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m Abstract

In this paper, we give a sequence of definitions and theorems that builds up in a formal way plane geometry
from geometric intuition. The cultivation of geometric intuition, in particular the clear understanding of the
difference between observing and proving, should play a key role in any mathematical education.

Our account is the initial part of a major case study in formal theory exploration. It covers the basis "thread" in
the four thread model of Theorema theory exploration proposed by B. Buchberger. Thus, our case study is
both an exercise a preparatory exercise for the didactics of geometry and a case study for the use of
algorithmic tools, like Theorema, in mathematical knowledge management.

Acknowledgement: Sponsored by SFB 1302 (Theorema Project) of the FWF (Osterreichischer Fonds zur
Forderung der Wissenschaftlichen Forschung; Austrian Science Foundation) under guidance of B.
Buchberger.

= Introduction

Formal Theory exploration is a main goal of the Theorema project. According to the basic philosophy of
Theorema theory exploration outlined in [Buchberger 2000, 2003a, 20003b], elaboration of major case studies
in the built—-up of formal theories is very important in order to classify the basic formal tools future
mathematical software systems must provide in order to computer—supportall phases of the theory exploration
process.

In this paper, we give a first account of a major case study which we carried out in the past two years for
building up geometry from a few concepts that are appropriate for teaching geometry in high scool with a
particular emphasis of claryfying the subtle transition from an approach based on geometric intuition to a
presentation in coordinate geometry. The cultivation of geometric intuition, in particular the clear
understanding of the difference between observing and proving, should play a key role in any mathematical
education as discussed in [Fuchs 1999].

This account covers the basis "thread" in the thread model of theory exploration in [Buchberger 2003b]
(namely the theory formation thread). Starting from this, we will soon embark on the elaboration of the other
three threads for this particular case study.

The body of the paper is a sequence of definitions and theorems that builds up a particular version of
geometry in a formal way. Since the formulae should be self-explanatory,we do not add any explanatory
natural language text. Also note that the axioms introduced do not strive for minimality. Rather, we want to
start from a platform that should be intuitively appropriate for what high—scoolstudents consider as evident. All
the rest should be formally provable from this platform.



Plane Geometry is a very old theory of mathematics to describe interesting "plane figures" and to solve
problems related with them. We suppose each figure to be composed of "points". Among the figures the
"(straight) lines" play an essential role. Points, lines and figures are then the interesting types of objects which
we want to decribe within the Plane Geometry based on set theory.

We will follow the metric approach to geometry where the knowledge about the field of real numbers is
assumed to be available. As usual, "R" denotes the set of the real numbers. "P", "L", "F" denote the set of
points, lines and figures respectively. Some of the steps in building up the theory follow suggestions in
[Hartshorne], [Martin], [Millmann-Parker],and [Moise].

In order to shorten the notation, we will introduce typed variables:

A, B, C ... points

a, b,c... lines

A, B, C ... figures

a, b, ¢ ... real numbers

= Incidence

o The Axiom of Incidence

Axiom["10",
F Cc PIPIAL CF]

Axiom|["T1",
A\?’B?(Aeg/\B €g)

Axiom["l2",
YV (AeghB €egNAehABeh=(g=h)]
A;LB ”

Axiom["l3",
\; J (AegnB €9

A+B

Definition[”GZ. 1.1",
Y (is-collg, A, B,Cl & (A€ gABegACeg)|
9,AB,C

Definition|"G2.1.2",

v (is—col[A, B, C] & Jis-collg, A, B, C])]
AB,C g9

Definition|"G2.1.3",
Y (is-tc[A, B, C] & = is-col[A, B, C])]
AB,C

Axiom["l4",
A,]_:3|,C is-tc[A, B, C]]



o Propositions on Incidence

Definition["G2.2.1", any[a, b, c],
is-pdla, b,c] © (a£bAa+cAb+0)]

Proposition["G2.2.2", any[A, B, C]
is-tc[A, B, C] = is-pd[A, B, C]]

Proposition["G2.2.3", any[A, B, g, k], with[g # A],
AegANBegNAehABeh=(A=B)]

Proposition["G2.2.4", any[A, B, g, Al,
AghNAegABeh=>A+B]

Proposition["G2.2.5", any[P, g, A],
PEgANPeh=g+h]

Proposition["G2.2.6", any[P, g, 4], with[g + A],
PegAPeh=>g\h={P}]

Proposition["G2.2.7", any[P, g, h],
gNh=1{P}=>g+h

Proposition["'G2.2.8", any[A, P, g, k], with[g (" & = {P}],
AehNA+P=>A¢g]

Proposition["G2.2.9", any[A, B], with[A # B],
FAegABeyg)|
g

Definition|"G2.2.10",

N (I[A, B] = ;(A €egABe g))]
A+B

Proposition["G2.2.11", any[A, B], with[A # B],
I[A, Bl]eLAA €1[A, BIAB € 1[A, B]]

Proposition["G2.2.12", any[g, A, B], with[A # B],
(=1[A,B) & (Ac gABe g)]

Proposition["G2.2.13", any[A, B], with[A # B],
1[A, B] =1[B, A]]

Proposition["G2.2.14", any[A, B, C], with[A # B],
Ce¢llA,B]=C+AANC=+B]

Proposition["G2.2.15", any[A, B, C], with[A # BAB # C],
A €1|B, C] = ([B, C] = 1A, B])]

Proposition["G2.2.16", any[A, B, C],
(A +BAC¢l[A, B]) @ is-tc[A, B, C]]

Proposition["'G2.2.17", any[A, B, C], with[is-pd[A, B, C]],
is-col[A, B, C] = I[A, B] =1[A, C]]

Proposition["G2.2.18", any[A, B, C],
is-tc[A, B, C] = 1[A, B] # ][A, C]]

Proposition["G2.2.19", any[A, B, P, Q], with[A £ BAP % Q],
Pel[A, BIAQel[A, B] = (I[A, B] =[P, Q)]

Proposition|"G2.2.20",
ngeﬂ



Proposition["GZ.Z.Zl”,
V3 (g+hNgNh={P))
P g.h

Proposition|"G2.2.22",
v3Pp
Py ¢ g]

Proposition["G2.2.23", anyl[g, A,
gCh=g=h]

o Parallel Lines

Definition|"G2.3.1",
gvh(gIlh@<<g=h>v<gmh=(b)))]

Proposition|"G2.3.2", any[g, 4],
~guh=>T(SeghS e h)

Definition|"G2.3.3",

v (i[g, H] =é(Seg/\Seh))]

—gih

Proposition["G2.3.4", any[g, k], with[— g 1 A],
ilg, Kl € gNilg, e hA(S=ilg, h]) & (SegAS e h)]

Proposition["G2.3.5", any[A, B, C],
is-tc[A, B, C] = = 1[A, B] n1[A, C]A=1[A, B] n1[B, C]A=1[A, C] n1[B, C]]

m Distance and Betweenness

o Ruler Axiom and Distance Function

Definition|"G3.1.1",

3 . bij —
¥ Jis-coslT” g1 & (r: g>R) A Y (A B]= | TIBI-TIADD |

AegN\Beg

Definition|"G3.1.2",
1 (isco[x, X, g, T'] & (is-cos[T, g1 A (x = T[X]))]
X,R.9,
Xeg
Axiom["RA",
Z %I is-cos[T’, g]]

Proposition["G3.1 3", any[A, B],
d[A,B]=0
(d[A, B]=0) & (A=B)]
d[A, B] =d[B, A]



Proposition["G3.1.4", anylg, ['1, I'2], with[is-cos[['}, g] AT, : g—R],
E| };’ (T2 [P] =T 1 [P] + a) = is-cos[I2, g]
a
Peg
\r{ (T2 [P] = =I'1 [P]) = is-cos[I2, g] ]

Peg

Proposition["G3.1.5", any[A, B], with[A # B],
? (is-cos[T', 1[A, B]]JA (I'[A] = 0) AT[B] > 0)]

Proposition["G3.1.6", any[A, B, P, Q], with[A # B],
(d[A, P]=d[A, QD A(d[B, P] =d[B, Q]) = (P = Q)]

o Ordering the Points on a Line

Definition|"G3.2.1",
Y (is-b[A, B, C] & (is-pd[A, B, C] Ais-col[A, B, CIAd[A, B] +d[B, C] = d[A, C])]

Proposition["G3.2.2", any[A, B, C],
is-b[A, B, C] = is-b[C, B, A]]

Proposition["G3.2.3", any[A, B, C],
is-b[A, B, C] = (= is-b[A, C, B] A =is-b[C, A, B])]

Definition|"G3.2.4",

¥ (is-bla, b, cJe@<b<cVe<b<a)

Proposition["G3.2.5", any[A, B, C, g, I'], with[is-col[g, A, B, C] Ais-cos[I", g]],
is-b[['[A], I'[B], T'[C]] & is-b[A, B, C]]

Proposition["G3.2.6", any[A, B, C], with[is-pd[A, B, C] Ais-col[A, B, C]],
\!/[is—b[A, B, CJ, is-b[A, C, B], is-b[C, A, B]]]

Proposition["G3.2.7", any[A, B], with[A # B],
\){ (X e l[A, B] & is-b[X, A, B] \'/X = A\!/is—b[A, X, B] \'/X =B \'/ is-b[A, B, X])]

Proposition["G3.2.8", any[A, C], with[A = C],
A (is-b[A, B, C] Ais-b[A, C, D])]

Proposition["G3.2.9", any[A, B, C, D],
is-b[A, B, C] Ais-b[A, B, D] = ((C = D) Vis-b[B, C, D] Vis-b[B, D, C])]

Definition["G3.2.10", any[A, B, C, D],
is-b[A, B, C, D] & (is-b[A, B, C] Ais-b[A, B, D] Ais-b[A, C, D] Ais-b[B, C, D])]

Proposition["G3.2.11", any[A, B, C, D],
is-b[A, B, C] Ais-b[B, C, D] = is-b[A, B, C, D]]

Definition["G3.2.12", any]a, b, ¢, d],
is-pdla, b,c,d] © (@#bAatcAa+dAb+tcAb+dAc+d)]

Deﬁnition["GS.Z.lS”,

Y  (is-collg, A,B,C, D] (AegABegAC e_q/\Deg))]
9.AB.CD



Definition|"G3.2.14",

v (is—col[A, B, C, D] & Jis-collg, A, B, C, D])]
AB,C.D g

o Congruence of Line Segments and Midpoint

Definition|"G3.3.1",
Y GIA, Bl ={A, B}U (X is-bA., X, B]})]

A+B

Definition["G3.3.2",
S ={s[A, B] | A #BJ]

Proposition["G3.3.3", any[A, B], with[A # B],
s[A, B] =s[B, All

Proposition["G3.3.4", any[A, B, C, D], with|[A # BAC # D],
s[A, B] = s[C, D] & {A, B} = {C, D}]

Definition|"G3.3.5",

v (le[S] =13 X£YAS=3[X, YAy =d[X, Y]))]
S y XY
SeSs

Proposition["G3.3.6", any[A, B], with[A # B],
le[s[A, B]]l = d[A, B]]

Definition|"G3.3.7",
(8128 & (81 €SAS; €SA(R[SI]= el S2])]
1,92

Proposition["G3.3.8", any[A, B, C, D], with[A # BAC # D],
s[A, B] =~ s[C, D] & (d[A, B] =d[C, D])]

Proposition["G3.3.9", any[A, B, C, D, E, F], with{A # BAC # DAE % F],
S[A, B] =~ s[A, B] A S[A, B] = s[C, D] = s[C, D] ~ s[A, B]) A s[A, B] ~ s[C, D] As[C, D] ~ s[E, F] = s[A, B] ~ s[E, F])

Proposition["G3.3.10", any[A, B, C, D, E, F],
is-b[A, B, C] Ais-b[D, E, F] As[A, B] =~ s[D, E] As[B, C] =~ s[E, F] = s[A, C] ~ s[D, F]]

Proposition["G3.3.11", any[A, B, C, D, E, F],
is-b[A, B, C] Ais-b[D, E, F] As[A, B] =~ s[D, E] As[A, C] = s[D, F] = s[B, C] =~ s[E, F]]

Definition|"G3.3.12",
Y (is-mip[A, M, B] & (is-b[A, M, B] AS[A, M] = s[M, BJ))]

Proposition["G3.3.l3", any[A, B], with[A +# B],
1 (is-mip[A, M, B] Ais-mip[A, B, ND)|

Definition|"G3.3.14",

A\{B (mp[A, B] = I\L/Iis—mip[A, M, B])]

A+B

Proposition["G3.3.15", any[A, B, C],
is-pd[A, B, C] Ais-col[A, B, C] As[A, B] = s[B, C] = is-b[A, B, C]]

Proposition['G3.3.16", any[g, A, B, C], with[A # B], N 1[A, B] = {(C} AC ¢ S[A, B] = g s[A, B] = @]



= Rays, Angles and Triangles

o Rays and Half Lines

Definition|"G4.1.1",
YOGV, Al= (XX €llV, Al A= is-bX, V, AlD]

VA

Proposition["G4.1.2", any[A, B], with[A # B],
t[A, B] # 1[B, A]]
Proposition|"G4.1.3", any[A, B], with[A # B],

r[A, B] =s[A, BJU{X| [A, B, X]} "a"
s[A, B] cr[A, B] c 1[A, B] ”b”]

Proposition["G4.1.4", any[A, B], with[A # B],
s[A, B] =1[A, B] N 1[B, A] "a”]
I[A, B] =1[A, B]UTr[B, A] "b"

Proposition["G4.1.5", any[V, A], with[V # A],
Hr! (is-cos[I[, 1[V, AIIAT[VI =0) AV, Al = {X | I'[X] = O}))]

Proposition["G4.1.6", any[A, B, V, C], with[A £ BAV % C],
2D e[V, CIAS[A, Bl 5[V, D))

Definition|"G4.1.7",
v (10[\/, C. A, Bl = t (X e[V, CIAS[V, X] ~S[A, B]))]

V+CAA+#B

Definition|"G4.1.8",
Y (MIV, Al =1V, Al© V]
VA

Proposition["G4.1.9", any[A, V], with[V # A],
[V, Al = {V}UhI[V, A])]

Proposition["G4.1.10", any[A, B, V], with[V # A],
B e hl[V, Al = @[V, B] =1[V, A])]

Proposition["G4.1.11", any[A, B, V, W], with[V £ AAW # B],
(lV, Al =1[W, B]) = (V= W)]
Definition|"G4.1.12",
v (int[A, B] = s[A, B (A, B})|
AB
A#B
Proposition["G4.1.13", any[A, B], with[A # B],
int[A, B] = hi[A, B] (" hi[B, Al]
Definition|"G4.1.14",
Y (orlV, Al =1[V, A]©hI[V, A])]

VA



Definition|"G4.1.15",
¥V (ohl[V, Al = or[V, Ale {V})]
V.A

VA

Proposition["G4.1.16”, any[A, V], with[V # A],
¥ (P € ohl[V, A] & is-b[P, V, A])]

Proposition["G4.l.17”, any[V, A], with[V # A],
[V, Al = ohl[V, A]U{V} UhI[V, A] "a"
ohl[V, A]NhI[V, A] = ¢ "o

Proposition["G4.1.18", any[V, A, B], with[A # VAV £ B],
@[V, B] = or[V, A]) & is-b[B, V, A]]

Proposition["G4.1.19", any[A, V, B], with[A # VAV % B],
[V, B] = or[V, A] & 1]V, A] = or[V, B]]

o Angles

Definition|"G4.2.1",
Y (LA, V, Bl =1V, AJUT[V, B])]
AV.B
is-tc[A,V,B]

Proposition["G4.2.2", any[A, V, B], with[is-tc[A, V, B]],
(LA, V,B] =L[B, V, A)AL[A, V, B] # L[A, B, V]]

Proposition["G4.2.3", any[A, V, B, C, D], with[is-tc[A, V, B]],
CehllV, A]AD ehl[V, B] = (L[A, V, B] = L[C, V, D])]

Proposition["G4.2.4", any[A, V, B, C, D], with[is-tc[A, V, B] Ais-tc[C, V, D]],
(L[A, V,B] = L[C, V,D]) = (t[V, Al =1[V, CD) V [V, A] =1[V, D])]

Proposition["G4.2.5", any[A, V, B, W], with[is-tc[A, V, B] Ais-tc[A, W, B]],
(L[A, V, B] = L[A, W, B]) = (V = W)]

Proposition["G4.2.6", any[A, V, B, C, W, D, P, Q], with[is-tc[A, V, B] Ais-tc[C, W, D] A (L[A, V, B] = L[C, W, D])],
P e hl[W, CIAQ € hl[W, D] = ((P € hl[V, A]AQ € hl[V, B]) V(P € hl[V, B]AQ € hl[V, A]))]

Proposition["G4.2.7", any[A, V, B, C, W, D], with[is-tc[A, V, B] Ais-tc[C, W, D]],
(LA, V, Bl = L[C, W, D]) = (V= W) A(([V, Al =1V, C) V (r[V, A] = [V, D]))]

Definition|"G4.2.8",

Y |is-pv[A;, Ao] & G| (is-b[A1, V, As] Ais-b[By, V, BoJ A (A = L[A1, V, BI)A (A = L[A2, V, B2])) ]
1A A1,V.B1,As B,
is-tc[A1 VB |

Proposition["G4.2.9", any[A;, V, By, A,, B,], with[is-tc[A;, V, B;] Ais-b[A;, V, A;] Ais-b[By, V, B, ]],
is-pv[L[A1, V, B2], L[A2, V, Bi]]]

Definition["G4.2. 10",

Vo |is-IplA, Al e A (is-b[A, V, A A (A = L[A1, V. BDA (A, = L[A2, V, B]) ]
172 A1,V.BA,
is-tc[A;,V,B]



Proposition|"G4.2.11", any[Cy, W, Dy, Cz, D1, with[is-tc[C;, W, D; ] Ais-b[Cy, W, C;] Ais-b[D;, W, D; 1],

is-Ip[[Cy, W, D1 ], L[Cy, W, D2]] "a"
is-1p[L[C2, W, Dy ], L[C2, W, D, ]] ”b"]
is-Ip[L[Cy, W, D3], L[Cy, W, Dy ]] "c¢"

o Triangles

Definition|"G4.3.1",
Y (alA.B.Cl=s[A. B]Us[B. CIUsIC. AD

is-tc[A,B,C]

Proposition["G4.3.2”, any[A, B, C], with[is-tc[A, B, C]],
(a[A, B, C] = A[C, B, A A(a[A, B, C] = A[A,C,B]) "a"
s[A, B] = A[A, B, C]N1[A, B] "b”]

Proposition["G4.3.3", any[A, B, C], with[is-tc[A, B, C] Ais-tc[D, E, F]],
(a[A, B, C] = A[D, E, F]) = ({A, B, C} = {D, E, F})]

= Convexity and Plane Separation

o Convex Figures
Definition|"G5.1.1",

;{ issev[fle ¥ (AeFABeF =s[A BICF) |
A;bB

Proposition["G5.1.2", any[F, 721,
is-cv[F1, 2l = is-ev[F N F21]

Proposition["GS.l.B",
is-cv[Q] /\ is-cv[P] /\ X is—cv[{A}]]

Proposition["G5.1.4", any[A, B], with[A # B],
is-cv[l[A, B]] "a"
is-cv[r[A, B]] "b"]
is-cv[s[A, B]] "c¢"

Proposition["GS.l.S", any[A, B], with[A # B],
is-cv[hl[A, B]] "a"
is-cv[int[A, B]] "b”]

Proposition["G5.1.6", any[g, V], with[V € g],

3 (wemi=mUse) )\ ¥y @erirQets = sp.aIN I+ 0)
is-cv[H , Hy ]
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o The Plane Separation Axiom
Axiom|"PSA",

VoA ([Pegz(HlUWZ)/\P\L(PET{IAQeﬂzﬁs[P,Q]ﬁg¢(Z))]

is-cV[H) \Hs | P£Q

Proposition["G5.2.1", any[g, Hi, Ho, A, B], withlis-cv[H1, Ho] \(PS g =H, UH) AA B AA & gAB ¢ gl,
SIA,BINg+0=>Ae¢H, VB¢ H)AA ¢ H, VB ¢ Hy)l

Proposition["G5.2.2", any[g, H;, H,], with[is-cv[H;, Hr] AP g =H; UH>)],
H #DAH #+ QN (H NHy = D))

Proposition["G5.2.3", any[g, H;, H>], with[is-cv[H;, FHh1 AP g=H, UH>)],
P=H UgUH)ANH, =P (H, Ug)A(H, =P g)eH)I

Proposition|'G5.2.4", any[g, Hy, Ha, H, Hil,
is-cv[H,, Ha, Hs, ‘H4]/\([Peg=711 Uﬂz)/\ P\g PeH ANQeH, =s[P,QlNg# (Z))/\

P+Q

Pog=HUH) \ 1 PeH AQeH: =sIP.QINg#0) = (M. Ho) = (Hs. Hi))]

P£Q
Definition|"G5.2.5",

v [hp[g, Al={X | X=A)Vs[A XINg= (D}]]
A Xeg
A¢g

Definition|"G5.2.6",

v [ohp[g, Al={X | X#ANAsA X]Ng# (b}]]
g.A X¢g
A¢g

Proposition["GS.Z.T‘, anylg, A], with[A € g],

is-cvihplg. Al ohplg. All /\ P& =hplg. AlUohplg. Al) /\ ¥ (P < hplg. AIAQ < ohplg. Al = s[P. QI # D]
P£Q

Definition|"G5.2.8",
v (is-sslg, A, B] & (A & g AB € hplg, A])
g,

Definition|"G5.2.9",
¥ _(is-oslg. A, B] & (A & g AB & ohplg, A])
g1,

Definition|"G5.2.10",
Y, (plA, B, P]=hpll[A, B, P))]

is-tc[A,B,P]
Definition|"G5.2.11",
Y (ohp[A, B, P] = ohpl[l[A, B], P])|
A,B,P

is-tc[A,B,P]

Proposition["G5.2.12", any[g, h, A], with[A ¢ g],
(hplg, Al =hplh, Al) = (g = h)]
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o Incidence Theorems based on PSA

Proposition|"G5.3.1", any[g, A, B], with[A ¢ g],
B € hp[g, Al = (hplg, A] =hpl[g, B]) a]
B € ohplg, A] = (hplg, A] = ohp[g, B]) "b"

Proposition["G5.3.2", any[g, A, B], with[A ¢ g AB € g1,
(hplg, B] = ohplg, A]) = (hplg, Al = ohplg, B])]

Proposition["G5.3.3", any[g, A, B],
is-os[g, A, B] = —is-ss[g, A, B]]
Proposition["G5.3.4", anylg, A, B, C], with[is-os[g, A, B]l,

is-os[g, B, C] = is-ss[g, A, C] "a"
is-ss[g, B, C] = is-os[g, A, C] "b"]

Proposition["G5.3.5", any[g, A, B], with[A € g AB ¢ g1,
¥ (P € hi[A, B] = is-ss[g, B, P)]

Proposition["G5.3.6", any[g, A, B, C], with[is-tc[A, B, CIAA¢ gAB ¢ gAC ¢ g],
G[A, BINg=®) V6B, ClNg=0)VGIC, AlNg=0)]

Proposition["G5.3.7", any[g, A, B, C], with[is-tc[A, B, CIAA¢ gAB ¢ gAC ¢ g],
gNs[A, B0 = (gNs[B, Cl# OV gNs[A, C]+ )]

Proposition["G5.3.8", any[A, B, C, D, E], with[is-tc[A, B, C]],
is-b[A, B, D] Ais-b[B, E, C] > 3 (F € I[D. E] Ais-b[A, F, &)

Proposition["G5.3.9", any[A, B, C, D, F], with[is-tc[A, B, C]],
is-b[A, B, D] Ais-b[A, F, C] = El (E € 1D, F] Ais-b[B, E, C] Ais-b[D, E, F])]

Proposition["GS.3.lO”, any[A, B, C, P], with[is-tc[A, B, C]],
QEIR (Qea[A,B,C]IAR e A[A, B, C]AP e1[Q, R])]
Q+R

Proposition['G5.3.11", any[F, g, A], with[is-cv[F]AF O A\ A € F],
FNg=0=7F chplg, All

= More Incidence Theorems and Quadrilaterals

o Interior of Angles and Triangles

Definition|"G6.1.1",
Y (ntlA, V, B] =hp[V, A, B\ hp[V, B, A])]

is-tc[A,V,B]

Proposition["G6.1.2", any[A, V, B, P], with[is-tc[A, V, B]],
P e int[A, V, B] & (is-ss[1[V, B], A, P] Ais-ss[1[V, A], B, P]) Han]
is-b[A, P, B] = P €int[A, V, B] "

Proposition["G6.1.3", any[A, B, C], with[is-tc[A, B, C]],
int[A, B] C int[A, C, B]]
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Proposition["G6.1.4", any[A, V, B, P, D], with[is-tc[A, V, B] AP e int[A, V, B]],
t[A, P] N1V, B] = {D} = is-b[A, P, D]]

Proposition["G6.1.5", any[A, V, B, P], with[is-tc[A, V, B]],
P eint[A, V, B] = r[V, P] N int[A, B] # @]

Proposition["G6.1.6", any[A, V, B, P], with[is-tc[A, V, B]],
[V, PINint[A, B] # @ = P € int[A, V, B]]

Proposition["G6.1.7", any[A, V, B, P], with[is-tc[A, V, BJAP € hp[V, A, B]],
P eint[A, V, B] & is-os[I[V, P], A, B]]

Proposition["G6.1.8", any[A, V, B, C, P], with[is-tc[A, V, BJAP € hp[V, A, B] Ais-b[A, V, C]],
Peint[A, V, B] & B € int[C, V, P]]

Proposition["G6.1.9", any[A, V, B, P], with[is-tc[A, V, B]AP € hp[V, A, B]],
!
V[V, Pl =1[V, B]), Pint[A, V, B], B € int[A, V, P]]]

Proposition["G6.1.10", any[A, V, B, C, D, E], with[is-tc[A, V, B] Ais-tc[C, V, D]],
(LA, V, B] = L[C, V, D)) At[V. E]int[C, D] # @ = 1[V, E] " int[A, B] # @]

Proposition["G6.1.11", any[A, B, C, D, E, F], with[is-tc[A, B, C]],
is-b[B, C, D] Ais-b[A, E, C] Ais-b[B, E, F] = F € int[A, C, D]]
Definition|"G6.1.12",
v A, V,B]=L[A, V,B]Uint[A, V, B
R (ar[A, V, B] = L[A, V, B]Uint[A, V, B])|

is-tc[A,V.B]

Definition|"G6.1.13",
Y  (ext[A, V,B]=Poar[A, V, B))]
AV.B

is-tc[A,V,B]

Definition|"G6.1.14",
Y (@A, B, C=hp[A, B, CI(hp[B, C, A]hp[C, A, B])]
isftc[,A:B,C]

Proposition["G6.1.15", any[A, B, C, V], with[is-tc[A, V, B] Ais-tc[A, B, C]],
is-cv[int[A, V, B]] Ais-cv[it[A, B, C]]]

Proposition["G6.1.16", any[A, B, C], with[is-tc[A, B, C]],
it[A, B, C] = int[C, A, B] () int[A, B, C]int[B, C, A]]
Proposition["G6.1.l7”, any[g, A, B, C], with[is-tc[A, B, C]],

gNilA,B,Cl# 0= 3 (7N 4[A, B, Cl= P, Q]

P£Q

o Quadrilaterals

Definition|"G6.2.1",
ABVC 5 (is-qc[A, B, C, D] & (is-tc[A, B, C] Ais-tc[B, C, D] A

is-tc[C, D, A] Ais-tc[D, A, B] Aint[A, B] N int[C, D] = @ A int[B, C] () int[A, D] = (Z)))]

Definition|"G6.2.2",

v (D[A. B, C, D] = s[A, B]Us[B, C]Us[C, D] Us[D, A])
AB,CD
is-qc[A,B,C,D]
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Proposition["G6.2.3", any[A, B, C, D], with[is-qc[A, B, C, D]],
(O[A, B, C, D] =Ol[D, C, B, AD A(O[A, B, C, D] =0O[B, C, D, A]) A
(TO[A, B, C, D] =0[C, D, A, BD A (O[A, B, C, D] =0O[D, A, B, C])]

Proposition["G6.2.4", any[A, B, C, D],
is-qc[A, B, C, D] Ais-qc[A, B, D, C] = O[A, B, C, D] # O[A, B, D, C]]

Proposition["'G6.2.5", any[A, B, C, D, E, F, G, H], with[is-qc[A, B, C, D] Ais-qc[E, F, G, H]],
(O[A, B, C,D]=0O[E, F, G, H) = ({A, B, C, D} = {E, F, G, H})]

Definition|"G6.2.6",
A,BYC,D (is-cqc[A, B, C, D] &

(is-qc[A, B, C, D] AA € hp[B, C, D] AB € hp[C, D, A]AC € hp[D, A, B]AD € hp[A, B, C]))]

Proposition["G6.2.7", any[A, B, C, D],
is-cqc[A, B, C, D] & (is-qc[A, B, C, DJA A € int[B, C, D]AB € int[C, D, A]AC € int[D, A, B]AD € int[A, B, C])]

Proposition["G6.2.8", any[A, B, C, D],
is-cqc[A, B, C, D] & (is-qc[A, B, C, D] A s[A, C] () s[B, D] # )]

Definition|"G6.2.9",
o7 (is-tre[A, B, C, D] & (is-qclA, B, C, D] AI[A, B] n I[C, D))

Definition|"G6.2.10",
o7 (is-ite[A, B, C, D] & (is-tre[A, B, C, D] As[A, D] = s[B, C))]

Deﬁnition["G6.2. 11",
ABVCD (is-pc[A, B, C, D] & (is-trc[A, B, C, D] A1[B, C] n1[A, D]))]

Proposition["G6.2.12", any[A, B, C, D],
is-pc[A, B, C, D] = is-cqc[A, B, C, D]]

= Angular Measure

o Degree Measure of Angles and the Protractor Axiom

Definition["G7.1.1",
A ={L[A, V, B] |is-tc[A, V, B]}]

Axiom["PA1",
a:A—{x|0<x<180}]

Definition|"G7.1.2",
Y (m[A, V, Bl =alL[A, V, BI])
AV.B

is-tc[A,V,B]

Definition|"G7.1.3",

v |is-hl[H, V] & 3 (H =hI[V, A]|]
HNV A
A#V
Axiom|["PA2",

g, 2 (H chplV. A P1/\ ¥ (mlA, V. X] =)

is-tc[V,A,P] 0<r<180 is-hl[#,V]



14

Axiom|["PA3",
Y (BeintA, V,C]= (m[A, V,B]+m[B, V,C]=m[A, V, C])]

V.AB,C
is-tc[A,V.C]

Proposition["G7.1.4", any[A, V, B, C], with[is-tc[A, V, C]AB € hp[V, A, C]],
m[A, V,B] <m[A, V,C]=> B eint[A, V, C]]
Definition|"G7.1.5",
ﬂvﬂ (is-sup[A;, Al & (A e ANA, € AN (a[A] + a[A] = 180)))]
1712
Definition|"G7.1.6",

ﬂ\lﬂ (is-com[A;, Ax] & (A e ANA; e AN(a[ A ] +alA] = 90)))]

Proposition["G7.1.7", any[A;, A>],
is-Ip[ Ay, Az] = is-sup[A;, Az ]]

Proposition["G7.1.8", any[A, V, B, C], with[is-tc[A, V, B] Ais-os[I[V, B], A, C]],
(m[A, V, B]+m[B, V, C] = 180) = is-b[A, V, C]]

Proposition["G7.1.9", any[A, V, B, C], with[is-tc[A, V, C] Ais-tc[B, V, C]],
(m[A, V, B]+m[B, V, C] =ml[A, V, C]) > B € int[A, V, C]]
Definition|"G7.1.10",
¥ (is-aal Al & (A€ AN Al < 90))]

Definition|"G7.1.11",
¥ (is-0alA] & (A€ ANalAl > 90))]

o Congruence of Angles and Angle Bisector

Definition|"G7.2.1",

ﬂlvﬂz A=A oA eANA; e ANa[A] = a[ﬂz]])))]

Proposition["G7.2.2", any[A, V, B, C, W, D], with[is-tc[A, V, B] Ais-tc[C, W, D]],
L[A, V,B] = L[C, W, D] & (m[A, V, B] =m[C, W, D])]

Proposition["G7.2.3", any[A, V, B, C, W, D, E, X, F], with[is-tc[A, V, B] Ais-tc[C, W, D] Ais-tc[E, X, F]],
L[A, V, Bl = L[A, V,BIA(L[A, V,B] = L[C, W, D] = L[C, W, D] = L[A, V, BD A
(LA, V,B] = L[C, W, D]ALIC, W, D] = L[E, X, F] = L[A, V, B] = L[E, X, F])]

Proposition["G7.2.4", any[A, V, B, W, C, P], with[is-tc[A, V, B] Ais-tc[W, C, P]],

A is-hi[H, W] /\H chplW, €. P1 /\ ¥ LA V. B]=L[C, W, D]
DeH

Proposition["G7.2.5", any[A, B, P, a, r], with[is-tc[A, B, PJAO <a < 180 Ar > 0],
2(CehplA, B, PJA(m[A, B, C] =) A(d[B, C] = )]

PI’OpOSitiOl’l[”G7.2.6", any[Al s Vl s Bl N C1 . Az, V2, Bz, Cz],
with[is-tc[A, Vi, B;] Ais-tc[A;, V2, B,]ACy €int[Ay, Vi, Bi]A
C, eint[A,, Vo, BoJAL[AL, Vi, Ci] = L[A;, V,, G,
L[A1, Vi, Bil = L[Az, V2, Bo] & L[Cy, Vi, Bi] = L[Cy, V2, By ]]

Proposition["G7.2.7", any[A;, Az ],
is-pv[A;, Ax] = A = Ay ]
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Proposition["G7.2.8", any[A, B, C, D, V], with[is-b[A, V, C] Ais-os[l[A, C], B, D]],
L[A, V,B] = ([C, V, D] =is-b[B, V, D]]

Definition|"G7.2.9",

A is-ab[B, A, V,Bl< 3 ((B=r1V,CDAL[A, V,Cl=L[C, V,B]||
B,AV,B C
is-tc[A,V,B] Ceint[A,V,B]

Proposition["G7.2.10”, any[A, V, B], with[is-tc[A, V, B]],
Jis-ab[B, A, V, B]]
8

Definition|"G7.2.11",
v (ab[A, V, B] = ¢is-ab[B, A, V, B])]
A V.B B

is-tc[A,V,B]

Proposition["G7.2.12", any[A, V, B, P],
P+ VAP eablA, V,B]=>Peint[A, V, B]]

o Right Angles and Perpendicularity

Definition|"G7.3.1",
¥ (isralA] & (A€ A (@[A] =90))]

Proposition["G7.3.2", any[A,;, Az ],
A = Ay Nis-Ip[Ay, Ay] = is-ra[A;, Ay ]]

Proposition["G7.3.3", any[A, V, B, C, D], with[is-tc[A, V, B] Ais-b[A, V, C] Ais-b[B, V, D]],
is-ra[L[A, V, B]] = is-ra[L[C, V, B], L[A, V, D], L[C, V, DI]]

Definition|"G7.3.4",

v, (92ne 3 (is-ralAIAAC g U h))]

Proposition["G7.3.5", any[g, 4],
gLh=h1g]

Proposition["G7.3.6", any[g, P], with[P € g],
IPehnhsg)

= Congruence for Triangles

o The Penultimate Axiom SAS

Definition|"G8.1.1",

ABCVDEF (is-ctc[A, B, C, D, E, F] © (is-tc[A, B, C] Ais-tc[D, E, F] A s[A, B] =~ s[D, E] As[A, C] = s[D, F] A

s[B, C] ~ S[E, FIA L[C, A, B] = L[F, D, E] A L[A, B, C] = L[D, E, F] A ([B, C, A] = L[E, F, D]))]

Proposition["G8.1.2", any[A, B, C, D, E, F],
(is-ctc[A, B, C, D, E, F] o is-ctc[D, E, F, A, B, C]) A
(is-ctc[A, B, C, D, E, F] @ is-ctc[B, C, A, E, F, D]) A (is-ctc[A, B, C, D, E, F] & is-ctc[C, B, A, F, E, D])]

Proposition["G8.1.3", any[A, B, C, D, E, F, G, H, 1],
is-ctc[A, B, C, A, B, C] A (is-ctc[A, B, C, D, E, F] = is-ctc[D, E, F, A, B, C]) A
(is-ctc[A, B, C, D, E, F] Ais-ctc[D, E, F, G, H, I] = is-ctc[A, B, C, G, H, I])]
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Definition|"G8.1.4",
v (is-cel 71, Tl &
7

1.72
ABCBDEF (77 = A[A, B, C)) A (77 = A[D, E, F]) A (is-ctc[A, B, C, D, E, F] Vis-ctc[A, C, B, D, E, F]V
is-ctc[B, A, C, D, E, F] Vis-ctc[B, C, A, D, E, F] Vis-ctc[C, A, B, D, E, F] Vis-ctc[C, B, A, D, E, F])))]
Proposition["G8.1.5", any[A, B, C, D, E, F], with[is-tc[A, B, C] Ais-tc[D, E, F]],
is-cg[A[A, B, C], A[D, E, F]] & (is-ctc[A, B, C, D, E, F] Vis-ctc[A, C, B, D, E, F]V

is-ctc[B, A, C, D, E, F] Vis-ctc[B, C, A, D, E, F] Vis-ctc[C, A, B, D, E, F] Vis-ctc[C, B, A, D, E, F])]
Axiom|"SAS",
(s[A, B] = s[D, E]AL[C, A, B] = L[F, D, E] As[A, C] = s[D, F] = is-ctc[A, B, C, D, E, F])]

N4
AB,C.D.EF
is-tc[A,B,C]Ais-tc[D,E,F]

o The Basic Congruence Theorems

Definition|"G8.2.1",
A\é’c (is-iso[A, B, C] & (is-tc[A, B, C] As[A, C] =~ s[B, C]))]

Definition|"G8.2.2",
A\;C (is-scalA, B, C] & (is-tc[A, B, C] A = is-iso[A, B, C] A —is-iso[B, C, A] A = is-iso[C, A, B]))]

Proposition["GS8.2.3", any[A, B, C],
is-iso[A, B, C] = L[C, A, B] = L[C, B, A]]

Definition|"G8.2.4",

A\é’c (is-eql[A, B, C] & (is-iso[A, B, C] As[A, B] = s[A, C]))]

Definition|"G8.2.5",
Y (is-eqalA, B, C] & is-tc[A, B, CJAL[C, A, B] = L[A, B, CIAL[A, B, C] = L[B, C, A

Proposition["G8.2.6", any[A, B, C],
is-eql[A, B, C] = is-eqalA, B, C]]

Proposition["ASA", any[A, B, C, D, E, F], with[is-tc[A, B, C] Ais-tc[D, E, F]],
L[C, A, B] = L[F, D, E] As[A, B] ~ s[D, E] A L[C, B, A] = L[F, E, D] = is-ctc[A, B, C, D, E, FJ]

Proposition["G8.2.7", any[A, B, C], with[is-tc[A, B, C]],
L[C, A, B] = L[C, B, A] = is-iso[A, B, C]]

Proposition["G8.2.8", any[A, B, C],
is-eqa[A, B, C] = is-eql[A, B, C]]

Proposition["SSS", any[A, B, C, D, E, F], with[is-tc[A, B, C] Ais-tc[D, E, FJ],
s[A, B] = s[D, E] As[B, C] =~ s[E, F] As[C, A] = s[F, D] = is-ctc[A, B, C, D, E, F]]

= Geometric Inequalities

o Exterior Angle Theorem and its Consequences, Perpendicular Bisector

Proposition["G9‘1.l", any[A, B, C, D], with[is-tc[A, B, C]],
is-b[D, A, B] = m[D, A, C] > m[B, C, A] "a"
is-b[D, A, B] = m[D, A, C] > m[A, B, C] b]
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Proposition["G9.1.2", any[A, B, C],
is-iso[A, B, C] = is-aa[L[C, A, B]]]

Proposition["SAA", any[A, B, C, D, E, F], with[is-tc[A, B, C] Ais-tc[D, E, F]],
S[A, B] ~ s[D, E] A L[A, B, C] = [D, E, F] A L[B, C, A] = L[E, F, D] = is-ctc[A, B, C, D, E, FJ]

Proposition["G9.1.3", anylg, P],
APehNhs 9]

Definition|"G9.1.4",
2 (pp[g, Pl=t(Pe h/\hJ-y))]

Definition|"G9.1.5",
! (g, P = ilg. pplo. P]D)]

Deﬁnition[”G9. 1.6",
¥ (is-pbsig, A, B] & (A # BAmp[A, Bl € gA g +1[A, B)|
g8,

Proposition["G9.l.7", any[A, B], with[A # B],
Fis-pbs[g, A, B]|
9

Definition|"G9.1.8",

A\(B (pb[A, B] = ;ls—pbs[g, A, B])]
A+B

Proposition["G9.1.9", any[A, B, X], with[A # B],
d[X, A] =d[X, B] & X € pb[A, B]]

Proposition|"G9.1.10", any[P, g],

P &g = ispbsig. P, Ql]

Proposition["G9.1.11", any[g, A, k],
heghkrg=hnk]

Proposition["G9.1.12", any[P, Q, R], with[is-pd[P, Q, R]],
is-col[P, Q, R] = pb[P, Q] u pb[Q, R]]

Proposition["G9.1.13", any[A, B, C, F], with[is-tc[A, B, C] A (F = ft[I[A, B], C])],
is-aa[L[B, A, C]] = F € hl[A, B]]

o Inequalities and Right Triangles

Proposition["9.2.1", any[A, B, C], with[is-tc[A, B, C]],
d[A, B] > d[A, C] = m[A, C, B] > m[A, B, C]]

Proposition["9.2.2", any[A, B, C], with[is-tc[A, B, C]],
m[B, C, A] > m[A, B, C] = d[A, B] > d[A, C]]

Proposition["G9.2.3", any[A, B, C],
is-tc[A, B, C] = d[A, B] +d[B, C] > d[A, C]]

Proposition["G9.2.4", any[A, B, C],
d[A, B] +d[B, C] = d[A, C]]

Proposition["G9.2.5", any[A, B, C],
(d[A, B]+d[B, C]=d[A,C]) @ (A+CABes[A,C)V(A=B =0))]
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Proposition|"G9.2.6", any[A, B, M], with[A # B],

(d[A, M] = d[Az’ Bl ) A (d[B, M] = d[Az’ Bl ) = (M = mp[A, B)|

Proposition["G9.2.7", any[A, B], with[A # B],
s[A, B] = {X | d[A, X]+d[X, B] =d[A, B])} "a"
r[A, B] = {X | d[B, X] = | d[A, X]—d[A, B] )} ”b"]

Proposition["G9.2.8", any[A, B, C],
is-tc[A, B, C] & (d[A, B] +d[B, C] > d[A, C]Ad[A, C]+d[C, B] > d[A, B]Ad[B, A] +d[A, C] > d[B, C))]

Proposition["G9.2.9", any[A, B, C, D], with[is-tc[A, B, C]],
D e tri[A, B, C] = d[A, D] +d[D, B] < d[A, C] +d[C, B] Am[A, D, B] > m[A, C, B]]

Proposition["G9.2.10", any[A, B, C, D], with[is-tc[A, B, C]],
is-b[A, D, B]Ad[B, C] = d[A, C] = d[D, C] <d[B, C]]

Proposition["G9.2.11", any[A, B, C, D, E, F], with[is-tc[A, B, C] Ais-tc[D, E, F]],
s[A, B] = s[D, E] As[A, C] = s[D, F]Am[C, A, B] >m[F, D, E] = s[B, C] > d[E, F]]

Proposition["G9.2.12", any[A, B, C, D, E, F], with[is-tc[A, B, C] Ais-tc[D, E, F]],
s[A, B] ~ s[D, E] As[A, C] ~ s[D, F]Ad[B, C] > d[E, F] = m[C, A, B] > m[F, D, E]]

Proposition["G9.2.13", any[A, B, C], with[is-tc[A, B, C]],
m([B, C, A] =90 = is-aa[L[C, A, B], L[A, B, C]]]

Deﬁnition[”G9.2.14",
A\;C (is-rtc[A, B, C] & (is-tc[A, B, C]AI[A, C] +1[B, C]))]

Proposition["G9.2.15", any[g, A, B, C],
(A¢gN(C=1tlg, A)AB+CAB e g) = (d[A, C] <d[A, B]Ad[B, C] <d[A, B])]

Definition|"G9.2.16",
N (dlg. P = dIP. filg, PID)]

Proposition["G9.2.17", any[A, B, C, F], with[is-tc[A, B, C] A (F = ft[1[A, B], C])],
d[A, B] = d[A, C]Ad[A, B] = d[B, C] = is-b[A, F, B]]

Proposition["G9.2.18", any[A, B, C, D, E, F], with[is-rtc[A, B, C] Ais-rtc[D, E, F]],
s[B, C] =~ s[E, F] As[A, B] = s[D, E] = is-ctc[A, B, C, D, E, F]]

Proposition["G9.2.19", any[P, Q, R],
is-pd[P, Q, R] = pb[P, Q] # pb[Q, R]]

Proposition["G9.2.20", any[A, V, B, P], with[P # V],
P e ablA, V, B] = (d[I[V, A], P] =d[I[V, B], P])]

Proposition["G9.2.21", any[A, V, B, P], with[P € int[A, V, B]],
d[1[v, Al, P] =d[I[V, B], P]) = (ft[l[V, A], P] e hl[V, A] A ft[1[V, B], P] € hl[V, B])]

Proposition["G9.2.22", any[A, V, B, P], with[P € int[A, V, B]],
(d[1[V, A], P] =d[I[V, B], P]) = P € ab[A, V, B]]

Proposition["G9.2.23”, any[A, B, C], with[is-tc[A, B, C]],

g (ab[C, A, B] N ab[A, B, C]Nab[B, C, A] = {P})]

Definition|"G9.2.24",
v (inc[A. B, C] = 1 (@b[C. A, B] () ab[A. B, C] () ab[B. C. Al = {P))]
AB,C P

is-tc[A,B,C]
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Proposition["G9.2.25", any[A, B, C, P], with[is-tc[A, B, C]],
(P =inc[A, B, C]) = (P €it[A, B, C] A(d[I[A, B], P] =d[I[B, C], P]) A(d[1[B, C], P] =d[l[A, C], P]))]

m Reflections

o Introducing Isometries

Definition|"G10.1.1",

¥ (is-solgl & ((0:P—P) A\ ¥ @iglPIL e1QT = aIP. QD |
Definition["G10.1.2",

0 = {p|is-iso[¢]}]

Definition["G10.1.3",
id={(X, X) | X e P}]

Proposition|"G10.1.4", any[¢],
is-iso[¢] = ((p : [PH[P)]
Proposition["G10.1.5", any[¢p, A, B, C],
is-iso[¢] = (is-b[A, B, C] & is-bl¢[Al, ¢I[BI, ¢ICID]

Proposition["G10.1.6", any[¢, A, B, C],
is-iso[¢] = (is-tc[A, B, C] & is-tc[¢[A], ¢[B], ¢[CID]

Proposition["G10.1.7", any[¢, A, B, C], with[is-tc[A, B, C]],
is-iso[¢] = (m[A, B, C] = m[¢[A], ¢[B], ¢[CID]

Proposition["GlO.l.8", any|e],

is-iso[¢] = (z,o : [Pirj;[P)]

Deﬁnition["GlO.l.9",
V_ (alg, F1={¢[P]|P e 7))
o F

¢ P—P

Proposition["G10.1.10", any[¢, g1,
is-iso[¢] = alp, g] € L]

Proposition["GlO.l.l1", any[e, ¥], with[is-iso[¢]],
W = (g, alp, g | g €Lh = (w150

Proposition["G10.1.12", any[g, A, B], with[A # B],
is-iso[¢] = (ale, s[A, B]] = s[¢[A], ¢[BID]

Proposition["G10.1.13", any[¢, A, B], with[A + B],
is-iso[p] = (a[y, r[A, B]] = r[p[A], ¢[BI])]

Proposition["G10.1.14", any[¢e, ¥],
is-iso[¢p, Y] = is-iso[yo¢]]

Proposition["G10.1.15", any[¢],
is-iso[¢] = is-iso[go’] 11
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o Reflectionin a Line

Definition|"G10.2.1",

¥ isilp, g1 = (0:P—P) /\ ¥ (0IPI=P) /\ ¥ is-pbsig. P, p[PII| ]
Peg Peg

Proposition["GlO.Z,Z”, anyl[g],
Fis-rflp, al

Definition|"G10.2.3",

v (r[g] = cis-tlp, g])]

Definition|"G10.2.4",
V (is-inv[p] & ((9:P—P) Ap # id) A (pop = id))]
"

Proposition["G10.2.5", any[p, g],
is-rf[p, g] = is-inv[p]]

Proposition["GlO.2.6", any|p, g1,

is-rf[p, g1 = \I{ (a[p, hp[g, P]] = ohp[g, P]) "a"
P¢g ]

is-rf[p, g1 = ¥ (alp, ohplg. P]] = hp[g, P) "b"
P¢g

Proposition["GlO.Z.T‘, any|p, g, k], with[is-rf[p, g]l,

Y (pIX] =X) & (g =h)]
Xeh

Proposition["G10.2.8", any[p, g, h], with[is-rf[p, g]],
(alp, 1= < (g=nNVh+g)]

Proposition["G10.2.9", any[p, g],
is-rf[p, g] = is-iso[p]]
Proposition["GlO.Z.10", any[e, g], with[is-iso[¢]],
A3B (¢[A] = A) A (¢[B] =B)) = ;7(’ @IX] = X)|
A¢B/\Aég/\Beg Xeg
Proposition["GlO.Z.l1”, any[e], with[is-iso[¢]],

3. (IAT = A) A @B = B) A (PICT =€) = (p = id)]
isftc[’A,’B,C]

o The Most General Concept of Congruence, Symmetry

Proposition["G10.3.1”, any[A, B, C, D, E, F],
is-ctc[A, B,C, D, E, F]=> 3 ((¢[A] = D) A (¢[B] = E) A (¢[C] = F))]
¢

is-iso[¢p]
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Proposition["GlO.3.2”, any|[e],

is-isolg] = | (¢ =i0) \/ 3@ =11gD \/ 3 ¢ =rlglerti) \/ 3 (¢ = rlglertmerikD|]

g#h is-pd[g./1.k]

Proposition["GlO.3.3", any|[e], with[is-iso[¢]],
AIPI=P) = (=id)\/Ip=1lg) \/ 3 (¢ =rlglerlD]

g+h

Proposition["GlO.3.4”, any[e, g], with[is-iso[¢]],

3 (@IAI=AM)A@IB]=B)| e (@=id)V(p=rlg))]
A#B/\Aég/\Beg

Proposition["G10.3.5", any[¢, A, B], with[is-iso[¢] A A # B],

(p[A] =B) A (¢[B] = A) = (¢[mp[A, B]] = mp[A, B])]
Proposition["GlO.3.6”, any[A, B, D, E], with[A # BAD # E],

s[A, B]~s[D,E] & 3 (alg. s[A, B]] =s[D, E])]

¢
is-iso[¢g]

Proposition["GlO.S.T‘, any[A, B, C, D, E, F], with[is-tc[A, B, C] Ais-tc[D, E, F]],

L[A,B,Cl=([D,E,Fl< 3 (ale, L[A, B, C]] = L[D, E, F))|

¢
is-iso[¢p]

Proposition["GlO.3.8”, any[A, B, C, D, E, F], with[is-tc[A, B, C] Ais-tc[D, E, F]],

is-cg[A[A, B, C], A[D,E.Fll & 3 (ale, A[A, B, C]] = A[D, E, F])]

7]

is-iso[¢]

Definition|"G10.3.9",

V [Fi=Fhe I F=ade A
F1.52 [
is-iso[¢]

Proposition["'G10.3.10", any[F;, F2, 31,
Fi=FIANFI =F2 =T = FOANF =F2 AFa =F5 = F1 =F3)]

Definition|"G10.3.11",
Vv (is-loslg, 1. F2] & (72 =alr(g], F11)]

951,52

Definition["GGl 0.3.12",
VT (is-sym[g, F] < is-los[g, F, 7:])]
g,

= Circles

o Introducing Circles

Definition|"G11.1.1",
Y (elC, 1] = (X dIC, X] =1}

™0
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Definition|"G11.1.2",
Y (is-rad[R, A, C.1] & (r> 0AA ec[C, 1] A(R =5[C, A])]

R,CAr

Definition|"G11.1.3",

CA‘v];C (is-cho[C, A,B,C, 1] ©® t >0ANA+#BAA ec[C, 1] AB € ¢c[C, r] A (C = s[A, B])))]

Definition|"G11.1.4",

DA\{a . (is-dia[D, A, B, C, r] & (is-cho[D, A, B, C, r] Ais-b[A, C, B]))]
LALDL, L1

Definition|"G11.1.5",
o (is-di[d, C, C, 1] & (r> OA(C =¢[C, rD A (d = 21))]
,G,Lr

Definition|"G11.1.6",

A\éC (is-seclg, A, B, C, 1] © > 0ANA+BAA ec[C, r]AB ec[C, 1] A (g =1[A, B])))]
g,.A,b,C1r

Definition|"G11.1.7",
¥ (is-tglg, P, C. 1l & (r>0Ag NeclC, 1] = {P})]
g.P.Cr

Definition["G11.1.8",
v (int[C, r] = {X | d[C, X] < r})|

>0

Definition|"G11.1.9",
¥ (ext[C, 1] = (X dIC, X] > r})]
Ny

>0

Definition|"G11.1.10",

V. (s-con[Ci, Cp. C. 11, ] & (1) >0A1, > 0A(Cy =c[C. 1)) A(Ca =¢[C. 12])]
C1,.C2.Cryor2

Definition|"G11.1.11",

PQY{C (is-coc[P, Q, R, C, r] & (r > 0 Ais-pd[P, Q, RIAP e c[C, r] AQ € ¢[C, r] AR € ¢[C, r]))]

Definition|"G11.1.12",
Y (inr[A, B, C] = d[I[A, B], inc[A, B, C]])]
AB,C

is-tc[A,B,C]

Definition|"G11.1.13",
A\l73’C (icc[A, B, C] = c[inc[A, B, C], inr[A, B, C]])]

is-tc[A,B,C]

o First Propositions on Circles

Proposition["G11.2.1", any[C, A, B, C, 1],
is-cho[C, A, B, C, r] = C € pb[A, B]]

Proposition["'G11.2.2", any[C, A, B, M, C, r], with[is-cho[C, A, B, C, r] AC ¢ C],
(M = mp[A, B]) = I[C, M] + [A, B]]

Proposition["G11.2.3", any[C, A, B, C, r], with[is-cho[C, A, B, C, r]],
ppll[A, B], CINC = {mp[A, B]}]
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Proposition["G11.2.4", any[C;, C;, P, Q, R, C, 1], with[P £ R],
is-cho[Cy, P, Q, C, r] Ais-cho[C>, Q, R, C, 1] = pb[P, Q] N pb[Q, R] = {C}]

Proposition["G11.2.5", any[P, Q, R, C, 1],
is-coc[P, Q, R, C, r] = is-tc[P, Q, R]]

Proposition["G11.2.6", any[P, Q, R, C{, 11, Cp, 12],
is-coc[P, Q, R, Cy, ri] Ais-coc[P, Q, R, C3, 12] = ((C; = C2) A (1] =12))]

Proposition["G11.2.7", any[P, Q, R, C, 1],
is-coc[P, Q, R, C, r] Ais-col[P, Q, R] = (R=P) V(R = Q))]
Proposition["Gll.Z.S”, any|[C, r], with[r > 0],
1 (is-coc[P R
paR (is-coc[P, Q, R, C, r])]

Proposition["G11.2.9", any[C,, 1}, C;, 1], with[r; >0 A1, > 0],
(€[Cy, 1] =¢[Ca, 2]) = ((C; = C2) A (1) =12))]

Proposition["'G11.2.10", any[P, Q, R, Cy, 1;, C;, 12], with[r; > 0A1; >0AC[Cy, 11] # c[Ca, 12]],
is-coc[P, Q, R, Cy, rj] Ais-coc[P, Q, R, Cs, o] = (R=P)V (R = Q))]
Proposition["Gl 1.2.11", any[P, C, r], with[r > 0],
PeclCrl= ¥ I (CeghX=rlgllPD)]
g

Xec[C,r]

Proposition["Gl 1.2.12", any[X, P, C, r], with[r > O AP € c[C, 1]],
A(CegAX=1[gllP]) = X € c[C, r]]
g

Proposition["G11.2.13", any|g, C, r], with[r > 0],
C e g < is-sym|g, c[C, r]]]

Proposition["G11.2.14", any[g, P, C, 1], with[r > 0 AP & ¢[C, 1]],
g =ppll[C, P], P] & is-tg[g, P, C, r]]

Proposition|"G11.2.15", any[P, C, r], with[r > 0 AP € ¢[C, r]],
Fis-tg[g. P, C, 1]]
g

Proposition["Gl 1.2.16", any[g, P, C, r], with[r > 0],
is-tg[g, P, C, 1] = \){ X ¢ int[C, r]|

Xeg

Proposition["G11.2.17", any[C, A, B, C, 1],
is-cho[C, A, B, C, r] = d[A, B] = 2r1]

Proposition["G11.2.18", any[C, A, B, C, r], with[is-cho[C, A, B, C, r]],
is-dia[C, A, B, C, r] & (d[A, B] =271)]

Proposition["G11.2.19", any[e, C, r], with[r > 0],
is-iso[p] = (alg, c[C, rl] = c[¢[CI, r])]

Proposition["G11.2.20", any[e, g, P, C, r], with[is-iso[¢]],
is-tg[g, P, C, 1] = is-tglale, g, ¢[P], ¢ICI, 1]

Proposition["G11.2.21", any[C,, 11, C, 12], with[r; > 0 A1y > 0],
c[Cy, 1] =c[Co, ] & (1 =12)]

Proposition["G11.2.22", any[C;, C>, A, B, D, E, Cy, C,, r], with[is-cho[Cy, A, B, Cy, r] Ais-cho[C,, D, E, C,, r]],
C1 =C; & (di[l[A, B], C] =di[l[D, E], C2])]

Proposition["G11.2.23", any[C, r], with[r > 0],
is-cv[c[C, r]]]
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Proposition["G11.2.24", any[U, V, W, X, Y, Z, g, h, k, C, 1],
with[is-tc[U, V, W] A (g =1[U, V) A (B =1[V, WD A (k =1[W, U]) A
X =ftlg, CD) A (Y = ft[h, C]) A(Z = ft[k, C]) A(C =inc[U, V, W] A (r = inr[U, V, W])],
(is-tglg, X, C, r] Ais-tg[h, Y, C, r] Ais-tg[k, Z, C, 1])]

o The Two-Circle-Theorem

Proposition["Gl 1.3.1", any[C, P, Q, r], with[r > 0 Ais-tc[C, P, Q]],
I[P, Q] - I[C, P]Ad[C,P]<r=> HT! (TerP, QIANM[C, T] = r))]

Proposition["G11.3.2", any[S, Q, C, r], with[r > 0],
S e int[C, 1] AQ € ext[C, 1] = ¢[C, r] N s[S, Q] # O]
Proposition["Gl 1.3.3", any[g, C, r], with[r > 0],

gNint[C, 1]+ O = A (AegNelC rIABegNelC, )]
A+B

Proposition["Gl 1.3.4", any[g, C, r], with[r > 0],
gNint[C, 1]+ ) = A @NelC 1l =(A, B))]
A+B

Proposition["Gl 1.3.5", any[V, P, C, r], with[r >0 AV # P],
Veint|C, r] = 3 (V. PI(c[C. 1] = (A

Definition["Gl 1.3.6", any[V, P, C, r], with[V #PAr>0AV € int[C, r]],
ire[V, P, C. 1] = t (X [V, P] N ¢[C. 1])]

Proposition["Gl 1.3.7", any[P, C, 1], with[r > 0 AP € ext[C, r]],
o3, (istelllP. Q1. Q. C. r] AistglllP. R]. R. C. 1] AS[P. Q] = s[P. R))
is-tc[P,Q,R]

Proposition["G11.3.8", any[P, Q, R, S, C, r], with[r > 0 AP € ext[C, r] Ais-tc[P, Q, RIAP # S],
is-tg[1[P, QJ, Q, C, r] Ais-tg[l[P, R], R, C, r] Ais-tg[I[P, S], S, C, r] = ((S = Q) V(S = R))]

Proposition["G11.3.9", any[A, B, C, D, E, F], with[is-rtc[A, B, C] Ais-rtc[D, E, F]],
(d[A, B] =d[D, E]) Ad[A, C] > d[D, F] = d[B, C] < d[E, F]]

Proposition["G11.3.10", any[D, C;, C2, A, B,P,R, Q, S, X, Y, C, 1],
with[is-dia[D, A, B, C, r] Ais-cho[C;, P, R, C, r] Ais-cho[C», Q, S, C, r] A
I[P, R] L 1[A, B]AI[Q, S]1[A, BIAMD N Cy = {XDADNCy ={YD],
is-b[C, X, Y] = r > d[P, X] > d[Q, Y]]

Proposition["Gl 1.3.11", any[a, b, c], withfa>0Ab>0Ac > 0],

Agc ((d[A, B] =c)A(d[B, C] =a) A(d[C, A] =D)) <:>(a<b+c/\b<a+c/\c<a+b)]

is-tc[A,B,C]

Proposition["Gl1.3.12”, any[A, B, a, b, c], withfa>0Ab>0Ac>0A(d[A, B] =¢)],
a<b+cAb<a+cAc<a+b=> PHQ ((c[A, b] N ¢[B, a] = {P, Q}) Ais-os[I[A, B], P, Q])]

P+Q

Definition|"G11.3.13", any[P, Cy, C3, 1y, 12,
with[is-tc[Cy, C2, P] A1) > 0Ar; > 0Ad[Cy, Co] <1y +13 A1y <13 +d[Cy, C2] A1y <11 +d[Cy, Co]],
icc[My, 11, Mz, 12, P] = t X € ¢[C, i ]AX € ¢[Ca, 2] AX € hp[Cy, Ca, P))]
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= More of Absolute Geometry

o Sufficient Conditions for Parallelism

Proposition|["G12.1.1", any[g, P], with[P ¢ g1,
J®ehNgnh)

Definition|"G12.1.2",
Y Gstielg, B V. Wl (V# WAV € gAW € i Ais-pdlg, b 1[V. win)|
g.n, v,

Definition["G12.1.3", any[A;, Az, g, h, V, W, X, Y],
is-pai[A;, Az, g, h, V, W, X, Y] &
(is-trc[g, h, V, WIAX € gAY € hAis-os[I[V, W], X, YIA (A, = L[X, V, WD A (A = L[V, W, Y])]

Proposition|"G12.1.4", any[A;, Az, g, b, V, W, X, Y], with[is-pai[A;, A, g, b, V, W, X, Y]],
A = Ay :>;—(I(k¢g/\k¢h)]

Proposition["G12.1.5", any[A;, Az, g, b, V, W, X, Y], with[is-pai[A;, A,, g, h, V, W, X, Y]],
A=Ay > guh]

Definition["G12.1.6", any[C;, C2, g, b, V, W, X, Y, A;, Az],
is-pcalCy, C2, 9, h, V., W, X, Y, A, Ax] & (s-pai[Ay, Az, g, b, V, W, X, YIA(Cy = Ay) Nis-pva[Cy, A ])]

Proposition['G12.1.7", any[Cy, C2, g, h, V, W, X, Y, Ay, A, ], with[is-pca[Cy, C2, g, b, V, W, X, Y, A, Az ]],
Ci2C, oA =A|

Proposition["G12.1.8", any[C;, C2, g, h, V, W, X, Y, Ay, A, ], with[is-pca[Cy, C2, 9, h, V, W, X, Y, A;, A]],
C1 = Cz =>4l h]

Proposition["G12.1.9", any[A, B, C, D], with[B # C Ais-ss[1[B, C], A, D]],
(m[A, B, C]+m[B, C, D] = 180) = I[A, B] n1[C, D]]

Proposition["G12.1.10", any[A, B, C, D], with[is-qc[A, B, C, D]],
(d[A, B] = d[C, D)) A(d[B, C] =d[D, A]) = is-pc[A, B, C, D]]

Proposition["G12.1.11", any[A, B, C, D], with[is-qc[A, B, C, D]],
L[D, A, B] = L[B, C, D] AL[A, B, C] = L[C, D, A] = is-pc[A, B, C, D]

Proposition["G12.1.12", any[A, B, C, D], with[is-cqc[A, B, C, D]],
(mp[A, C] =mp[B, D]) = is-pc[A, B, C, D]

Proposition["G12.1.13", any[A, B, C, D], with[is-trc[A, B, C, D]],
d[A, B] =d[B, C] = is-pc[A, B, C, D]]

o Saccheri Quadrilaterals

Proposition["G12.2.1", any[A, B, C, D], with[is-qc[A, B, C, D]],
is-ra[L[B, A, D], L[A, D, C]] = is-cqc[A, B, C, D]]

Proposition["G12.2.2", any[A, B, C, D], with[is-qc[A, B, C, D] Ais-ra[.[B, A, D], L[A, D, C]]],
(d[A, B] = d[C, D]) = (m[A, B, C] =m([D, C, B])]

Proposition["G12.2.3", any[A, B, C, D], with[is-qc[A, B, C, D] Ais-ra[.[B, A, D], L[A, D, C]]],
d[A, B] <d[C, D] = m[A, B, C] >m[D, C, B]]

Proposition["'G12.2.4", any[A, B, C, D], with[is-qc[A, B, C, D] Ais-ra[L[B, A, D], L[A, D, C]l],
d[A, B] > d[C, D] = m[A, B, C] <m[D, C, B]]
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Proposition["G12.2.5", any[A, B, C, D], with[is-qc[A, B, C, D] Ais-ra[.[B, A, D], L[A, D, C]]],
(d[A, B] =d[C, D]) & (m[A, B, C] =m(D, C, B])]

Proposition["G12.2.6", any[A, B, C, D], with[is-qc[A, B, C, D] Ais-ra[L[B, A, D], L[A, D, C]]],
d[A, B] < d[C, D] & m[A, B, C] > m[D, C, B]]

Proposition["G12.2.7", any[A, B, C, D], with[is-qc[A, B, C, D] Ais-ra[L[B, A, D], L[A, D, C]l],
d[A, B] > d[C, D] & m[A, B, C] <m[D, C, B]]

Definition|"G12.2.8",
ol (s-rec[A, B, C, D] & (is-qe[A, B, C, D] Ais-ralL[B, A, D], [A, D, C], ¢[D, C, B, £[C, B, Al}))]

Definition|"G12.2.9",
ool (s-sqc[A, B, C, D] & (is-qclA, B, C, D] Ais-ra[L[B, A, D], t[A, D, CII A (d[A, B] = d[C, D]))]

Proposition["'G12.2.10", any[A, B, C, D],
is-sqc[A, B, C, D] = is-cqc[A, B, C, D]]

Proposition["G12.2.11", any[A, B, C, D],
is-sqc[A, B, C, D] = ((m[A, B, C] =m[D, C, B]) A (d[A, C] =d[B, D]))]

Proposition["'G12.2.12", any[A, B, C, D],
is-rec[A, B, C, D] = ((d[A, B] =d[C, D]) A(d[A, D] =d[B, C]))]

Proposition["G12.2.13", any[A, B, C, D, M, N], with[is-sqc[A, B, C, D]],
(M =mp[B, C]) A (N = mp[A, D]) = (I[M, N] + 1[A, D] AI[M, N] +1[B, C])]

Proposition["G12.2.14", any[A, B, C, D],
is-sqc[A, B, C, D] = (pb[A, D] = pb[B, C])]

Proposition["'G12.2.15", any[A, B, C, D],
is-sqc[A, B, C, D] = is-trc[A, D, C, B]]

Proposition["G12.2.16", any[A, B, C, D],
is-sqc[A, B, C, D] = is-pc[A, B, C, D]]

Proposition["G12.2.17", any[A, B, C, D, M, N, F, G], with[is-sqc[A, B, C, D]],
(M = mp[B, C) A(N =mp[A, D]) A (F = mp[A, B]) A(G =mp[C, D]) = 1[M, N] ~1[F, G]]

Proposition["G12.2.18", any[g, P, Q], with[P # Q Ais-ss[g, P, Ql],
(d[g, P1 =d[g, Q) > g n1[P, Ql]

Definition|"G12.2.19",

¥ |is-eadlg Wl v (D Pl=dlh, QD |

PegN\Qeg

Proposition["G12.2.20", any[g, 4],
is-eqdlg, h] = is-eqd[A, gl

Proposition["G12.2.21", any[g, A],
is-eqdlg, hl = g H]

Proposition["G12.2.22", any[A, B, C, X, Y, Z, H],
with[= is-col[A, A, B, C] Ais-b[A, B, C]AX = ft[h, A]AY = ft[h, B] AZ = ft[h, C]],
(d[A, X] =d[B, Y A[B, Y] =d[C, Z]) = is-rec[X, A, C, Z]]

Proposition["G12.2.23", any[A, B, C, P, A], with[is-b[A, B, C] A (d[k, A] = d[h, B]) A (d[A, B] = d[#, C])],
is-b[A, P, C] = (d[h, P] = d[A, A])]

Proposition["Gl2.2.24", any|g, hl,
(AEC (is-pd[A, B, C] Ais-collg, A, B, C] A (d[h, A] = d[h, B]) A (d[h, B] = d[h, C]))) = is-eqdlg, 41|
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Definition|"G12.2.25",

Yo |dlg h=c (= din P ]

is-eqd[g,h] Peg

o The Theory of Parallels

Proposition["Gl 2.3.1",
ABVCD (I[A, B] n1[C, D] = (m[A, B, C]+m[B, C, D] = 180))]
B#Chis-ss[1[B.CLA.D]
Proposition["EPP”,
A D (m[A, B, C]+m[B, C, D] < 180 = r[B, A](r[C, D] # (D)]
B+Chis-ss[1[B.CLA.D]
Proposition["PPP”,
Y APehAhguh
A Pe g )]

Peg

Proposition["Gl2.3.2”,

L (m[A,B,Cl+m[B.C,D] <180 =B, A](r[C, D] # ) =
BiCAis—;s[][é,C],A,D]
v ([A, B 1[C, D] > (m[A, B, C] +m([B, C, D] = 180))]
AB,CD

B+CAis-ss[1[B,C],A,D]

Proposition|"G12.3.3",

Y (I[A, B] n1[C, D] = (m[A, B,C]+m[B,C,D] =180)) = V 2P ehAgu h)]
AB,C,.D gP h
B#CAis-ss[I[B,C],A,D] P¢g

Proposition["G12.3.4",
VY APerAhguh= v (m[A, B, C]+m[B, C, D] < 180 = r[B, A] (N r[C, D];/:(Z))]
gP h AB.CD

Peg B#CAis-ss[I[B,C],A,D]

m Classical Results of Euclidean Geometry

o The Euclidean Parallel Axiom and Immediate Consequences

AXiom["EPA",
V PehNguhAPekAgukA= (h=k)]
P.g.h.k

Peg

Proposition["PPP”,
g\(P IPehngn )|
P¢g
Definition|"G13.1.1",
M (plo. PI=¢Penngun)
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Proposition["G13.1.2", any[g, A, k],
guhhNhuk= gkl

Proposition["G13.1.3", any[A;, Az, g, h, V, W, X, Y], with[is-pai[A;, Az, g, h, V, W, X, Y]],
guh= A =A]

Proposition['G13.1.4", any[Cy, C2, g, h, V, W, X, Y, Ay, A, ], with[is-pca[Cy, C2, g, h, V, W, X, Y, A1, Az ]],
guh=C_C; =C,]

Proposition["G13.1.5", any[g, A, k],
gGEkANgnhANgNk+O=>hrN k= Q]

Proposition["G13.1.6", any[g, A, k],
guhNkLg=kLh]

Proposition["G13.1.7", any[A, B, C, D],
is-sqc[A, B, C, D] = is-rec[A, B, C, D]]

Proposition["G13.1.8", any[g, A],
g h=is-eqd(g, A]]

Proposition["G13.1.9", anyla, b, g, h],
anbANgralNhLb= guh]
Proposition["G13.1.10", any[A, B, C],
is-tc[A, B, C] = %l (pb[A, CI N pb[B, C] = (P})]

Proposition["G13.1.11", any[A, B, C],
is-tc[A, B, C] = (m[B, A, C]+ m[A, B, C] + m[B, C, A] = 180)]

o Theorems about Triangles and Quadrilaterals

Proposition["GB.Z.l", any[A, B, C], with[is-tc[A, B, C]],
g (pb[A, B] (N pb[B, C] N pb[C, A] = {P})]

Definition|"G13.2.2",
N (cclA. B. €1 = ¢ (PBIA, BI(\ pb[B. CI "\ pblC. Al = (P))]

is-tc[A,B,C]

Proposition['G13.2.3", any[A, B, C, P], with[is-tc[A, B, C]],
(P =cc[A, B, C]) > ((d[A, P] = d[B, P]) A (d[B, P] = d[C, P]))]
Definition|"G13.2.4",

Y (cer[A, B, C] =d[A, cc[A, B, C]])|
AB,C
is-tc[A,B,C]

Definition|"G13.2.5",
Y (ccelA, B, C] = cleelA, B, Cl, cer{A, B, CID)]

is-tc[A,B,C]

Proposition["G13.2.6", any[P, Q, R], with[is-tc[P, Q, R]],
Jis-coc[P, Q, R, C, 1]

Definition|"G13.2.7",
Y. @A, B, Cl=ppll[B, C]. AD]

is-tc[A,B,C]



29

Proposition["G13.2.8”, any[A, B, C], with[is-tc[A, B, C]],
T?)i (alt[A, B, C] N alt[B, C, A] N alt[C, A, B] = {P})]

Definition|"G13.2.9",

v (oc[A, B, C] = ¢ (alt[A, B, C] N alt[B, C, A] N alt[C, A, B] = {P}))]
ABC P
is-tc[A,B.C]

Proposition["G13.2.10", any[A, B, C, D],
is-trc[A, B, C, D] = is-cqc[A, B, C, D]]

Proposition["G13.2.11", any[A, B, C, D],
is-pc[A, B, C, D] = is-ctc[A, B, C, C, D, A]]

Proposition["'G13.2.12", any[A, B, C, D],
is-pc[A, B, C, D] = ((d[A, B] =d[C, D]) A (d[B, C] =d[D, A])]

Proposition["G13.2.13", any[A, B, C, D],
is-pc[A, B, C, D] = (L[D, A, B] = L[B, C, D] A L[A, B, C] = L[C, D, A])]

Proposition["G13.2.14", any[A, B, C, D], with[is-pc[A, B, C, D]],
is-pc[A, B, C, D] = (mp[A, C] = mp[B, D])]

o Angles in a Circle

Proposition["Thales", any[P, Q, R, C, 1],
is-coc[P, Q, R, C, r] Ais-b[P, C, Q] = (m[P, R, Q] =90)]

Proposition|"G13.3.1", any[P, Q, R],

d[P, Q] I

is-rtc[P, Q, R] = is-coc[P, Q, R, m[P, Q], 5

Proposition["Gl3.3.2”, any[P, Q, R, C, r], with[is-tc[P, Q, C]],
R ehp[P, Q, C] = (m[P, R, Q] = %m[P, C, Q) "a"
R e ohp[P, Q, C] = (m[P, R, Q] = % (360 -m[P, C, Q])) "b"

Proposition["G13.3.3", any[P, Q, R, S, C, r], with[is-coc[P, Q, R, C, r] A'S € hp[P, Q, R]],
S ec[C, 1] = (m[P, S, Q] =m[P, R, Q])]

Proposition["G13.3.4", any[P, Q, R, S, C, 1], with[is-coc[P, Q, R, C, r] A'S € hp[P, Q, R]],
(m[P, S, Q] =m[P, R, Q) = S e ¢[C, 1]]

Proposition["G13.3.5", any[g, P, Q, R, S, T, C, 1],
with[is-coc[P, Q, R, C, r] A'S € hp[P, Q, R] Ais-tg[g, P, C, r] AT € g AT € ohp[P, Q, R]],
S eclC, r]=> (m[P, S, Q] =ml[T, P, QD]

Definition|"G13.3.6",

\/
AB.CD

]

is-iqc[A, B, C, D] & [is—qc[A, B, C, D] /\ 1\? (AecM,r]AB ec[M, r]AC ec[M, r]AD ec[M, r])
T

>0

Proposition["'G13.3.7", any[A, B, C, D],
is-iqc[A, B, C, D] < is-sup[L[D, A, B], L[B, C, D]]]
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= Similarity

o The Basic Similarity Theorem

Definition["G14.1.1", any[a, b, ¢, g, h, A, B, C, D, E, F],
is-sicla, b, ¢, g, h, A, B, C, D, E, F] & (is-pdla, b, c]AanbAbncANg+hA
@Na={AYA@Nb={BHAGNc={CHArNa={DYAHENb={EN A\ c={F}))]

Proposition["G14.1.2", any[a, b, ¢, g, h, A, B, C, D, E, F], with[is-sic[a, b, ¢, g, i, A, B, C, D, E, F]],
is-b[A, B, C] = is-b[D, E, F]]

Proposition["G14.1.3", any[a, b, ¢, g, h, A, B, C, D, E, F, with[is-sic[a, b, ¢, g, h, A, B, C, D, E, F]],
S[A, B] ~ s[B, C] = s[D, E] ~ s[E, F]]

roposition .1.4%, anyla, b, ¢, g, h, A, B, C, D, E, F, p, q|, with[is-sicla, b, ¢, g, h, A, B, C, D, E, e N,

n<q-

is-b[A, B, C] Ap = max {n

d[B, C] (B d[B,C] p+1 P d[E, F] p+1)
}: q q /\q ]

< < < <
d[A, B] d[A, B] d[D, E] q

neNy
Proposition["Gl4.1,5”, anyla, b, ¢, g, h, A, B, C, D, E, F], with[is-sic[a, b, ¢, g, h, A, B, C, D, E, F]],
d[B,C] d[E, F] )]
d[A, B] ~ d[D, E]

is-b[A, B, C] = (

Proposition["Gl4.1,6", any[A, B, C, D, E], with[is-tc[A, B, C] Ais-b[A, D, C] Ais-b[B, E, C]],

d[C,D]  d[C, E] d[c,D]  d[C, E]
dD, A] _ d[E B] )/\(d[C, Al _ d[C, B] ))]

1[D, E]nl[A, B] = ((

Proposition["Gl4.1,7”, any[A, B, C, D, E], with[is-tc[A, B, C] Ais-b[A, D, C] Ais-b[B, E, C]],
(d[C, D] B d[C, E]
d[D, A]  d[E, B]

) = 1[D, E] n1[A, B]]

o Similarities Between Triangles

Definition|"G14.2.1",

¥V  (is-stc[A, B, C, D, E, F] &
AB,CD,EF

(is-tc[A, B, C] Ais-tc[D, E, FIA L[C, A, B] = L[F, D, E]A L[A, B, C] = L[D, E, FIA L[B, C, A] = L[E, F, D]))]

Proposition["G14.2.2", any[A, B, C, D, E, F], with[is-tc[A, B, C] Ais-tc[D, E, F]],
L[C, A, B] = L[F, D, E] A L[A, B, C] = L[D, E, F] = is-stc[A, B, C, D, E, F]]

Proposition["G14.2.3", any[A, B, C, D, E, F, G, H, 1],
is-stc[A, B, C, A, B, C] A (is-stc[A, B, C, D, E, F] > is-stc[D, E, F, A, B, Ch A
(is-stc[A, B, C, D, E, F] Ais-stc[D, E, F, G, H, I] = is-stc[A, B, C, G, H, I])]

Proposition["G14.2.4", any[A, B, C, D, E], with[is-tc[A, B, C] Ais-b[A, D, C] A is-b[B, E, C]],
1D, E] n I[A, B] = is-stc[D, E, C, A, B, C]]
Proposition|"G14.2.5", any[A, B, C, D, E, F],

d[A,B]  d[B,C] d[B,C]  d[A, C]
dD, E] _ d[E, F] )/\(d[E, F| ~ dD, F] ))]

is-stc[A, B, C, D, E, F] = ((

Proposition|"G14.2.6", any[A, B, C, D, E], with[is-tc[A, B, C] Ais-b[A, D, C] Ais-b[B, E, C]],
d[D,E] _ d[C, D] )]
d[A, B] ~ d[C, A]

1[D, E] nl[A, B] = (
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Proposition|"G14.2.7", any[A, B, C, D, E, F], with[is-tc[A, B, C] Ais-tc[D, E, F]],
(d[A, B]  d[B, C])/\(d[B, C] dA, C]
d[D, E] ~ d[E, F] d[E, F] ~ d[D, F]

) = is-stc[A, B, C, D, E, F]|

Proposition|"G14.2.8", any[A, B, C, D, E, F], with[is-tc[A, B, C] Ais-tc[D, E, F]],
d[A,C]  d[B, C]
d[D, F] = d[E, F]

L[B, C, A] = L[E, F, D] /\( ) = is-stc[A, B, C, D, E, F||

Proposition["G14.2.9", any[A, B, C, D, E], with[is-tc[A, B, C] A (D = ft[l[A, B], C]) A (E = ft[I[A, C], B])].
d[C, D] d[A, B] = d[B, E]d[A, C]]

Proposition["G14.2.10", any[A, B, C, D, E, F, G, H],

. d[C, G] d[A, C]
is-stc[A, B, C, D, E, F] A (G = ft[l[A, B], C]) A (E = ft[I[D, E], F]) = ( = )]

d[F, H] = d[D, F]

Proposition["G14.2.11", any[A, B, C, D, E], with[is-tc[A, B, C] Ais-b[B, C, D] Ais-b[A, C, E]],
1D, E] n 1[A, B] = is-stc[A, B, C, E, D, C]]

Proposition["Gl4.2.12”, any[A, B, C, D, E], with[is-tc[A, B, C]],

1
(D = mp[A, C]) A (E = mp[B, C]) = (I[D, Eln1[A, B] A\ (d[D, E] = = dA, B])]]

Proposition["G14.2.13", any[A, B, C, D, E], with[is-tc[A, B, C] A (D = mp[A, C]) A (E = mp[B, C])],

1 1
g ((S[A, E]Ns[B, D] = {P}) Ad[P, E] = 5 d[A, P] /\ d[P, D] = 5 d[B, P]]]

Definition|"G14.2.14",
¥ (med[A, B, C] =s[A, mp[B, CI)]
AB,C
is-tc[A,B,C]

Proposition["G14.2.15”, any[A, B, C], with[is-tc[A, B, C]],
T?)i (med[A, B, C](med[B, C, A] (N med[C, A, B] = {P})]

Definition|"G14.2.16",

v (ctolA, B, C] = ¢ (med[A, B, C] ( med[B, C, A] (med[C, A, B] = (P}))]
AB,C P

is-tc[A,B,C]
Proposition["G14.2.17", any[A, B, C, E, P], with[is-tc[A, B, C]],

(P = cto[A, B, C) A (E = mp[B, C]) > (d[A, P] = % d[A, E])]

Proposition["G14.2.18", any[A, B, C], with[is-tc[A, B, C]],
is-col[oc[A, B, C], cto[A, B, C], cc[A, B, C]]]

o The Pythagorean Theorem

Proposition["'G14.3.1", any[A, B, C, D], with[is-rtc[A, B, C]],
(D =ft[l[A, B], C]) > is-b[A, D, B]]

Proposition["'G14.3.2", any[A, B, C, D], with[is-rtc[A, B, C] A (D = ft[1[A, B], C])],
is-stc[A, B, C, A, C, D] Ais-stc[A, B, C, C, B, D] Ais-stc[C, B, D, A, C, D]]

Proposition["G14.3.3", any[A, B, C, D, a, b, ¢, p, q, h],
with[is-tc[A, B, C] A (D = ft[l[A, B], C) A(d[B, C] =a) A(d[A, C]=Db) A
(d[A, B] = ¢) A(d[B, D] = p) A(d[A, D] = q) A(d[C, D] =h)],

il B, C1= (@ = ep) A = cq) "o,
is-rtc[A, B, C] = (h? = pq) !
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Proposition["Pythagoras”, any[A, B, C, a, b, c], with[is-tc[A, B, C] A (d[B, C] = a) A (d[A, C] =b) A(d[A, B] =¢)],
is-rtc[A, B, C] = (a% + b? = c?)]

Proposition['G14.3.4", any[A, B, C, a, b, ], with[is-tc[A, B, C] A (d[B, C] = a) A(d[A, C] = b) A(d[A, B] = ¢)].
(a® +b? = %) = is-tc[A, B, C]]

= Polygonal Regions and Their Areas

o The Area Function

Definition|"G15.1.1",
V  (a[A, B, C]=it[A, B,C]U4[A, B, C])]
AB,C

is-tc[A,B,C]

Definition["G15.1.2",
T ={a[A, B, C] | is-tc[A, B, C]}]

Definition|"G15.1.3",

Y |int[7] = ¢ 3 (T =AX Y, ZDAF =itlX, Y, ZD) |||
T F X, Y.Z
Tel is-tc[X,Y,Z]

Proposition["G15.1.4", any[A, B, C], with[is-tc[A, B, C]],
int[a[A, B, C]] = it[A, B, C]]

Definition|"G15.1.5",

Y |is- N N, T v l<i<j= i i i il =
s por[n, 7] & |n e /\T — /\ v (I =i<j=n= @nt[r[i]] N int[7[j]] (D))]

ieNAjeN

Definition|"G15.1.6",

M &Mﬂ=Urmﬁ

is-por[n,7] i=1,...,n

Definition["G15.1.7",
O = {pr[n, 7] | is-por[n, 7]}]

Deﬁnition[”GlS. 1.8",

vV |is-ins[P, Rl 3 (a[A, B,C]CRAP€it[A, B, C]) ]
PR ABC

ReO is-tc[A,B.C]

Definition|"G15.1.9",
v (is-bplP, R] & (P & R~ is-ins[P, R]))]

ReO

Definition|"G15.1.10",
¥ (ins[R] = {P | is-ins[P, R])]
ReO

Definition|"G15.1.11",

¥ (bd[R] = {P | is-bp[P, R]})]
ReO
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Definition|"G15.1.12",
¥ (int[A, B, C, D] = hp[A, B, CI(Vhp[B, C. D] (N hp[C, D, Al hp[D, A, B])]

AB,C.D
is-cqc[A,B,C,D]

Definition|"G15.1.13",
v (m[A B,C,D]=intA, B, C, D]UD[A, B, C, D])|

AB,C.D
is-cqc[A,B,C,D]

Proposition["G15.1.14", any[A, B, C], with[is-tc[A, B, C]],
A[A, B, C] € O A(ins[A[A, B, C]] = it[A, B, C]) A (bd[A[A, B, C]] = A[A, B, C)])]

Proposition["G15.1.15", any[A, B, C, D], with[is-cqc[A, B, C, D]],
m[A, B, C, D] € O A (ins[m[A, B, C, D]] = int[A, B, C, D]) A (bd[m[A, B, C, D]] = O[A, B, C, D])]

Axiom["A1",
u:0—R"Y]
Axiom["AZ",

o (sctelA, B, C, D, E, F] = (u[a[A, B, CIJ = u[A[D, E, FID)]

Axiom|["A3",
ol (RUNR =bd[RI]NbA[R ) = (IR URe] = R ] + HIR: 1)

1.R
R €OAR, €O

Axiom|"A4",
¥ (is-sqc[A, B, C, DI A(d[A, B] = 1) = (u[m[A, B, C, D]] = 1))]
AB,C.D

Definition|"G15.1.16",
alc (AIA. B, Cl=pu[AlA. B, CID]
is-tc[A,B,C]
Definition|"G15.1.17",
YV (A[A,B,C. D] = u[m[A, B, C, D)

AB.CD
is-cqc[A,B,C,D]

o Area Theorems for Triangles and Quadrilaterals

Proposition["GlS.Z.l", any[A, B, C, D, q], with[q € N],

is-sqelA, B, C, D] /\ (d[A, B] = é) = (A[A, B.C.D] = qu)]

Proposition["G15.2,2”, any[A, B, C, D, p, q], with[p e NAq e N],

2
wmm&amA@mm=%:@macm:%ﬁ
q q
Proposition["G15.2.3", any[A, B, C, D, a],
is-sqc[A, B, C, D] A(d[A, Bl =a) = (A[A, B, C, D] = a%)]

Proposition["G15.2.4", any[A, B, C, D, a, b],
is-rec[A, B, C, D] A (d[A, B] = a) A(d[A, D] =b) = (A[A, B, C, D] = ab)]

Proposition['G15.2.5", any[A, B, C, a, b],

is-rtc[A, B, C, D] A (d[B, C] = a) A(d[A, C] =b) = (A[A, B.C] = 323)]
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Proposition["G15.2.6”, any[A, B, C, c, h], with[is-tc[A, B, C]],

ch
(d[A, B] =c¢)A(d[I[A, B], C]=h) > (A[A, B, C] = 7)]

Proposition["G15.2.7", any[A, B, C, D, a, h],
is-pc[A, B, C, D] A (d[A, B] = a) A(d[l[A, B], C] = h) = (A[A, B, C, D] = ah)]

Proposition["G15.2.8", any[A, B, C, D, a, c, h],

. (a+c)h
is-trc[A, B, C, D]A(d[A, B] = a) Ad[C, D] = ¢) A([I[A, B], C]=h) = (A[A, B,C,D]= )]

2
Proposition["G15.2.9”, any[A, B, C, D, E, F],

A[A, B, C] _(d[A, B] )2 |
A[D, E, F] ~ \d[D, E]

is-stc[A, B, C, D, E, F] = (

m Cartesian Coordinate Systems

o Introduction of Coordinates

Definition|"G16.1.1",
v (is—ccs[K, X, x0T, Tyl & (xl vy \iseos[Ty. x11 N\ is-cosITa, 221 /\ (T Tilxr, 4211 = 0) /\

kx1,x2,01.02

(T2l %210 = 0) /\ (c: P—R>) A\ Y (@} IKIPI = Ty [fx1, PID A (3 [KIP] = T2 ftxe., PIDY)) |

Proposition["Gl6.1.2”, any[k, x1, x2, I'1, [2],

is-ccs[k, x1, x2, 1, L] = (K: [Pi[R2)]

Proposition["Gl6.1.3”, any[P, Q, p1, p2, q1, Q2, K, X1, X2, ['1, I'2], with[is-ccs[k, x1, x2, I'1, T'2]],
(WIP] = (p1. p2)) A CIQI = (@1 42)) = (dIP. Q1 = v (@1 ~p1)* + (a2 ~p2)” |

o Graphs

Definition|"G16.2.1",
\ (grlM, k, x1, X2, Ty, Ta] = al«", M)
Mxy,x,01 .0
MCcR2 Ais-ces[x,x1 42,01 .12 ]

Proposition["G16.2.2", anylg, k, x1, x2, ['1, I'2], with[is-ccs[k, x;, x2, ['1, I2]],

(=gl y) | @x+by+c=0)), & x1, %, 1, T2 ])]

a¢dv£¢0
Definition["G16.2.3”,

(is—vrt[g, & X1, %, I ol e 3@ =gl y) [ =a)k k21, %0, Ty, rz]))]

gkx1.x2.01.0
is-ces[k,x1 42,011,121

Proposition["G16.2.4", anylg, k, x1, x2, ['1, I2], with[is-ccs[k, x1, x, T'y, [2] A —is-vrtlg, «, x1, x5, Ty, 211,
3 (@ =grll(x ) [ (v =kx + D)}, & x1, %2, T1, Ta )]
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Proposition["G16.2.5”, anylg, «, x1, x2, I'1, Iz, k, d, P, Q, p1, p2, q1», q21,
with[is-ces[k, X1, X2, ', T2] A (g = grl ({x, y) | (y = kx + d)}, &, x1, %2, 1, [ DAP QAP e gAQeg],

qQ2 —p2
KIPI = (pi. p2)) A IQI = a1, @) > (k - —-—)]
q1 —P1
Proposition["G16.2.6”, anylg, h, k, x1, x2, I'1, I'2, k, d, h, e], with[is-ccs[k, x1, x2, I}, 2] Ak #0A
(g=gl{x, Y | (y=kx+d}, 6, x1, x2, [, L) A= gr[{€x, y) | (y =hx + )}, &, x1, x2, Ty, [2])],

g¢h:>(h=—%)]

Proposition["G16.2.7", any[C, C, 1, k, x|, X2, I'1, ['2], with[is-ccs[k, x1, xo, I'1, [2] Ar> 0],
(C=clC,mh= 3 (C=grl{(x, y) |6 +y* +ax+by +c=0)}, &, x1, X2, T1, [2])]
a,b,c
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