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ABSTRACT. In this paper we continue the partition explorations made possible
by Omega, the computer algebra implementation of MacMahon’s Partition
Analysis. The focus of our work has been partitions associated with directed
graphs. The graphs considered here are made up of chains of hexagons, and
the related generating functions are infinite products. Somewhat unexpectedly,
while the generating functions are infinite products, they are most emphatically
not modular forms.

1. INTRODUCTION

In his pioneering book “Combinatory Analysis” [11, Vol. II, Sect. VIII, pp. 91—
170] MacMahon introduced Partition Analysis as a computational method for solv-
ing combinatorial problems in connection with systems of linear diophantine in-
equalities and equations. In particular, he devotes Chapter II of Section IX to the
study of plane partitions as a natural application domain for his method.

In the course of a joint project devoted to Partition Analysis, the authors have
turned MacMahon’s method into an algorithm described in full detail in [4, 5]. As
demonstrated in references [1]-[10], the resulting computer algebra package Omega'
has been used as a powerful tool for combinatorial investigation. In particular,
in [7, 9] we considered new variations of plane partitions, a study which will be
extended in the present paper to plane partitions of “hexagonal shape”.

The “most simple case” of classical plane partitions, treated by MacMahon in [11,
Vol. TI, p. 183], is the situation where the non-negative integer parts a; of the
partition are placed at the corners of a square such that the following order relations
are satisfied:

(1) a1 > az, a1 > as, az > a4, and as > ay.

It will be convenient to use arrows as an alternative description for > relations;
for instance, Fig. 1 represents the relations (1). Here and throughout the following
it will be understood that an arrow pointing from a; to a; is interpreted as a; > a;.

az

ai Q4

az

FIGURE 1. The inequalities (1)
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By using Partition Analysis MacMahon derives that

P ai a2 ,.,a3,,04
wi= E Ty Tp T3 Ty
(2) 1 — afwyy

o (1 — 1‘1)(1 — $1$2)(1 — .1’1333)(1 — 1‘133231‘3)(1 — 3?1.’1?2.1’3334)’

where the sum is taken over all non-negative integers a; satisfying (1). Furthermore,
he observes that if x1 = 2o = x3 = x4 = ¢, the resulting generating function is

1
(1-g)(1-¢*)?1 =)
In order to see how Partition Analysis works on (2) we need to recall the key
ingredient of MacMahon’s method, the Omega operator 2.

Definition 1. The operator €2 is given by

g Z Z Ay AT XS = Z Z Agios

§1=—00 §p=—00 s1=0 sp=0

where the domain of the A, . . is the field of rational functions over C in several
complex variables and the A; are restricted to a neighborhood of the circle |A;| = 1.
In addition, the A, s, are required to be such that any of the series involved is
absolute convergent within the domain of the definition of Ay, ..

To avoid confusion we will always have Q2> operate on variables denoted by letters
in the middle of the Greek alphabet (e.g. A, u, v). The parameters unaffected by
Q- will be denoted by letters from the Latin alphabet.

We emphasize that it is essential to treat everything analytically rather than
formally because the method relies on unique Laurent series representations of
rational functions.

Another fundamental aspect of Partition Analysis is the use of elimination rules
which describe the action of the Omega operator on certain base cases. MacMahon
begins the discussion of his method by presenting a catalog [11, Vol. II, pp. 102-103]
of twelve fundamental evaluations. Subsequently he extends this table by new rules
whenever he is forced to do so. Once found, most of these fundamental rules are
easy to prove. This is illustrated by the following examples which are taken from
MacMahon’s list.

Proposition 1. For integer s > 1,
1 1
) = (1-24)(1-£) (1-4)(1-A4°B)

) Q 1 7 1 - ABC
=(1-2)(1-AB)(1-%) (1-4)(1-B)(1-AC)(1-BC)

We prove (3); the proof of (4) is analogous and is left to the reader.

Proof of (3). By geometric series expansion the left hand side equals
i—sj Aipi _ k gsji+k Ri
QY NTHAB =0 Y NATHEB
- 4,520 - J,k>0
where the summation parameter ¢ has been replaced by sj + k. But now - sets A

to 1 which completes the proof. U

Now we are ready for deriving the closed form expression for ¢ with Partition
Analysis.
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Proof of (2). First, in order to get rid of the diophantine constraints, one rewrites
the sum expression in (2) into what MacMahon called the “crude form” of the
generating function,

Z )\(fl—ﬂz )\51—113 )\gz—a4 )\Zs—a4x(111xt212x53 xZ4

ai,a2,a3,a4>0

SD:

\2e]

1
(1= Auhowr) (1= Reaa) (1 Yas) (1 - 52%)

Next by rule (3) we eliminate successively A1, Az, and A4,

I
e

1
7T U e (1= Aahsmran) (1— 2as) (1— 55%)
T ) (1 Aarama) (1 ) (1 - )
N z (1 — )\2331) (1 — )\233131‘2)( — i—z) (1 — $1.’172$L‘3.%‘4) '
Finally, applying rule (4) eliminates Ay and completes the proof of (2). O

Instead of glueing squares together as in the case of standard plane partitions,
in [7] we considered configurations shown in Fig. 2. In the present paper we shall

az as as a3n—1
a1 T a3n+1
Gy ar aip asn—2
as ag ag a3n

FIGURE 2. A plane partition diamond of length n

study the natural generalization depicted in Fig. 3 where we use hexagons instead
of squares as building blocks of the chain.

as as as a10 G5n—2  As5n
a T A5n41
Qg a11 A5n—4
a2 Gy ar ag a5n—3  A5n—1
FIGURE 3

Definition 2. For n > 1 define
H, :={(ay,...,asn41) € N°"*1 : the q; satisfy the order relations in Fig. 3},

— . ay asn41
hp = hp(21,. .., Tony1) = E T Ty

(a1,..,asn+1)EH,

and

hn(q) = hn(q, ..., q).
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In Section 2 we shall derive a closed form (9) for the full generating function
hn(21, ..., Z5n41). For the specialization x1 = -+ = 25,41 = ¢ this will give the
enumerative generating function of the following form.

Theorem 1. Forn > 1 we have

= Y e

(alv"<7a5n+1)eHn
H;:ol(l + @PIF2 4 9gPIH3 4 gBIHA 4 gl0j+6)
- 5n+1 ;
HjZ1 (1-¢)
Note that the numerator does not factor into cyclotomic polynomials as in the
case of classic plane partition generating functions. However, in heuristical studies
using the Omega package we discovered a refinement H; of H,, where the associated

generating function indeed factors completely into cyclotomic factors. Namely,
consider the order relations depicted in Fig. 4.

as as as aio asn—2  QAsp
ai T a5n41
(475 aiil as5n—4
az a4 ar ag as5n—3  Asn—1
FIGURE 4

Definition 3. For n > 1 define
H :={(a1,...,a5n4+1) € N°"T1 : the a; satisfy the order relations in Fig. 4},
hy =Ry (1, .., Topy1) 1= Z ayt g
(a1,..sa5n41)EH

and

hy(q) = hy(q, ..., q).

In Section 3 we shall derive a closed form (13) for the full generating function
hi(x1,...,Z5n41). For the specialization 1 = -+ = x5,41 = ¢ this will give the
enumerative generating function of the following form.

Theorem 2. For n > 1 we have
n—1 ; i
hr (Q) = Z qa1+"~+a5n+1 _ Hj:O (1 + q5]+2)(1 + q5j+4)

5n+1 .
(a1,...,a5n41)EH}, Hj:l (1 - q])

In Section 4 concluding remarks are made. In particular, we compare the com-
binatorics considered in Section 3 with previous work described in [9].

2. VERTEX-JOINED HEXAGONS

In this section we shall prove Theorem 1. To this end we shall derive a closed

form representation for the full generating function h,, = h, (21, ..., T5n41)-
First we consider the case n = 1. Obviously, we have
1
h1 =0

) (1= 25 (L= ) (- 59 (- 5 (1= 2%
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In order to eliminate the A-variables we apply rule (3) with s = 1 to the variables
A2, Az, A4, A5, and Ag, in this order, which results in

1 1
Q ;
1—Xg = (1* %)(17 m2m4)(171‘1)\1)(171‘1"53)\1)(17.%11731‘5)\1)

(5) h1=
where X¢ = 15 - - - x6. Subsequently we will often use an extended version of this
short-hand notation.

Definition 4. For n > 1 define

n
= H Tk
k=1
For the following it will be convenient to introduce two further abbreviations.

Definition 5. We define

+ (b1b2b3 — ble — b1b3 — b2b3)a + blb2b3a2
(1 — CLb1>(1 — abg)(l — abg)

1
f(a, b17 b27 b3) =

and
g(a1,ag;b1,b2,b3) := f(a1;b1,b2,b3) — as f(araz; b1, ba, b3).

In order to eliminate A; from the right hand side of (5) we apply the following
rule which is an extension of rule (4) and which can be found in MacMahon’s
table [11, Vol. II, Art. 348], namely,

1 f(a;b1,bo,b3)
(1= $)(1 =b1A)(1 = baA)(1 — b)) T (L= b)(L—b2) (1~ by)

© 0

whenever the variables a, by, ba, bs are free of A\. Rule (6) can be applied to the
right hand side of (5) after carrying out the partial fraction decomposition

I DRNEETANES SRR A

these steps then give

1 g($2,$4;X17&,L)
7 hy=hi(z,. .., x6) = Ta  ToTal
(M h=h(enme) = T E (1-x)(1 - )1 - )

It is straight-forward to verify that the crude generating functions for hs and for
h,, with n > 3 are as follows:

1

(1_551)‘1)‘2)(1_“5%\ )(1_303,\ )(1_954,\ )(1_$5A )(1_x6§2§§)
1

(U wn3) (1w Xe) (1 o) (- 2032) (1- 52%5)

=9
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and
(8) X
h, =Q
E(].—.’El)q)\g)(].—xg )(1—1’3 )(1—£C )(1—.’£5 )(1—$6§;§§)
1

(U wry) (L3 (L= mo ) (- 21032 (1 - 2031532)

1
(1= zan-s 3= (1= aon-r3mmy) (L= 2o yezs) (1= ons 3=t
1
(1= wanageinee=s) (1 - asn-332222) (1 = wan 23222

1
(1 Tsn—1 izn ;) (1 — Tsn /\2:3712 ) (1 B Aegffj;r/\lan) .

Proposition 2. Forn > 1 we have

Npt1 = th(xh e T5n, Tont1 A6t 1A6n+2)

1

(1= @snsa3z) (1= ooz (1= 2anra520)
1

’ A6n Tsn .
(1 x5n+5 Ainii ) (1 B A67L<¢»55)1;i+6 )
Proof. The result follows immediately from (8). O
Theorem 3. For n > 1 we have

(9) N .
n—1 — 5j+3 5j+5
hn = : H H $5]+27 o X5J+17 T5jta w5j+2$5j+4)
" 1-— X5n+1 =0

(1= Xsjr) (1 — J2t2) (1 — Huxe )

1-— T5i44
I+ T5j+2 T5j+2T55+4

7=0

Proof. We proceed by induction on n. The case n = 1 is immediate by (7). For the
induction step observe that from Proposition 2 and the induction hypothesis for n
we obtain that

n—1 n

, e X.. . Xsits _ Xsjs
g(ac5j+2, T5j+4; Xsj+1, T5j+2 w5j+2wsj+4)

1= X)L - 22 (1 - o)

T5j42T5544

T5542

1 1

A6n n
ST Ko honehones (1 a2t (1 ronsstiecs)
1

o

(1= @snrazpzs) (1= asnesiezit) (- i)

The Q>-expression is nothing but
7 (Xsn41, Tont2, Tont3, Tonta, Lon+5, Lon46)

hence applying (7) completes the proof of the induction step. O

Setting all x; to ¢, a straight-forward simplification gives the generating function
for h,(q) = hn(q,...,q) as in Theorem 1. For n — oo in Theorem 1, i.e., for a
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X | P8 4 9gPi—2 4 i1 4 gl0j—4
i=1 1

chain of infinitely many hexagons with order relations as in Fig. 3 one obtains

3. VERTEX-JOINED ENRICHED HEXAGONS

In this section we shall prove Theorem 2. To this end we shall derive a closed
form representation for the full generating function h’ = b} (x1,

ce ,$5n+1).
Again we consider the case n = 1 first. For this we need two lemmas.
Lemma 1.

Qf(a)\;b1,bg,b73) _ 1 —abiby .
2 1—b73 (1—ab1)(1—ab2)(1—ab3)
Proof. First observe that

fak;bi, by, %)

1—bs
(10) A

1 — abibs — absbs + abibaybs
(1 —abyA)(1 — abaA)(1 — abg) (1 — &)
N )\ablbg

(1 —abiA)(1 —abaA)(1 — %)’
Because of (4) and the similar rule ([5, (2.2)])

Q A B 1+C—AC - BC
2 (1-24)(1-AB)(1-%)

(1-A)(1-B)(1-AC)(1 - BC)’
the result of applying the Qs-operator to the right hand side of (10) equals

(1 — ab1bs — ababs + abybabs)(1 — a?bybybs)

(1 —aby)(1 —aba)(1 —ab3)(1 — abybs)(1 — ababs)
ab1bs(1 + by — abybs — ababs)

(1 —aby)(1 — abs)(1 — abyb3)(1 — abebsz)’
which simplifies to

1 7&[)1[)2
(1 — abl)(l — abg)(l — abg) ’

Lemma 2.

1
1—

[\e)

g(a1A1, $2; b1, b2 o, b332)
2 (1—bodo)(1—b332)

(1 — alblbg)(l — a%agbgbg,)

(1 — b2)(1 — albl)(l — albg)(l — a1b3)(1 — alagbg)(l — alagbg) '
Proof. According to Definition 5, we have

1 glah, §25b1,0900,0352)
1_ o

2 (1 =boho)(1—bs32)
1

az

Flaidh;by,boXa,b332) gy 1
2o(1—bad)(1-b332) A

a2

F(ar A1 $2; 01, b2 o, b332)

2 (1=bodo)(1—b332)
Now we use Lemma 1 twice to eliminate \; from the right hand side and obtain

1-— a1b1b2/\2
(1 — albl)(l - %)(1 - bQAQ)(l - a1b2>\2)(1 - a1b3>\2)

a2(1 — a1a2b1b2)
)\2(1 — alagbg)(l — alagbg)( — %) (1

— W) (1= badg)
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Finally, we eliminate Ay by using [5, (2.2)] and [5, (2.4)] from this expression to get
the desired result. O

Clearly, we have

1
hi=Q , :
L e L T [ SIC )

By applying the rewrite rules

As = H1, A = H2, A7 — A5, Ag — Mg,

we transform A7 into

1
hy =Q .
b (1- xl)‘l/\2)(1 - M:\\?m)(l - Isi\im)(l - iiiz)(l - As,\g) (1 - /\ZM)

Consequently we see that
T4 Ts
hT =1 hl (xlv Tofh1, 32, — —, mﬁ),
= M2

and thus by (7) we have

= 1 9o, G2 X0, Shm )
2 (1= Xo) (1= 5) (=X (1= Sme) (1= 5 02)

Because of Lemma 2 we eventually obtain
1 (1-X1X3)(1 - X3X5)
(=X)(-X) (1-%2)1- %)

x4

(1) h =

Similarly, the crude generating functions for h5 and h} for n > 3 are found to
be

B —Qh T4 Ts Tg9 T10
2 = 2\ L1, Lop1, T2, — —, L6, LTU3, T4, —, —, L11
z B2 p Ba p3

and
X4 Xp
h:, - th (xlva/lexB//’Qa L6y
(12) = M2 1
Tsn—1  Tsn
Tsn—3M2n—1, Lsn—2M42n, P — $5n+1>~
H2n  H2n—1
Theorem 4. For n > 1 we have
5n+1
(13) nr i—[ H — X541 X5513)(1 — X543 X5545)
A . ¢ (1 — Zoss) (1 — Xoiss) ’
j=1 L5542 Ts5j+4
Proof. From (9) we get that
Xsn Xsnts
. p L= Xonp 1 9(T5nt2, Tonras Xspyr, Somts, oonte )
n+1 — Nn — — Xon Xon .
L= Xsnte 1= @snta (1 — Xppq1)(1— —I:n:j)(l - 7$5n+2;i+4)
Hence, using (12) with v1 := pony1 and vo := o, 12, we obtain
_ h* X5n+1
w1 = 1 — Xs5n+46
X5n s Xbnys
9 1 g(@5n2v1, 22 Xap i1, e M Z—f)
— Tonty4a Xsn Xsn
21 v2 (1 o X5n+1) (1 o GJ:,L:: V2) (1 o I5n+529;>i+4 lyf_f)
Applying Lemma 2 we find that
ot 1 (1 = X5n41X5n43) (1 — X5n13X5n45)
n+1 J— p— X n X n .
(1 = Xsny2) - (1 — Xsn6) (1— Jms) (1 — St
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Together with (11) this proves the assertion. O

Setting all z; to ¢, immediately gives the generating function for hf(q) =
hi(q,...,q) as in Theorem 2. For n — oo in Theorem 2, i.e., for a chain of in-
finitely many hexagons with order relations as in Fig. 4 one obtains

(L+¢ ) (1 +¢7"1)
1—¢J

heo(q) = H

j=1
4. CONCLUSION

In [9] we considered plane partitions with diagonals, i.e., the generating func-
tion Y- af' .-z, where the a; satisfy the order relations depicted in Fig. 5.
As stated in [9, Thm. 1] its rational function representation involves complicated

A4n—3 A4n—1 A4n+1

r - L

Aqn—2 Q4n A4n42

FIGURE 5

irreducible numerator polynomials of total degree 2. We want to note that despite
the nice structure of the rational function representation of ~} in Theorem 4 above,
the poset H can be viewed as a variation of the poset described by Fig. 5 if drawn
in an equivalent alternative to Fig. 4. For instance, for n = 3 the poset H3 can be
depicted as in Fig. 6.

a1 as as
aeg  Aag aio
as aq
ail a3 ais
ar ag
ai2 Q14 Q16
FIGURE 6
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