , x2 DT = 0L í HΚ : P�R2 L í "

P
HHp1

2 @ΚPPTD = G1 Pft@x1 , PDTL ì Hp2
2 @ΚPPTD = G2 Pft@x2 , PDTLLNNE

PropositionA"G16.1.2", any@Κ, x1 , x2 , G1 , G2 D,
is|ccs@Κ, x1 , x2 , G1 , G2 D Þ JΚ : P�

bij
R2 NE

PropositionA"G16.1.3", any@P, Q, p1 , p2 , q1 , q2 , Κ, x1 , x2 , G1 , G2 D, with@is|ccs@Κ, x1 , x2 , G1 , G2 DD,HΚPPT = Xp1 , p2 \L ß HΚPQT = Xq1 , q2 \L Þ Jd@P, QD = "####################################################Hq1 - p1 L2 + Hq2 - p2 L2 NE
ã Graphs

DefinitionA"G16.2.1",

"
M,Κ,x1 ,x2 ,G1 ,G2

MÍR2 ìis|ccs@Κ,x1 ,x2 ,G1 ,G2 D
Hgr@M, Κ, x1 , x2 , G1 , G2 D = a@Κ-1 , MDLE

PropositionA"G16.2.2", any@g, Κ, x1 , x2 , G1 , G2 D, with@is|ccs@Κ, x1 , x2 , G1 , G2 DD,
$

a,b,c
a¹0Þb¹0

Hg = gr@8Xx, y\ È Hax + by + c = 0L<, Κ, x1 , x2 , G1 , G2 DLE
DefinitionA"G16.2.3",

"
g,Κ,x1 ,x2 ,G1 ,G2

is|ccs@Κ,x1 ,x2 ,G1 ,G2 D Jis|vrt@g, Κ, x1 , x2 , G1 , G2 D � $
a

Hg = gr@8Xx, y\ È Hx = aL<, Κ, x1 , x2 , G1 , G2 DLNE
PropositionA"G16.2.4", any@g, Κ, x1 , x2 , G1 , G2 D, with@is|ccs@Κ, x1 , x2 , G1 , G2 D ß Ø is|vrt@g, Κ, x1 , x2 , G1 , G2 DD,

$
k,d

Hg = gr@8Xx, y\ È Hy = kx + dL<, Κ, x1 , x2 , G1 , G2 DLE
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PropositionA"G16.2.5", any@g, Κ, x1 , x2 , G1 , G2 , k, d, P, Q, p1 , p2 , q1 , q2 D,
with@is|ccs@Κ, x1 , x2 , G1 , G2 D ß Hg = gr@8Xx, y\ È Hy = kx + dL<, Κ, x1 , x2 , G1 , G2 DL ß P ¹ Q ß P Î g ß Q Î gD,HΚPPT = Xp1 , p2 \L ß HΚPQT = Xq1 , q2 \L Þ ikjjk =

q2 - p2
��������������������������
q1 - p1

y{zzE
PropositionA"G16.2.6", any@g, h, Κ, x1 , x2 , G1 , G2 , k, d, h, eD, with@is|ccs@Κ, x1 , x2 , G1 , G2 D ß k ¹ 0 ßHg = gr@8Xx, y\ È Hy = kx + dL<, Κ, x1 , x2 , G1 , G2 DL ß Hh = gr@8Xx, y\ È Hy = hx + eL<, Κ, x1 , x2 , G1 , G2 DLD,

g ¦ h Þ ikjjh = -
1
������
k

y{zzE
PropositionA"G16.2.7", any@C, C, r, Κ, x1 , x2 , G1 , G2 D, with@is|ccs@Κ, x1 , x2 , G1 , G2 D ß r > 0D,HC = c@C, rDL Þ $

a,b,c
HHC = gr@8Xx, y\ È Hx2 + y2 + ax + by + c = 0L<, Κ, x1 , x2 , G1 , G2 DLLE
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