Weak Solutions for the Mean Curvature Flow of Planar Graphs

Martin Burger

Industrial Mathematics Institute, Johannes Kepler Universität Linz, Altenbergerstr. 69, 4040 Linz, Austria. e-mail:

burger@indmath.uni-linz.ac.at

Abstract The aim of this paper is to develop a new notion of weak solutions for the planar mean curvature flow based on a variational formulation. This concept, generalizing the notion of viscosity solutions, is analyzed in detail in the case of the mean curvature flow of planar graphs.

For such flows, existence, uniqueness, and stability of weak solutions are shown under minimal assumptions on the initial value, which is assumed to be square-integrable only. For initial values of bounded variation, partial regularity of the solution is proved, as well as a result on the long-time asymptotic behavior.

Keywords: Mean Curvature Flow, Level Set Methods, Graph Parametrization, Weak Solutions, Degenerate Parabolic Equations.

AMS Subject Classification: 35K65, 35K85, 53C44, 49L25

1 Introduction

The mean curvature flow of curves and surfaces has been a topic of major interest in differential geometry and applied mathematics over the last decades. In the planar case, the mean curvature flow of an evolving curve Γ(t) is defined by a normal velocity

V_n = −κ = − div n, (1.1)

where n is the unit outward normal.

A lot of progress has been in made in the mathematical analysis of the mean curvature flow after the introduction of the level set method by Osher and Sethian [40], who used the implicit representation

Γ(t) = { (x, y) ∈ R^2 | ϕ(x, y, t) = 0 } (1.2) 1 of the evolving curve or surface in order to develop numerical schemes for several geometric motions, including motion with prescribed normal speed as well as the mean curvature flow. The level set formulation of the mean curvature flow is then given by

ϕ_t = Q(ϕ) div ( ∇ϕ Q(ϕ) ) , Q(ϕ) = √ ϕ^2_x + ϕ^2_y (1.3)

in a space time domain Ω_T := Ω×(0, T ). Level set methods do not only lead to efficient computational schemes, but are also able to handle topological changes such as merging and splitting of connected components in an automatic way, which is impossible with classical methods based on curve parameterizations. Since the level set equation corresponding to such geometric motions are of Hamilton-Jacobi type, the natural mathematical tool to define generalized solutions is the theory of viscosity solutions (cf. [4, 10, 34] for a general overview and [9, 17, 18, 19, 20, 43] for the mean curvature flow).

A main ingredient of the theory of viscosity solutions are comparison principles, and therefore only bounded solutions are obtained with this concept. In some applications, such as imaging or inverse problems, the mean curvature flow or similar motions are applied for non-smooth initial values (cf. e.g. [28, 36]). In these problems, the aim is to compute regularized solutions of ill-posed operator equations of the form A(u) = f, with A being a continuous operator from L^2 into some Hilbert space H. If one uses standard regularization methods such as Tikhonov regularization in L^2(Ω) or H^1(Ω) (cf. [14, 46]), the discontinuites of the solution are smoothed out, which is an undesirable effect. In order to overcome this difficulty, other penalty terms added to the least-squares functional have been proposed in the last decades, such as the total variation of u (cf. [41]) and the Hausdorffmeasure of the graph of u, called curve (respectively surface) regularization (cf. [37]). In order to minimize the arising functionals, alogorithms based on time evolution have been proposed leading to the evolution equations

u_t = Q(u) ( α div ( ∇u Q(u) ) − A^′(u)^∗(A(u) − f) ) , with α > 0 being a regularization parameter, Q(u) = |∇u| for total variation regularization (cf. [36]) and with Q(u) = √ 1 + |∇u|^2 for curve regularization (cf. [28]). Since the main motivation for these evolutions is the reconstruction of discontinuous solutions, this obviously raises the question whether solutions exist in a suitable sense even for initial values in L^2(Ω) or BV (Ω).

Moreover, it seems reasonable that a variational approach to the meancurvature might be extendable to nonlocal terms such as A^′(u)^∗(A(u)−f) in the above evolution (e.g., if A is some integral operator), though we will not treat this case explicitely in the present paper. The treatment of nonlocal terms is also a motivation for a variational approach to the analysis many moving boundary problems under non-equilibrium conditions such as dendritic growth (cf. e.g. [21, 24]) and level set methods for shape optimization (cf. e.g. [6, 39, 42]). We shall present some preliminary investigations of the non-parametric case in Section

Another motivation for such a concept of weak solutions arises from numerical computation. Recently, semi-implicit finite element methods have been constructed for the mean curvature flow (cf. [8, 11, 12, 30]). These methods use some kind of variational formulation and therefore do not fit very well to the standard concept of viscosity solutions (though it can be shown that they converge to a viscosity solution provided the data are sufficiently regular).

Finally, a concept of weak solutions for the mean curvature flow might help to define a similar concept for motion by surface diffusion (cf. [7]), i.e., the motion V_n = Δ_S κ, (1.4)

where Δ_S denotes the surface Laplacian. In the case of a planar graph, motion by surface diffusion is equivalent to the equation (cf. [3])

u_t = − ( 1 Q(u) ( u_x Q(u) ) xx ) x , Q(u) = √ 1 + u^2_x, (1.5)

for the height u. Since this degenerate parabolic equation is fourth-order, maximum and comparison principles are not available and hence, it is impossible to define viscosity solutions in a similar way to first- and second-order equations. So far, only few theoretical results are available for surface diffusion (cf. [15, 35]), but a general theory is missing.

The aim of this paper is to realize a first step towards a resonable definition of weak solutions for the mean curvature flow based on a variational formulation. We start with the most simple case, namely the planar mean curvature flow of graphs, where the level set function can be written as ϕ(x, y, t) = u(x, t) − y, resulting in the evolution equation

u_t = √ 1 + u^2_x ( u_x √ 1 + u^2_x ) x = u_{xx} 1 + u^2_x

, (1.6) in Ω_T with a domain Ω ⊂ R^1 . For the construction of weak solutions we shall rewrite (1.6) in divergence form and then follow closely the approach of Lichnewsky and Temam [31] for the total variation flow of graphs (cf. also [22] for the general total variation flow). The result is a concept of weak solutions coinciding with the viscosity solution if the latter is defined.

The partial differential equation (1.6) is supplemented by the initialcondition u(0) = u_0. (1.7)

and suitable boundary conditions. For the sake of simplicity we restrict our attention to homogeneous Neumann boundary conditions, i.e.

u_x = 0 on ∂Ω × (0, T ), (1.8)

but we want to mention that a similar analysis is possible for Dirichlet boundary conditions, too.

The paper is organized as follows: in Section 2 we derive a variational formulation and introduce our new concept of weak solutions. Section 3 is devoted to the analysis of a viscous approximation, whose properties are essential for the analysis of the limit case, i.e., the planar mean curvature flow of graphs. Section 4 contains all main results of this paper, we prove existence and uniqueness of weak solutions as well as stability, partial regularity, and some long-time asymptotics. Finally, we discuss some extensions in Section 5.

Throughout the whole paper we use standard notation for partial derivatives (expressed by subscripts) and function spaces. In particular we use standard Lebesgue and Sobolev spaces (cf. [1, 32] for detailed definitions), the space of functions of bounded variation BV (Ω) (cf. [16, 25]), and vectorvalued function spaces (cf. [33]).

2 Weak Solutions

In the following we derive a concept of weak solutions for the mean curvature flow of planar graphs (1.6) subject to the initial condition (1.7) and the boundary condition (1.8).

First assume that u is sufficiently regular, so that we can rewrite (1.6) as u_t = u_{xx} 1 + u^2_x

= (F (u_x))_x , (2.1) with F (p) = arctan p. Consequently, for v sufficiently regular and s ∈ [0, T ] arbitrary, we obtain after integration by parts the identity ∫_s 0 ∫ Ω (u_t(v − u) + F (u_x)(v_x − u_x)) dx ds = 0.

For the first term in the integral we obtain that ∫_s 0 ∫ Ω (u_t(v − u)) dx dt = ∫_s 0 ∫ Ω ((u − v)_t(v − u) + v_t(v − u)) dx dt = 1 2 ∫ Ω ( (u_0 − v(0))^2 − (u(s) − v(s))^2 ) dx + ∫_s 0 ∫ Ω v_t(v − u) dx dt. Due to the convexity of the function G defined by G^′(p) = F (p) = arctan p, G(0) = 0, (2.2)

we obtain that F (s)(t − s) ≤ G(t) − G(s), ∀ s, t ∈ R. Hence, with the notation

J(v) := ∫ Ω G(v_x) dx, (2.3)

we obtain the variational inequality 1 2 ∫ Ω ( (u(s) − v(s))^2 − (u_0 − v(0))^2 ) dx ≤ ∫_s 0 (J(v) − J(u)) dt + ∫_s 0 ∫ Ω v_t(v − u) dx dt, (2.4) for all s ∈ [0, T ] and all sufficiently regular test functions v.

We are going to seek a weak solution in the space

U := L^1(0, T ; BV (Ω)) ∩ C(0, T ; L^2(Ω)), (2.5) equipped with the usual norm being the sum of the individual norms (cf. [33]). The test functions v shall be chosen from the space

V := L^1(0, T ; BV (Ω)) ∩ H^1(0, T ; L^2(Ω)), (2.6)

again equipped with the usual norm. Note that due to the continuous embedding H^1(0, T ; L^2(Ω)) → C(0, T ; L^2(Ω)) (cf. [33]), the space U is larger than V and the initial value of v ∈ V is well-defined. This setting now yields the following notion of a weak solution:

Definition 2.1. A function u ∈ U is called a weak solution of the mean curvature flow of planar graphs (1.6), if the inequality (2.4) holds for all v ∈ V. Note that in the above definition of a weak solution it suffices to have an initial value in L^2(Ω), we shall see below that we obtain existence and uniqueness of a solution even under this almost minimal regularity assumption. Moreover, we shall see below that the regularity of the solution increases with the regularity of the initial value. E.g., if u_0 ∈ BV (Ω), we obtain that u ∈ L^∞(0, T ; BV (Ω).

Another important observation concerns the functions F and G introduced above. Since in the level set perspective we have ϕ_x = u_x and ϕ_y = −1, we obtain that the angle between the x-axis and the front (i.e., the zero level set of ϕ) is given by

θ = arctan ( ϕ_x ϕ_y ) = − arctan u_x = −F (u_x).

Hence, the value F (u_x) has a clear geometric interpretation, in terms of the angle θ defined above, G is given by

G(s) = G̃(θ) = θ tan θ + ln(cos θ). (2.7)

Note that the use of the angle θ corresponds very well to several presentations of evolving phase boundaries in materials science (cf. e.g. [26]), which are given partly in terms of the angle θ.

Our final aim in this section is to provide an estimate between the seminorm in BV (Ω) and the functional J:

Proposition 2.2. Let w ∈ BV (Ω), then the estimate 2 π J(w) ≤ |w|_{BV (Ω)} ≤ 4 π J(w) + |Ω|. (2.8)

holds for the functional J defined as the lower semicontinuous extension (with respect to L^1-convergence) of (2.3).

Proof. It suffices to verify the identity for w ∈ C^1(Ω), then the estimate can be extended to BV (Ω) by lower semicontinuity of the seminorm and the convex functional J. For w ∈ C^1(Ω), we have that J(w) = ∫ Ω G(w_x) dx ≤ sup_{s∈R} |G^′(s)| ∫ Ω |w_x| dx, and since |G^′(s)| = | arctan s| ≤^π_2 we obtain the first estimate in (2.8).

In order to obtain the estimate on the right-hand side we use the convexity of G to deduce J(w) = ∫ Ω (G(w_x) − G(0)) dx ≥ ∫ Ω G^′(w_x)(w_x − 0) dx = ∫ Ω | arctan w_x||w_x| dx ≥ π 4 ∫ {4| arctan w_x|≥π} |w_x| dx = π 4 ∫ Ω |w_x| dx − π 4 ∫ {4| arctan w_x|≤π} |w_x| dx ≥ π 4 |w|_{BV (Ω)} − π 4 ∫ Ω (tan π 4 ) dx, which implies the assertion.

3 Viscous Approximation

In this section we investigate a viscous approximation to (1.6), i.e., we consider the strongly parabolic equation

u_t = ( ϵ + 1 1 + u^2_x ) u_{xx}, (3.1)

for positive real ϵ subject to the homogeneous Neumann boundary condition (1.8) (called Neumann-problem for (3.1) in the following). The corresponding initial values u^ϵ_0 ∈ C^∞(Ω) are chosen such that u^ϵ_0 → u in L^2(Ω) as ϵ → 0. From the standard theory of parabolic equations (cf. [23, 29]) we obtain the following existence and uniqueness result concerning a classical solution:

Theorem 3.1. Let ϵ > 0 and let u^ϵ_0 ∈ C^∞(Ω). Then the Neumann-problem for (3.1) has a unique classical solution u^ϵ ∈ C^∞(Ω_T ). under the initial condition u^ϵ(0) = u^ϵ_0.

In the way we derived the weak formulation for (1.6) above, we can now derive a notion of weak solutions for (3.1), which also includes classical solutions. A weak solution in this case is defined as a function u ∈ U ∩

L^2(0, T ; H^1(Ω)) satisfying 1 2 ∫ Ω ( (u(s) − v(s))^2 − (u_0 − v(0))^2 ) dx ≤ ∫_s 0 (J^ϵ(v) − J^ϵ(u)) dt + ∫_s 0 ∫ Ω v_t(u − u) dx dt, (3.2) for all s ∈ [0, T ] and all test functions v ∈ V ∩ L^2(0, T ; H^1(Ω)), where

J^ϵ(u_x) := ∫ Ω ( G(u_x) + ϵ 2 |u_x|^2 ) dx. By choosing the special test function v ≡ 0 and using the nonnegativity of J^ϵ(u) − J(u), we immediately obtain an a-priori estimate independent of ϵ. We summarize these results in the following lemma:

Lemma 3.2. Let ϵ > 0 and let u^ϵ_0 ∈ C^∞(Ω). Then the unique classical solution u^ϵ of the Neumann-problem for (3.1) with initial value u^ϵ_0 satisfies (3.2) for all s ∈ [0, T ] and all v ∈ V ∩ L^2(0, T ; H^1(Ω)). Moreover, the estimate

‖u^ϵ(s)‖^2_L2_{(Ω)} + ∫_s 0 ( 2J(u^ϵ) + ϵ‖u^ϵ_x‖^2_L2_{(Ω)} ) dt ≤ ‖u^ϵ_0‖^2_L2_{(Ω)}

≤ ‖u_0‖^2_L2_{(Ω)} + R(ϵ) (3.3)

holds for all s ∈ [0, T ], where R(ϵ) is a constant independent of s, which tends to zero as ϵ → 0.

Lemma 3.2 will be the main ingredient of our existence proof for weak solutions of (1.6). From the a-priori estimate (3.3) we immediately obtain the existence of a convergent subsequence in the weak-star topology of L^∞(0, T ; L^2(Ω)). Moreover, we obtain the uniform boundedness of the regularization term √ ϵ‖u^ϵ_x‖_L2_{(ΩT )}. From the uniform bound on J(u^ϵ) we can deduce uniform boundedness in L^1(0, T ; BV (Ω) due to Proposition 2.2, which will be used with the weak lower semicontinuity of the functional J to pass to the limit in the variational inequality (3.2). One observes that by testing (3.1) by an arbitrary function v ∈ L^2(0, T ; H^1(Ω)) we obtain the estimate

‖u^ϵ_t ‖_L2_{(0,T ;H}−1_{(Ω))} = sup v∈L^2(0,T ;H^1(Ω)),‖v‖=1 ∫_T 0 ∫ Ω u^ϵ_t v dx dt = ∫_T 0 ∫ Ω (F (u^ϵ_x)v_x + ϵu^ϵ_xv_x) dx dt ≤ π 2 √ T |Ω| + ϵ‖u^ϵ_x‖_L2_{(ΩT )}, (3.4) which implies a uniform bound for ‖u^ϵ_t ‖_L2_{(0,T ;H}−1_{(Ω))} due to (3.3). Moreover, by testing (1.6) with tu^ϵ_t and simple manipulations we obtain that t ∫ Ω (u^ϵ_t )^2 dx + d dt (tJ(u^ϵ)) + ϵ 2 d dt ∫ Ω t(u^ϵ_x)^2 dx = J(u^ϵ) + ϵ 2 ∫ Ω (u^ϵ_x)^2 dx

and together with (3.3) and (3.4) ∫_s 0 ∫ Ω ( √ t u^ϵ_t )^2 dx dt + sJ(u^ϵ(s)) + ϵ 2 ∫ Ω ( √ s u^ϵ_x(s))^2 dx ≤ C (3.5)

for a constant C independent of ϵ.

Finally, we shall prove some further energy estimates useful for proving further regularity of the weak solution. The first one is the natural energy estimate (cf. [2, 12, 44]) associated with the mean curvature flow concerning the energy functional E(t) = 1 2 ∫_t 0 ∫ Γ(s) V^2_n dσ ds + ∫ Γ(t) 1 dσ. Lemma 3.3. Let u^ϵ ∈ C^∞(Ω_T ) be the unique solution of the Neumannproblem for (3.1). Then u^ϵ satisfies ∫_s 0 ∫ Ω (u^ϵ_t )^2 √ 1 + (u^ϵ_x)^2 dx dt + ∫ Ω (√ 1 + u^ϵ_x(s)^2 + ϵH(u^ϵ_x(s)) ) dx ≤ ∫ Ω (√ 1 + ((u^ϵ_0)_x)^2 + ϵH((u^ϵ_0)_x) ) dx, (3.6) where H is the convex, nonnegative function defined by H^′(s) = arcsin s and H(0) = 0.

Proof. We divide (3.1) by √ 1 + (u^ϵ_x)^2, multiply by u^ϵ_t and integrate with respect to x over Ω and with respect to t from 0 to s. Using integration by parts with respect to x we obtain that ∫_s 0 ∫ Ω ( (u^ϵ_t )^2 √ 1 + (u^ϵ_x)^2 + u^ϵ_xu^ϵ_{xt} √ 1 + (u^ϵ_x)^2

+ ϵ arcsinh(u^ϵ_x)u^ϵ_{xt} ) dx dt = 0, and hence, we obtain (3.6) by integration with respect to x.

The second energy estimate concerns the evolution of the functional J defined above:

Lemma 3.4. Let u^ϵ be the unique solution of the Neumann-problem of (3.1). Then u^ϵ satisfies ∫_s 0 ∫ Ω (u^ϵ_t )^2 dx dt + ∫ Ω ( G(u^ϵ_x(s)) + ϵ 2 (u^ϵ_x(s))^2 ) dx ≤ ∫ Ω ( G((u^ϵ_0)_x) + ϵ 2 ((u^ϵ_0)_x)^2 ) dx, (3.7) and ∫_s 0 ∫ Ω ( (F (u^ϵ_x)_x)^2 + ϵ

(u^ϵ_{xx})^2 1 + (u^ϵ_x)^2 ) dx dt ≤ J(u^ϵ_0) − J(u^ϵ(s)) (3.8)

for all s ∈ [0, T ].

Proof. The estimate (3.7) can be obtained by multiplying (3.1) with u^ϵ_t and integrating with respect to x over Ω and with respect to t from 0 to s.

The second estimate (3.8) is obtained by multiplying (3.1) with F (u^ϵ_x)_x = u^ϵ_{xx} 1+(u^ϵ_x)^2 and integrating with respect to x over Ω and with respect to t from

0 to s.

4 Analysis of Weak Solutions

Now we turn our attention to the existence and uniqueness of weak solutions for (1.6). Moreover, we shall provide a stability estimate for weak solutions of (1.6) with different initial values. The following theorem is the central result in a theory of weak solutions for the planar mean curvature flow. Note that its proof follows closely the proof of Theorem 1.1 in [22].

Theorem 4.1. For each initial value u_0 in L^2(Ω) there exists a unique weak solution u ∈ U of (1.6). If u and ũ denote the weak solutions for the initial values u_0 and ũ_0 respectively, then the estimate ∫ Ω (u(s) − ũ(s))^2 dx ≤ ∫ Ω (u_0 − ũ_0)^2 dx (4.1)

holds.

Proof. In order to prove the existence of a weak solution, consider the viscous approximation (3.1). Using Proposition 2.2 and the a-priori estimates (3.3) - (3.5), we can apply analogous reasoning as in [22] to deduce the existence of a function u ∈ L^1(0, T ; BV (Ω)) ∩ L^∞(0, T ; L^2(Ω)) such that there exists a subsequence u^{ϵk} with

u^{ϵk} → u weakly-* in L^∞(0, T ; L^2(Ω)) weakly in L^2(Ω_T ) (4.2) strongly in L^1(0, T ; L^p(Ω)), p ∈ [1, ∞) √ tu^{ϵk} (t) → √ tu(t) strongly in L^p(Ω), p ∈ [1, ∞) for a.e. t ∈ (0, T ] (4.3) u^{ϵk}_t → u_t weakly in L^2(0, T ; H^{−1}(Ω) (4.4) √ tu^{ϵk}_t → √ tu_t weakly in L^2(Ω_T ). (4.5) The remaining steps to show existence are exactly the same as in [22], where we use the lower semicontinuity of the convex functional J in L^1(0, T ; L^p(Ω)) to pass to the limit in the weak formulation.

Since the uniqueness of the weak solution obviously follows from (4.1), it suffices to prove this stability estimate. In order to prove this estimate, we use special test functions in the variational inequalities defining u and ũ. In particular we define w and w^δ by the relations w = u + ũ 2 , w(0) = w^δ(0) = u_0 + ũ_0 2 , and δw^δ_t + w^δ_t = w in (0, T ).

One can show that (cf. [22, p.11]) w^δ(s) → w(s) strictly in L^2(Ω), ∀ s ∈ [0, T ] and w^δ → w strictly in L^1(0, T ; BV (Ω)) as δ → 0.

By choosing v = w^δ in (2.4) with initial value u_0 and ũ_0, respectively, we obtain that 1 2 ∫ Ω ( (u(s) − w^δ (s))^2 − 1 4 (u_0 − ũ_0)^2 ) dx ≤ ∫_s 0 (J(w^δ ) − J(u)) dt + 1 δ ∫_s 0 ∫ Ω (u − w^δ )(ũ − u) dx dt, and 1 2 ∫ Ω ( (ũ(s) − w^δ (s))^2 − 1 4 (u_0 − ũ_0)^2 ) dx ≤ ∫_s 0 (J(w^δ ) − J(ũ)) dt + 1 δ ∫_s 0 ∫ Ω (ũ − w^δ )(u − ũ) dx dt.

Adding these inequalities and using the convexity of J we deduce 1 4 ∫ Ω ( (u(s) − ũ(s))^2 − (u_0 − ũ_0)^2 ) dx ≤ 1 4 ∫ Ω ( (u(s) − ũ(s))^2 − 2(u(s) − w^δ (s))^2 − 2(ũ(s) − w^δ (s))^2 ) dx + 2 ∫_s 0 (J(w^δ ) − J(w)) dt. Due to the above convergence properties of w^δ and the lower semicontinuity of J, the terms on the right-hand side tend to zero, and thus, we obtain (2.4) in the limit.

We want to mention that stability results like (4.1) have been obtained in the Supremum-norm or in Hölder norms for viscosity solutions (cf. [27]), to our knowledge this is the first result in the L^2-norm.

In the above result we have used the convergence of solutions of the viscous approximation (3.1) as ϵ → 0 in order to prove existence. Since the solutions of the viscous approximation always converge to the unique viscosity solution, if the latter exists, we immediately obtain the following coherence result for our notion of weak solutions:

Corollary 4.2. Let the initial value u_0 be such that a unique viscosity solution of (1.6) exists. Then the weak solution and the viscosity solution are equal.

4.1 Regularity

The weakest type of regularity we are interested in is of bounded variation type. In the following we show that this type of regularity is maintained during the main-curvature flow and obtain some Lyapunov-functionals. An obvious one is J, another is the lower semicontinuous extension of

Λ(w) := ∫ Ω √ 1 + w^2_x dx (4.6)

to BV (Ω), which we shall denote again by Λ.

Theorem 4.3. Let u_0 ∈ L^2(Ω) ∩ BV (Ω). Then,

• u(s) ∈ BV (Ω) for all s ∈ [0, T ] and the functional s → Λ(u(s)) is monotonically nonincreasing.

• J(u(s)) < ∞ for all s ∈ [0, T ] and the functional s → J(u(s)) is monotonically non-increasing.

Moreover, u_t ∈ L^2(Ω_T ) and θ = −F (u_x) ∈ L^2(0, T ; H^1(Ω)).

Proof. We can find approximations u^ϵ_0 of the initial value u_0 such that ϵ ∫ Ω H((u^ϵ_0)_x) dx → 0 and ϵ ∫ Ω ((u^ϵ_0)_x)^2 dx → 0,

as ϵ → 0, respectively. These identities can be used to pass to the limit in (3.6), (3.7), and (3.8), which imply the assertions.

As a consequence of this regularity result we obtain by the continuous embedding H^1(Ω) → C(Ω) that θ ∈ L^2(0, T ; C(Ω)) if the total variation of the initial value u_0 is bounded.

4.2 Long-Time Asymptotics Finally, we derive some results on the long-time asymptotics of weak solutions. The asymptotic behavior obtained for the mean curvature flow (namely convergence to a flat curve) is very well known for viscosity solutions, we generalize the result to weak solutions in the class L^∞(0, T ; BV (Ω)).

The natural tool for analyzing long-time asymptotics of weak solutions are the decay properties of the functional ψ : s → J(u(s)). From the above analysis, we may conclude that ψ ∈ L^1([0, T ]) for any T ∈ R (uniformly bounded with respect to T ) and that ψ is monotonically non-increasing. Hence, we obtain ψ(s) ≤ 1 s ∫_s 0 ψ(t) dt ≤ C s , where C is a constant dependent on u_0 only (in particular independent of s). Thus, ψ(s) decays to zero at least of order^1_s . This decay property leads to the following result on the long-time asymptotics:

Theorem 4.4. Let u_0 ∈ BV (Ω) and let u ∈ U be the unique weak solution defined by (2.4). Then u(s) → 1 Ω ∫ Ω u_0 dx strongly in L^p(Ω), p ∈ [1, ∞) as s → ∞.

Proof. If we use the test function v ≡ 0 in the weak form (2.4), then we obtain a uniform bound for the L^2-norm of u(s), which is independent of s. Moreover, the decay of functional ψ(s) = J(u(s)) together with (2.2) implies the uniform boundedness of |u(s)|_{BV (Ω)} with respect to s. Thus, u(s) is uniformly bounded in BV (Ω) and due to compact embedding we may conclude that each sequence s_k → 0 has a subsequence (again denoted by s_k) such that u(s_k) → u^∗ for some u^∗ ∈ L^2(Ω). Due to the lower semicontinuity of J, we may conclude that J(u^∗) = 0 and hence, u^∗ is constant. Because ∫ Ω u_t(s) dx = 0, we obtain that

u^∗ = 1 Ω ∫ Ω u_0 dx. The uniqueness of the limit finally implies the convergence u(s) → u^∗ by standard arguments.

5 Extensions and Open Problems

Finally we discuss some extensions of the mean curvature flow, in particular we provide an analysis of weak solutions for anisotropic mean curvature flows of planar graphs. In the case of the mean curvature flow with an additional forcing term as well as for the planar mean curvature flow of level sets we provide some preliminary ideas and raise open questions.

5.1 Anisotropic Mean Curvature Flow

The anisotropic mean curvature flow of a planar graph can be written as (cf. [26]) V_n = −g(θ)κ = −g(θ) div n, (5.1)

where θ denotes again the angle between the x-axis and the normal. Thus, in the graph case, anisotropic motion by mean curvature can be written as

u_t = g(arctan u_x) u_{xx} 1 + u^2_x

= F_a(arctan u_x)_x, (5.2)

where the function F_a is defined by F_a(0) = 0, F^′_a(p) = g(p) . A weak solution can be defined in this case by (2.4) with the functional J being the lower semicontinuous extension of J(w) = ∫ Ω G_a(w_x) dx, G_a(p) := ∫_p 0 F_a(arctan q) dq (5.3) to BV (Ω). For nonnegative g, the functional J is still convex, one of the main properties needed for an existence proof. The second key ingredient for such a proof is again an estimate between the functional J and the BV - seminorm, which can be obtained if g is bounded from below and above: Proposition 5.1. Let g be defined in [−^π_2 ,^π_2 ] and let

0 < γ ≤ g(θ) ≤ Γ, for all θ ∈ [− π 2 , π 2 ], (5.4)

where γ and Γ are positive real constants. Then the estimate 2 πΓ J(w) ≤ |w|_{BV (Ω)} ≤ 4 πγ J(w) + |Ω|. (5.5)

holds for all w ∈ BV (Ω).

Proof. As in the proof of Proposition (2.2), we may restrict our attention to functions w ∈ C^1(Ω). For such functions we may estimate J(w) = ∫ Ω G_a(w_x) dx ≤ sup_{s∈R} |G^′_a(s)| ∫ Ω |w_x| dx, and since

|G^′(s)| = |F_a(arctan s)| = |

∫_{arctan s} 0 g(θ) dθ| ≤ π 2 Γ we obtain the first estimate in (5.5).

In order to obtain the estimate on the right-hand side we use the convexity of G to deduce J(w) = ∫ Ω (G_a(w_x) − G(0)) dx ≥ ∫ Ω |F_a(arctan w_x)||w_x| dx ≥ πγ 4 ∫ {4| arctan w_x|≥π} |w_x| dx ≥ πγ 4 |w|_{BV (Ω)} − πγ 4 ∫ Ω (tan π 4 ) dx, which implies the assertion.

All steps of the proof of Theorem 4.1 can now be carried out just as above and therefore we immediately obtain that the assertions of Theorem 4.1 and Corollary 4.2 hold for the anisotropic mean curvature flow of planar graphs (5.2) if g satisfies (5.4).

5.2 Mean Curvature Flow with Forcing

The mean curvature flow with forcing is a geometric motion of the form

V_n = −κ + f = − div n + f, (5.6)

with f a given function of location and time, and possibly of the normal n. For a planar graph, an additional forcing term means that (1.6) has to be modified to

u_t = √ 1 + u^2_x (( u_x √ 1 + u^2_x ) x + f ) = u_{xx} 1 + u^2_x + f √ 1 + u^2_x, (5.7)

in Ω_T . In this case, f can be interpreted as a function of time, location, and of the angle −θ = arctan u_x.

If we apply similar reasoning as in the derivation of (2.4), then we obtain the variational inequality 1 2 ∫ Ω ( (u(s) − v(s))^2 − (u_0 − v(0))^2 ) dx + ∫_s 0 (J(u) − J(v)) dt ≤ ∫_s 0 ∫ Ω v_t(v − u) dx dt + ∫_s 0 ∫ Ω f √ 1 + v^2_x(v − u) dx dt. The last term on the right-hand side arising due to the forcing term creates a fundamental difficulty, since even in the simplest case of f ≡ 1 it can not be well-defined for u ∈ U and v ∈ V. In order to obtain well-definedness of an integral functional of the form I : w → ∫ Ω f √ 1 + w^2_x ψ dx (5.8)

for w ∈ BV (Ω) one needs at least that the test function satisfies ψ ∈ C(Ω). However, in the setup of (5.8) we need ψ ∈ BV (Ω), which does not imply continuity. A possible way to circumvent this problem is to find a convex functional, whose directional derivative in direction ψ is given by (5.8) - the same strategy we applied by introducing the functional J in the weak formulation (2.4). From standard nonlinear functional analysis one knows that I is the derivative of a functional, if and only if the derivative I^′(w)φ = ∫ Ω f φ_xw_x √ 1 + w^2_x ψ dx (5.9) defines a symmetric bilinear form (with respect to φ and ψ) for each w. In the particular case of a linear function w(x) = x, this bilinear form is given by B(φ, ψ) = ∫ Ω f φ_x √ 2 ψ dx, which is not symmetric for f different from zero.

The above argumentation shows that our approach to weak solutions cannot be carried over in a straight-forward way to the case of an additional forcing term. However, the fact that some of the energy estimates like (3.7) can be obtained in a similar in the presence of a forcing term raises the hope to obtain at least weak solutions at least for initial values u_0 ∈ BV (Ω). The definition and analysis of weak solutions for the mean curvature flow with forcing remains open as a challenging problem for future research.

5.3 Non-Parametric Planar Mean Curvature Flow

In the following we turn our attention to the planar mean curvature flow of level sets (1.3). The natural extension of the graph case is to define the angle θ by the polar decomposition of the gradient

∇ϕ = (ϕ_x, ϕ_y) = Q(ϕ)(sin θ, cos θ), (5.10)

which allows to rewrite (1.3) as

ϕ_t = Q(ϕ)((cos θ) − (sin θ)θ_y) = θ_xϕ_y − θ_yϕ_x. (5.11)

Multiplication of (5.11) with an arbitrary test function ψ and integration by parts yields the identity ∫_T 0 ∫ Ω (ψϕ_t + θ(ψ_xϕ_y − ψ_yϕ_x)) dx dt = 0, (5.12)

i.e., apart from the term including the time derivative, we obtain a weak form depending only on ∇ϕ and ∇ψ. Unfortunately, the weak form B(∇ϕ, ∇ψ) := ∫_T 0 ∫ Ω θ(ψ_xϕ_y − ψ_yϕ_x) dx dt does not correspond to the derivative of a functional depending on ∇ϕ, which can be seen by inspecting the compatibility conditions given by ∂ ∂ϕ_y (θϕ_y) = − ∂ ∂ϕ_x (θϕ_x).

A simple calculation shows that this condition is equivalent to θ = 0 and hence, it is violated for almost all values of θ and of ∇ϕ, respectively.

Nonetheless, the use of the weak form B for the derivation of a concept of weak solutions for the planar mean curvature flow seems to be a promising approach to be investigated in future research.

Acknowledgments

My research in this subject was motivated by a series of fruitful and stimulating discussions at the Reunion Meeting of the IPAM UCLA program Geometrically Based Motions, in particular i would like to thank Omar Lakkis (University Crete), Xiaobing Feng (University of Tennessee), and Stanley Osher (UCLA). Moreover, i would like to thank Nicoleta Bila (University Linz) for useful and stimulating discussions. Financial support is acknowledged to IPAM, UCLA, and to the Austrian National Science Foundation FWF under grant SFB F 013 / 08.

References

[1] R.A.Adams, Sobolev Spaces (Academic Press, New York, London, 1975).

[2] F.Almgren, J.E.Taylor, Optimal geometry in equilibrium and growth, Fractals 3 (1995), 713-723.

[3] E.Bänsch, P.Morin, R.H.Nocchetto, Surface diffusion of graphs: variational formulation, error analysis and simulation, Preprint (WIAS Berlin, 2003).

[4] G.Barles, Solutions de Viscosité des Équations de Hamilton-Jacobi (Springer, Berlin, 1994).

[5] G.Barles, H.M.Soner, P.E.Souganidis, Front propagation and phase-field theory, SIAM J. Cont. Optim. 31 (1993), 439-469.

[6] M.Burger, A framework for the construction of level-set methods for shape optimization and reconstruction, SFB-Report 02-12 (University Linz, 2002), and submitted.

[7] J.Cahn, J.E.Taylor, Surface motion by surface diffusion, Acta Metall.

Mater. 42 (1994), 1045-1063.

[8] A.Chambolle, An algorithm for mean curvature motion, in preparation.

[9] Y.G.Cheng, Y.Giga, S.Goto, Uniqueness and existence of viscosity solutions of generalized mean curvature flow equations, J. Differ. Geom. 33 (1991), 749-786.

[10] M.G.Crandall, H.Ishii, P.L.Lions, User’s guide to viscosity solutions of second order partial differential equations, Bull. Am. Math. Soc., New Ser. 27 (1992), 1-67.

[11] K.Deckelnick, G.Dziuk, Error estimates for a semi-implicit fully discrete element scheme for the mean curvature flow of graphs, Interfaces Free Bound. 2 (2000), 341-359.

[12] K.Deckelnick, G.Dziuk, A fully discrete numerical scheme for weighted mean curvature flow,.Numer. Math. 91 (2002), 423-452.

[13] M.C.Delfour, J.P.Zolésio,Shapes and geometries. Analysis, differential calculus, and optimization (SIAM, Philadelphia, 2001).

[14] H.W.Engl, M.Hanke, A Neubauer, Regularization of Inverse Problems (Kluwer, Dordrecht, 1996).

[15] J.Escher, U.F.Mayer, G.Simonett, The surface diffusion flow for immersed hypersurfaces, SIAM J. Math. Anal. 29, No.6, 1419-1433 (1998).

[16] L.C.Evans, R.F.Gariepy, Measure theory and fine properties of functions (CRC Press, Boca Raton, 1992).

[17] L.C.Evans, J.Spruck, Motion of level sets by mean curvature I, J. Differ.

Geom. 33 (1991), 635-681.

[18] L.C.Evans, J.Spruck, Motion of level sets by mean curvature II, Trans.

Am. Math. Soc. 330 (1992), 321-332.

[19] L.C.Evans, J.Spruck, Motion of level sets by mean curvature III, J.

Geom. Anal. 2 (1992), 121-150.

[20] L.C.Evans, J.Spruck, Motion of level sets by mean curvature IV, J.

Geom. Anal. 5 (1995), 77-114.

[21] M.Fried, A level set based finite element algorithm for the simulation of dendritic growth, Preprint (University Freiburg, 2001).

[22] X.Feng, A.Prohl, Analysis of total variation flow and its finite element approximation, Preprint (IMA, University Minnesotha, 2002).

[23] A.Friedman, Partial differential equations of parabolic type, (Prentice- Hall, Englewood Cliffs, 1964).

[24] F.Gibou, R.Fedkiw, R.Caflisch, S.J.Osher, A level set approach for the numerical simulation of dendritic growth, J. Sci. Comput., to appear.

[25] E.Giusti, Minimal surfaces and functions of bounded variation (Birkhäuser, Boston, Basel, Stuttgart, 1984)

[26] M.Gurtin, Thermomechanics of Evolving Phase-Boundaries in the Plane (Oxford University Press, Oxford, 1993).

[27] E.R.Jakobsen, K.H.Karlsen, Continuous dependence estimates for viscosity solutions of fully nonlinear degenerate parabolic equations, J. Differ. Eq. 183 (2002), 497-525.

[28] S.Kindermann, A.Neubauer, Solving ill-posed problems by Hamilton- Jacobi equations, Preprint (University Linz, 2003).

[29] O.A.Ladyzhenskaya, V.A. Solonnikov, N.N.Ural’tseva, Linear and quasi-linear equations of parabolic type, Translations of Mathematical Monographs, Vol. 23 (AMS, Providence, 1968).

[30] O.Lakkis, Error control for the mean curvature flow, PhD Thesis (University Maryland, 2002).

[31] A.Lichnewsky, R.Temam, Pseudosolutions of the time-dependent minimal surface problem, J. Differ. Eq. 30, 360-364 (1978).

[32] J.L.Lions, E.Magenes, Non-Homogeneous Boundary Value Problems and Applications. Part I, (Springer, Berlin, Heidelberg, New York, 1972)

[33] J.L.Lions, E.Magenes, Non-Homogeneous Boundary Value Problems and Applications. Part II, (Springer, Berlin, Heidelberg, New York, 1972)

[34] P.L.Lions, Generalized Solutions of Hamilton-Jacobi Equations (Pitman, Boston, London, Melbourne, 1982).

[35] U.F.Mayer, G.Simonett, Self-intersections for the surface diffusion and the volume-preserving mean curvature flow, Differ. Integral Equ. 13 (2000), 1189-1199.

[36] A.Marquinha, S.Osher, Explicit algorithms for a new time dependent model based on level set motion for nonlinear deblurring and noise removal, SIAM J. Sci. Comput. 22 (2000), 387-405.

[37] A.Neubauer, O.Scherzer, Regularization for curve representations: Uniform convergence for discontinuous solutions of ill-posed problems, SIAM J. Appl. Math. 58 (1998), 1891-1900.

[38] S.Osher, R.P.Fedkiw, The Level Set Method and Dynamic Implicit Surfaces (Springer, New York, 2002).

[39] S.Osher, F.Santosa, Level set methods for optimization problems involving geometry and constraints I. Frequencies of a two-density inhomogeneous drum, J. Comp. Phys. 171 (2001), 272-288.

[40] S.Osher, J.A.Sethian, Fronts propagating with curvature-dependent speed: algorithms based on Hamilton–Jacobi formulations, J. Comp. Phys. 79 (1988), 12–49.

[41] L.I.Rudin, S.J.Osher, E.Fatemi, Nonlinear total variation based noise removal algorithms, Physica D 60 (1992), 259-268.

[42] F.Santosa, A level-set approach for inverse problems involving obstacles, ESAIM: Control, Optimisation and Calculus of Variations 1 (1996), 17- 33. [43] H.M.Soner, Motion of a set by the curvature of its boundary, J. Differ.

Eq. 101 (1993), 313-372.

[44] J.E.Taylor, Surface motion due to crystalline surface energy gradient flows, in A.K.Peters, ed., Elliptic and Parabolic Methods in Geometry (Wellesley, 1996), 145-162.

[45] J.E.Taylor, J.W.Cahn, C.A.Handwerker, Geometric models of crystal growth, Acta metall. mater. 40 (1992), 1443-1472.

[46] C.R.Vogel, Computational Methods for Inverse Problems (SIAM, Philadelphia, 2002).