Tikhono v Regularization Applied to the In verse Problem of Option Pricing: Con vergence Analysis and Rates ‡

Herb ert Egger^1 and Heinz W. Engl^2

1 Sp ezialforsc hungsb ereic h F013, Johann Radon Institute for Computational and Applied Mathematics, Alten bergerstr. 69, A-4040 Linz, Austria 2 Johann Radon Institute for Computational and Applied Mathematics and Johannes Kepler Univ ersit y Linz, Alten bergerstr. 69, A-4040 Linz, Austria

E-mail: herbert.egger@oeaw.ac.at , heinz.engl@jku.at

Abstract. This pap er investigates the stable iden tification of local volatilit y surfaces σ (S, t) in the Blac k-Scholes/Dupire equation from mark et prices of Europ ean Vanilla options. Based on the prop erties of the parameter-to-solution mapping, whic h assigns option prices to given volatilities, we show stabilit y and convergence of appro ximations gained by Tikhono v regularization. In case of a kno wn term-structure of the volatilit y surface, in particular if the volatilit y is assumed to be constan t in time (σ (S, T ) = σ (S )), we pro ve convergence rates under simple smo othness and deca y conditions on the true volatilit y. The convergence rate analysis sheds ligh t onto the imp ortance of an appropriate a-priori guess for the unkno wn volatilit y and the nature for the ill-p osedness of the inverse problem, caused by smo othing prop erties and the nonlinearit y of the direct problem. Finally , the theoretical results are illustrated by numerical exp erimen ts.

1. In tro duction

Financial derivativ es are contracts between two or more parties, where payment is deriv ed from some underlying asset like a sto ck, bond, commo dit y, interest or exchange rate. In the famous Black-Scholes model [3], the sto chastic behaviour of the underlying asset S is modeled by a geometric Brownian motion

dS (t) = μS dt + σSdW (t). (1.1)

Here, W_t denotes a standard Wiener pro cess. The parameters μ and σ are called drift rate and volatility of the underlying asset. By Ito’s rule [20], the sto chastic behaviour of a derivativ e securit y V(S, t) is governed by the sto chastic differen tial equation

dV(S, t) = ( V_t + 1 2 σ^2 S^2 V_{S S} + μS V_S ) dt + σSdW (t). (1.2)

In their seminal pap er [3], Black and Scholes constructed a dynamic portfolio consisting of a derivativ e securit y and a variable amoun t of the underlying completely eliminating risk in

‡ supp orted by the the Austrian National Science Foundation FWF under gran t SFB F013/08.

2 H Egger and H W Engl

(1.2). In the absence of arbitrage the instan taneous return of this portfolio equals the return of a riskless investmen t, denoted by the interest rate r , which together with (1.2) yields the famous Black-Scholes equation

V_t + 1 2 σ^2 S^2 V_{S S} + r SV_S = r V. (1.3)

As an imp ortan t consequence of no-arbitrage argumen ts (see, e.g., [28]), the drift rate μ does not enter (1.3). The payoff, i.e. the amoun t of money received when exercising the option at maturit y, enters via the terminal condition, e.g.,

V^{K,T} (S, t = T ) = max (S − K , 0) (1.4)

for a Europ ean call option with strik e K and maturit y T . In the case of constan t parameters the value of a Europ ean call option is then given by (the Black-Scholes formula)

C = S_0 N (d_1 ) − e^{− r T} K N (d_2 )

with d_1 = ln(S_0 /K ) + (r + σ^2 /2)T σ √ T , d_2 = d_1 − σ √ T. The price of a Europ ean call option as a function of volatilit y C(σ) is strictly monotone and the unique value of σ corresp onding to a given option price C(K , T ; S, t) for strik e K and maturit y T , curren t sto ck price S and time t, is called (Blac k-Scholes-) implied volatility. In contrast to the constan t parameter assumptions of the Black-Scholes model, implied volatilities show a distinct dep endence on strik e and maturit y, which is referred to as the smile- resp ectively term-structur e. One possibilit y to explain the volatilit y smiles in the (extended) Black Scholes world is to use a deterministic volatilit y function σ(S, t) in (1.1). For other generalizations like sto chastic volatilit y and jump-diffusion models, see, e.g., [15, 24]).

Once, σ(S, t) and r have been specified a variet y of options can be priced using equations similar to (1.3).

Volatilit y identification in extended Black-Scholes models, also referred to as calibration to mark et prices, has recently been investigated by several authors, e.g., in [5, 6, 14, 19, 22, 23] and it has been observ ed to be an ill-posed problem in the sense that reconstruction of local volatilit y is unstable with resp ect to errors in the data.

In [19, 22] emphasis has been put on certain asp ects of a numerical implemen tation. In both pap ers, motiv ated by heuristic argumen ts, Tikhono v regularization is applied to stabilize the inverse problem. A differen t, computationally cheap estimation of local volatilities has recently been prop osed in [13].

The authors of [5] consider a linearized problem and deriv e a uniqueness result for the purely state dep enden t case σ = σ(S). Uniqueness for state dep enden t volatilities and the relation of optimal control problems corresp onding to time discrete and time contin uous observation are investigated in [23]. In [6], a quite general existence result for the pricing equation (1.3) is deriv ed and compactness of the corresp onding solution operator is shown for an reasonable choice of function spaces. Stabilit y and convergence of the Tikhono v-regularized solutions follows directly by applying the standard convergence theory of Tikhono v regularization for non-linear inverse problems [9].

The case of purely time dep enden t volatilities is extensiv ely studied in [14], and the illposedness of the inverse problem is proven.

In the first part of this work, we consider the operator connecting volatilities with corresp onding option prices (the parameter-to-solution map ) and investigate its prop erties in

Tikhonov Regularization Applied to the Inverse Pr oblem of Option Pricing 3

detail. Then we state the inverse problem of option pricing and discuss its stable solution via Tikhono v regularization and convergence of the appro ximations for various observation spaces.

In the second part, we focus on derivation of convergence rate results: The question of convergence rates of Tikhono v regularization applied to the inverse problem of option pricing has been investigated in [6] only in the general framew ork of [9], Section 10 so far; in particular, no interpretable sufficien t conditions for application of the convergence rate result of [9] have been given. In Section 4, we prove convergence rates for the case of time-indep enden t volatilities σ = σ(S) under simple smoothness assumptions. The results can be generalized to a class of local volatilit y functions, where the term structure is assumed to be known, more precisely, σ(S, t) = σ(S)ρ(t) and the function ρ(t) is known. As an implication of the convergence rates considerations we obtain uniqueness of solutions to the inverse problem under the given assumptions. Furthermore, we show that it is possible to weaken the assumptions in the case of observations of first derivativ es of the data (which amoun t to prices of digital call options in our case, which are also observable on the mark ets).

Finally , we discuss some asp ects of an efficien t implemen tation and presen t numerical tests, which confirm the theoretical results.

2. The in verse problem of option pricing

The inverse problem of option pricing under consideration is the identification of a local volatilit y surface σ(S, t) such that the solutions C(S, t; K , T ) = C^{K,T} (S, T ) of

C_t + 1 2 σ^2 S^2 C_{S S} + (r − q) S C_S − r C = 0 (2.1)

C(S, T ; K , T ) = (S − K_i )^+ , for S > 0. (2.2)

matc h quoted mark et prices C^∗ (K , T ). Each observation is linked with the solution of equation (2.1) with differen t terminal conditions (2.2). Under the assumption that the interest and dividend yield r , q are functions of time only, C(S, t; K , T ) also satisfies the following dual (Dupire-) equation (see [5, 7])

− C_T + 1 2 σ^2 (K , T ) K^2C_{K K} + (q − r ) K C_K − q V = 0 (2.3)

with initial value C(S, t; K , T = t) = (S − K )^+ , for K > 0. (2.4)

The substitutions K = e^y , τ = T − t, u(y, τ) = e^{R T}t^{q(s ) ds} C(K , T ), a(y, τ) =^1_2 σ^2 (K , τ) and b(τ) = q(τ) − r (τ) yield

− u_τ + a(y, τ) (u_{yy} − u_y ) + b(τ) u_y = 0 (2.5)

u(y, 0) = (S^∗ − e^y )^+ . (2.6)

Next, we show well-posedness of the direct problem, i.e. stable solution of (2.5), (2.6) for the following set of admissible parameters:

Definition 2.1 Let a,a > 0 and a ≤ a^∗ ≤ a with ∇ a^∗ ∈ (L_2 (Q))^2 and Q := R × (0, T ). Define K(a^∗ ) := { a ∈ a^∗ + W^1_2 (Q) : a ≤ a ≤ a}. (2.7)

By W^{2,1}_p we denote the usual Sobolev spaces, cf. [1]. The condition a ∈ K(a^∗ ) is equivalent to σ being uniformly bounded from ab ove and below and ∇ σ ∈ (L_2 (Q))^2 .

The main prop erties of the parameter to solution map F : a → u(a), where u(a) is the solution of (2.5), (2.6) are summarized in the following:

4 H Egger and H W Engl

Theorem 2.1 Ther e exist a p^∗ > 2 such that F : K(a^∗ ) → W^{2,1}_{p,loc} (Q) is continuous and compact for 2 ≤ p < p^∗ . Moreover, F is weakly (sequential ly) continuous and thus weakly closed.

The pro of can be found in the App endix.

3. Stabilit y and con vergence of Tikhono v regularization

Contin uit y, compactness and weakly closedness of the parameter to solution map F : K(a^∗ ) → W^{2,1}_{2,loc} (Q) immediately imply local ill-posedness (see [17]) of the inverse problem of option pricing: Let a^n be a bounded sequence in K(a^∗ ) that has no convergent subsequence. Since a^n is bounded, it has a weakly convergent subsequence a^{n k} . Now by compactness and weak closedness of the operator F , the sequence F (a^{n k} ) converges. This means that similar option values may be linked to completely differen t volatilities, i.e., identification of a volatilit y surface corresp onding to perturb ed option prices is ill-posed.

For a mathematical analysis of the inverse problem, we assume that contin uous observation of option prices u(y, τ) is available on Q (or at least on a strip Q_Δ := R × (T − Δ , T ) if a(y, t) = a(y) does not dep end on time). Stabilit y and convergence results are stated for L_2 (Q) as observation space and K(a^∗ ) as set of admissible parameters. Nevertheless, the convergence analysis below carries over to the case of a large class of observation spaces, as long as L_2 (Q) can be contin uously embedded. In particular the results are applicable to discrete observations and state-con tin uous observations for certain maturities T_i .

We assume in the sequel that the “real” data u^† are attainable, i.e., there exists an a^† ∈ K(a^∗ ) with u^† = u(a^†), and that an upp er bound δ for the noise level

‖u^† − u^δ‖ ≤ δ. (3.1)

of the observation is known a-priori . It is well-known that regularization without such a knowledge is not possible in general (cf. [2, 9]).

For a stable solution of the inverse problem, we follow the standard Tikhono v approac h for regularization of nonlinear ill-posed problems: An appro ximate solution a^δ_β of the inverse problem u(a) := F (a) = u^δ, is obtained by minimizing the Tikhono v functional (cf., e.g., [9])

J^δ_β (a) = ‖u(a) − u^δ‖^2_{L 2 (Q )} + β ‖a − a^∗ ‖^2_W 1_{2 (Q )} . (3.2)

The applicabilit y of the standard theory for Tikhono v regularization (see, e.g. [9]), is gran ted by Theorem 2.1.

Theorem 2.1 naturally extends to more general observations, as long as a contin uous embedding of W^{2,1}_{2,loc} (Q) is available, i.p. to contin uous observation in time/space and discrete observations in space/time and to fully discrete data. The standard results for Tikhono v regularization for nonlinear ill-posed problems [9] yield for fixed β > 0 existence of a minimizer, stabilit y of solutions a^δ_β and convergence as β ∼ δ → 0. We summarize the main results and refer to [9] for details and pro ofs. The first result states well-posedness of the regularized (β > 0) problems:

Prop osition 3.1 (Stabilit y) Let β > 0 and { a_k }, { u_k } be sequences where u_k → u^δ and a_k is a minimizer of (3.2) with u^δ replaced by u_k . Then there exists a convergent subsequence of { a_k } and the limit of every convergent subsequence is a minimizer of (3.2).

The second result shows that the regularization parameter β can be chosen in dep endence of the noise level δ such that minimizers of the appro ximating problems converge (in a set valued sense) to an a^∗ -minim um-norm-solution, i.e., a least squares solution of F (a) = u^δ with minimal distance to a^∗ (see, e.g.,[9]).

Tikhonov Regularization Applied to the Inverse Pr oblem of Option Pricing 5 Prop osition 3.2 (Con vergence) Let ‖u − u^δ‖ ≤ δ and β(δ) be such that β(δ) → 0 and δ^2 /β(δ) → 0. Then every sequence { a^{δk}_{β k} }, where δ_k → 0, β_k := β(δ_k ) and a^{δk}_{β k} is a solution of (3.2) has a convergent subsequence. The limit of every convergent subsequence is an a^∗ - minimum-norm-solution. If the a^∗ -minimum-norm-solution a^† is unique, then lim_{δ→ 0} a^δ_{β (δ)} = a^†.

It shall be mentioned, that the ab ove general convergence theory for Tikhono v regularization for nonlinear ill-posed problems in particular applies to the case of discrete observations. However, the corresp onding convergence results are rather weak, as they guaran tee only convergence of subsequences to some a^∗ -minim um-norm-solution, which, in case of finitely man y data, will not be unique in general. To study the structure of the inverse problem in more detail, we will investigate the rate of convergence under additional assumptions below.

4. Con vergence rates In general convergence stated in prop osition 3.2 will be arbitrarily slow. A rate of convergence can only be deriv ed under additional assumptions, e.g. in [9] a convergence rate of ‖a^δ_β − a^†‖ = O( √ δ) and ‖F (a^δ_β ) − u^δ‖ = O(δ) (4.1) is proven for general inverse problems F (a) = u^δ under the following assumptions: (i) F is Fréchet differen tiable and the derivativ e satisfies a Lipschitz condition ‖F^′(a) − F^′(a^†)‖ ≤ γ ‖a − a^†‖ (4.2) (ii) A source condition a^∗ − a^† = F^′(a^†)^∗ w (4.3) holds, with ‖w‖ sufficien tly small.

For the inverse problem of option pricing under consideration, the Fréchet differen tiabilit y of the parameter-to-solution map F follows by Prop osition 4.1 Let F : K(a^∗ ) → W^{2,1}_{p,loc} (Q), 2 ≤ p < p^∗ be the parameter-to-solution map, i.e. u(a) = F (a) satisfy (2.5), (2.6). Then F is Fréchet-differ entiable and satisfies a Lipschitz condition (4.2). Pr oof. We set for simplicit y r = q = 0. By linearit y, the directional derivativ e in direction p, u^′h, satisfies − (u^′h)_τ + a ((u^′h)_{yy} − (u^′h)_y ) = − h (u_{yy} (a) − u_y (a)) with homogeneous initial condition. Prop osition A.1 yields existence and uniqueness of a solution u^′h ∈ W^{2,1}_p (Q) for 2 ≤ p < p^∗ . Note, that h ∈ W^1_2 (Q) ⇒ h ∈ L_q for 1 ≤ q < ∞ . Linearit y of u^′h = F^′(a)h in h and contin uit y in a imply Fréchet differen tiabilit y. By the same argumen ts we get w := (v^′h − u^′h) = (F^′(b) − F^′(a))h solves

− w_τ + a (w_{yy} − w_y ) = − h ((v − u)_{yy} − (v − u)_y ) − (b − a) ((v^′h)_{yy} − (v^′h)_y ) and hence by Prop osition A.1 ‖w‖_W 2 , 1_p ≤ c‖h‖_W 2_1 ‖(b − a)‖_W 2_p .

6 H Egger and H W Engl

For contin uous observation in L_2 (Q) and time and space dep enden t volatilit y a ∈ K(a^∗ ), the source condition (4.3) requires the existence of a source function w, such that ∫ Q p(u_{yy} − u_y )W d(y, t) = (a^† − a^∗ , p)_1 , ∀p ∈ H^1 (Q),

where W is a solution to the adjoin t equation

W_t + (aW )_{yy} + (aW )_y = w,

with homogeneous boundary and terminal condition (cf., e.g., [6]). A similar represen tation holds in the case of purely space dep enden t volatilit y and one maturit y. It is not clear how to deriv e reasonable sufficien t conditions for the existence of such a source-function w.

In order to deriv e convergence rates under interpretable conditions, we use a problem adapted theory , cf. [10] in the context of parameter identification in heat conduction: First, note that data are usually very sparse in time direction (e.g. four maturities per year), and one cannot expect to identify the term-structure of volatilit y accurately from such data. Therefore, we make an additional assumptions on the term structure of volatilit y, e.g. σ = σ(K ) or, more generally , σ(K , T ) = ρ(T )σ(K ) (see [4]), where in the second case the term structure ρ(T ) is assumed to be known. For brevit y, we restrict ourselv es to case of one maturit y and time indep enden t volatilit y (cf. e.g. [4, 5, 23]) in the sequel and assume contin uous observations on an arbitrarily small time interv al (T − Δ , T ). For a ∈ K_2 (a^∗ ) := { q ∈ K(a^∗ ) : q − a^∗ ∈ W^2_2 (R), a^∗ := a^∗ (y)}, the Tikhono v functional now reads

J^δ_β (a) = ∫ Q_Δ

|u(a) − u^δ|^2 d(y, t) + β ‖a − a^∗ ‖^2_W 2_{2 (R)} , (4.4)

where u(a) is solution of (2.5), (2.6). Here Q_Δ = R × (T − Δ , T ). Stabilit y for β > 0 with resp ect to data noise and convergence are guaran teed by Prop osition 3.1, 3.2. Following the ideas in [10], we deriv e the convergence rates (4.1) under interpretable conditions.

Lemma 4.1 (compare Th. 6.1. in [10]) Let a^† ∈ K_2 (a^∗ ) and u = u(a^†). Additional ly, let a^δ_β ∈ K_2 (a^∗ ) denote a minimizer of (4.4) and u(a^δ_β ) the corr esponding solution to (2.5), (2.6) with a replaced by a^δ_β . If there exists a function

φ ∈ W^{2,1}_2 (Q_Δ ) ∩ Ẇ^1_2 (Q_Δ )

such that (a^† − a^∗ , p)_W 2_{2 (R)} = ∫ Q_Δ

p (u_{yy} − u_y ) φ d(y, τ) ∀p ∈ W^2_2 (R),

then with β ∼ δ the estimates ‖a^δ_β − a^†‖_W 2_{2 (R)} = O( √ δ) and ‖u(a^δ_β ) − u^δ‖_{L 2 (Q Δ )} = O(δ) (4.5) hold.

Pr oof. The pro of uses ideas from [10]. We assume again for simplicit y that b = 0. Let u = u(a^†), then ‖u^δ − u‖^2_{L 2 (Q Δ )} + β ‖a^δ − a^†‖^2_W 2_{2 (R)} ≤ δ^2 + 2 β (a^† − a^∗ , a^† − a^δ )_W 2_{2 (R)} (4.6)

Tikhonov Regularization Applied to the Inverse Pr oblem of Option Pricing 7 Now, β (a^† − a^∗ , a^† − a^δ)_W 2_{2 (R)} can be estimated as follows:

β (a^† − a^∗ , a^† − a^δ )_W 2_{2 (R)} = β ∫ Q_Δ [ (a^† − a^δ ) (u_{yy} − u_y )) ] φ d(y, τ) = β ∫ Q_Δ [ − (u^δ − u)_t + a^δ (u^δ − u)_{yy} − a^δ (u^δ − u)_y ] φ d(y, τ) = β ∫ Q_Δ ( (u^δ − u) ) { φ_t + (a^δ φ )_{yy} + (a^δφ )_y } d(y, τ)

≤ ϵ‖u − u^δ‖^2_{L 2 (Q Δ )} + β^2 4 ϵ ( 1 + 2 ‖a^δ‖_W 2_{2 (R)} ) ‖φ ‖_W 2 , 1_{2 (Q )} .

The first term can be shifted to the left side of (4.6) which completes the pro of.

Lemma 4.1 immediately yields global uniqueness of the inverse problem under the given source condition. Uniqueness for a linearized problem has been proven in [4, 5] with differen t metho ds.

With additional smoothness assumptions on a^† − a^∗ , a function φ satisfying the requiremen ts of Lemma 4.1 can be constructed explicitly , which leads to the following Theorem 4.1 Let the assumptions of Lemma 4.1 hold. Assume that w := (a^† − a^∗ ) and g := ∂^4_y w − ∂^2_y w + w ∈ W^2_2 (R) satisfy

|g_{yy} |, |g_y |, |g| = O(e^{− B ′y 2} ) for some B^′ large enough and that b(t) is Hölder continuous (f.i. b ∈ W^1_2 (0, T )). Then the rates (4.5) hold.

Pr oof. Let φ (y) =

∫_T

T − Δ

(T − τ) (τ − T + Δ) a^† (u_{yy} − u_y ) dτ

and define Φ( y, τ) = (T − τ) (τ − T + Δ) a^† g φ (y) . Then

∫_T

T − Δ (uyy − uy ) Φ dτ = g by construction. Note that G(y, τ) := u yy − uy is a fundamen tal

solution of − G_τ + (a G)_{yy} + (a G)_y + bG_y = 0 and satisfies (see [11], Corollary 1, App endix)

G(y, τ) ≥ A e^{− B (d)y 2} for τ ≥ d > 0

for some B (d) > 0. Hence^1_{φ (y)} ≤ C e^{B y 2} . It remains to be shown that φ ∈ W^{2,1}_2 (Q_Δ ):

φ (y) =

∫_T

T − Δ

(T − τ) (τ − T + Δ) a^† (u_{yy} − u_y ) dτ = ∫_T

T − Δ

(T − τ) (τ − T + Δ) (u_τ − bu_y ) dτ = ∫_T

T − Δ

(2 T − Δ − 2 τ)u − (T − τ) (τ − T + Δ) bu_y dτ

8 H Egger and H W Engl

If b(t) is Hölder contin uous with exponent α , then u(a; ·, τ) ∈ C^{2+ α} (R) for any τ > 0 (see [11]) and it follows (see pro of of Prop osition A.1) that u_y ∈ W^{2,1}_2 (Q_Δ ).

Theorem 4.1 makes assumptions on the derivativ es of (a^† − a^∗ ) up to order 6. These smoothness conditions can be relaxed if also derivativ es of the data are available. Assume that observation is tak en in W^{1,0}_{2,loc} (Q_Δ ) and define the Tikhono v functional

J^δ_β (a) = ‖u(a) − u^δ‖^2_W 1 , 0_{2 (Q Δ )} + β ‖a − a^∗ ‖^2_W 1_{2 (R)} (4.7)

for parameters a ∈ K_1 (a^∗ ) := { q ∈ K(a^∗ ) : q − a^∗ ∈ W^1_2 (R), a^∗ = a^∗ (y)}. By Theorem 2.1 F : K_1 (a^∗ ) → W^{1,0}_{2,loc} (Q_Δ ) is compact and the stabilit y and convergence results of Prop osition 3.1, 3.2 are applicable. If there exists a function Φ ∈ Ẇ^1_2 (Q_Δ ) such that

(a^† − a^∗ , p)_W 1_{2 (R)} = ∫ Q_Δ

p (u_{yy} − u_y ) Φ d(y, τ) ∀p ∈ W^1_2 (R),

then integration by parts only once in the pro of of Lemma 4.1 yields

β (a^† − a^∗ , a^† − a^δ)_W 1_{2 (R)}

≤ ϵ‖u − u^δ‖^2_W 1 , 0_{2 (Q Δ )} + β^2 4 ϵ ( 1 + 2 ‖a^δ‖_W 1_{2 (R)} + ‖b‖_{L ∞ (0 ,T )} ) ‖Φ ‖_W 1_{2 (Q )} .

Th us, if we claim that g̃ := − w_{yy} + w ∈ W^1_2 (R) satisfies

|g̃_y |, |g̃| = O(e^{− B ′y 2} )

and follow the construction in the pro of of Theorem 4.1, we get

‖a^δ_β − a^†‖_W 1_{2 (R)} = O( √ δ) and ‖F (a^δ_β ) − u^δ‖_W 1 , 0_{2 (Q Δ )} = O(δ). (4.8)

This yields the following result:

Theorem 4.2 Let a^δ_β ∈ K_1 (a^∗ ) denote a minimizer of (4.7) and u(a^δ_β ) be the corr esponding solution of (2.5), (2.6). If w := (a^† − a^∗ ) and g := − w_{yy} + w ∈ W^2_2 (R) satisfy

|g_y |, |g| = O(e^{− B ′y 2} )

for some B^′ large enough and if b(t) is Hölder continuous (for instanc e, b ∈ W^1_2 (0, T )), then the rates (4.8) hold.

Observ ation of derivativ es of u(a) can be realized, for instance, by smoothing L^2 observations. Since our choice of parameters (a ∈ W^1_2 ) implies (u(a) − u(b))|_{Q Δ} ∈ C^{4+ α, 2+ α/ 2} (Q_Δ ), we immediately obtain convergence rates, e.g. for Tikhono v regularization, for the pre-smo othing pro cess, i.e. we can give W^1_2 error estimates of the smoothed data in terms of L_2 error bounds for the initial data. A second way is to utilize mark et prices of digital call options: deriving (2.3), (2.4) once by K it follows immediately that C_K = e^{− y} u_y are the values of digital calls, which are quoted on the mark ets and observable, to o.

The given convergence rate results immediately imply uniqueness of solutions to the inverse problem.

In realit y, only discrete data (option prices for a discrete set of maturities and strik es) are available, which suffices to apply the stabilit y and convergence results of Section 3. The assumption of availabilit y of observations over a small time interv al used for the derivation of convergence rates is probably the more restrictiv e one: In [23], the relation of the optimal

Tikhonov Regularization Applied to the Inverse Pr oblem of Option Pricing 9

control problems related to observations over a small time interv al (T − Δ) , T ) and time-discrete observations at t = T have been investigated: In fact, for β > 0 the corresp onding solutions a^δ_β (Δ) converge to a solution of the problem with terminal observation only as Δ → 0. However, we were not able to show that this is true, if β and Δ converge to 0 simultaneously . Note, that a convergence rate result for β, Δ → 0 would imply uniqueness of the inverse problem with only terminal observation, which is not proven for general inverse parab olic problems (see, e.g., [18]).

5. Numerical implemen tation and test examples

For an illustration of the theoretical results deriv ed in the last section, we investigate the the numerical realization in the case of one maturit y and a time indep enden t volatilit y. For simplicit y we further assume the interest and dividend rates to be q = r = 0.

Several numerical techniques are frequen tly used for pricing options, for instance, bi- or trinomial trees, Monte-Carlo metho ds, finite difference and finite element metho ds (see, e.g. [26]). For a validation of our convergence results, we will utilize a finite element discretization of the dual (Dupire-) equation in logarithmic variables, (2.5), (2.6) similar to [19]. The approac h via the dual equation allows to price a whole set of options via solution of only one pde.

As appro ximate solutions for our problem, we look for minimizers of the Tikhono v functional J (a) = ‖u(a) − u^δ‖^2_u + β ‖a − a^∗ ‖^2_a (5.1) for a given regularization parameter β and measured (noisy) data u^δ. The norms ‖ ·‖_u , ‖ ·‖_a will be chosen in dep endence of the available data, in particular, we investigate the choices

‖u‖^2_u = ∫ |u(y, T_0)|^2 dy or ‖u‖^2_u = ∑ i |u(y_i , T_0)|^2

and choose for the regularization term

‖a‖^2_a = ∫ |a|^2 + |a_y |^2 dy,

motiv ated by the convergence considerations of the previous sections.

5.1. Gradient evaluation

For minimizing the Tikhono v functional we employ gradien t type (e.g., steep est descent or quasi- Newton) techniques. In any of these metho ds, a gradien t evaluation of (5.1) has to be performed, which can be done efficien tly via an adjoin t approac h. The directional derivativ e of (5.1) is given by J^′(a)[p] = 2(u(a) − u^δ, u^′(a)[p])_u + 2β(a − a^∗ , p)_a .

Assuming measuremen ts at time T in L^2 , we have with r := u(a) − u^δ, w := u^′(a)[p]

(u^′(a)[p], u(a) − u^δ)_u = ∫ w(y, T )r (y)dy = ∫_T 0 d dt ∫ w(y, t)R(y, t)dydt =

∫_T 0 ∫ w_t R + wR_t dydt = ∫_T 0 ∫ [a(w_{yy} − w_y ) − p(u_{yy} − u_y )]R + wR_t dydt = ∫_T 0 ∫ [R_t + (aR )_{yy} + (aR )_y ]w − p(u_{yy} − u_y )Rdydt

10 H Egger and H W Engl = ∫_T 0 ∫ p(u_{yy} − u_y )Rdydt,

where we have chosen R to be a solution to

R_t + (aR )_{yy} + (aR )_y = 0

with terminal condition R(y, T ) = r (y).

In case the state domain is appro ximated by a finite interv al, R has to satisfy the additional boundary condition R(y, t) = 0, (y, t) ∈ ∂Ω × (0, T ).

Alternativ ely, one can also solve for S := aR , which solves

S_t + a(S_{yy} + S_y ) = 0

with S(y, t) = a(y)r (y)

and homogeneous Dirichlet boundary conditions. Hence, the same solver as for the forward problem can be utilized. A gradien t direction is then given by solution of the variational problem

(g, p)_a = 2(u(a) − u^δ, u^′(a)[p])_u + 2β(a − a^∗ , p)_a = 2 ∫_T 0 ∫ p(u_{yy} − u_y )Rdydt + 2β(a − a^∗ , p)_a .

(5.2)

Here, the bilinear form (·, ·)_a dep ends on the regularization norm, e.g., (5.2) amoun ts to solving the variational problem

− g_{yy} + g = − 2(u_{yy} − u_y )R + 2β(− da_{xx} + da),

with da = a − a^∗ , when regularizing in H^1 . Summarizing, one step in a gradien t or quasi-Newton algorithm requires two numerical solutions of parab olic pde problems and one solution of the variational problem ab ove (5.2).

5.2. Approximations and incomplete data

For a numerical treatmen t, the state domain is restricted to a finite interv al, e.g., we solve (2.5) on the domain Q_{M ,T} := Ω_M × (0, T ), with Ω_M := (− M , M ), and intro duce artificial boundary conditions u(− M , t) = g_0 (t), u(M , t) = g_1 (t). Appropriate values for g_i (t) can be deduced by studying the decay prop erties of solutions u. E.g, for the choice g_0 (t) = 1, g_1 (t) = 0, the error intro duced in this manner is of the order of e^{−| M |} , see [23]. Alternativ ely, appro ximate Neumann boundary conditions can be deriv ed, i.e. u_y (− M ) ∼ u_y (M ) ∼ e^{−| M |} .

In the test example below, the boundary values g_i (t) are determined in the following manner: First we use the Black-Scholes formula to calculate Black-Scholes implied volatilities for u(− M ) = z_0 and u(M ) = z_1, where z_0 and z_1 are the data for the lowest and highest possible strik e. Then these volatilities are used to calculate option values g_0 = u(− M , T ) and g_1 = u(M , T ) for T ∈ [0, T_0] again by the Black-Scholes formula.

Tikhonov Regularization Applied to the Inverse Pr oblem of Option Pricing 11

5.3. Choice of the regularization parameter

In the previous sections we showed that convergence of the appro ximations a^δ_β obtained by Tikhono v regularization can be expected for δ → 0, if δ^2 /β → 0. Esp ecially, the a-priori choice β ∼ δ will lead to a converging regularization algorithm. The right choice of the regularization parameter β is crucial for numerical appro ximations at finite noise levels. We prop ose the following strategy , motiv ated by a-posteriori parameter choice rules (e.g., Morozov’s discrepancy principle, see e.g. [9, 25]): In order to sta y within the converging regime, we define a sequence of admissible regularization parameters β_0 = 10^2δ < β_1 < ... < β_n = 10^{− 3} δ. We start minimizing the Tikhono v functional J_{β 0} . Then we subsequen tly decrease the regularization parameter β = β_i , starting the minimization of the Tikhono v functional J_{β i} at the previous minimizer a^δ_{β i − 1} . The pro cedure is stopp ed, if the minimal regularization parameter is activ e, or if a discrepancy principle ‖u(a^δ_β ) − u^δ‖ ≤ τδ for some τ > 1 is met. In our numerical test, with noise levels ranging from 10^{− 1} to 10^{− 5} , the discrepancy principle for a choice of τ = 1.5 could be met for typical values of β ∼ 10^{− 2} δ.

5.4. Test examples

In order to illustrate the stabilit y and convergence results of Sections 3 and 4, and to discuss some additional matters, e.g., appro ximation of discrete data, choice of regularization norms, restriction to bounded domains and the influence of data noise, we consider the following numerical test examples:

Example 1 Constant Volatility: Let S = 100, r = q = 0 and T = 1 year to expiry. We set M = 3, and thus take into account possible strikes K ∈ (5, 2000). The first example consists of identifying the (unknown) constant parameter a = 0.15.

For the first set of examples, we choose the initial guess a^∗_1 = 0.15 − 0.05erf(− y^2 ), which has the correct asymptotic behaviour for |y| large (compare Theorems 4.1 and 4.2). In a first simulation (A), we use a complete set of option prices calculated via the Black-Scholes formula. Data noise is only due to discretization and restriction to a bounded domain, hence can be assumed to be very small. We choose the regularization parameter to be β = 10^{− 6} .

In a second test (B), we investigate the influence of incomplete data given for 20 strik es only. Note, that the problem is now highly under determined, and we expect the resulting minimizer to dep end more strongly on the a-priori guess a^∗ .

The bad identifiabilit y of volatilities far away from the spot and the imp ortance of the decay behaviour of a^∗ is considered in a third test run (C), where we choose the a-priori guess a^∗_2 = 0.1 and β = 10^{− 6} as in the previous examples.

In the last test (D), we investigate the influence of data noise by adding 0.1% uniformly distributed noise to the data. In case of an underlying worth 1000$, this amoun ts to an ”uncertain ty” of ± 1$ in the option prices, which is ab out the size of typical the bid-ask spreads, e.g., for the S&P500 index option.

Finally , we compare the results of the reconstructions with the option prices for the very good guess a = 0.16.

The error-free data in this example are constructed by the Black-Scholes formula: A comparison of the Black-Scholes data with the option values (optimal) corresp onding to the true parameter a = 0.15 indicates that the restriction to a finite domain is reasonable.

In all examples, the identified volatilities are very close to the true value on the range of strik es given. However, in case C, the volatilities deviate significan tly far away from the spot

12 H Egger and H W Engl

T able 1. Reconstructed option values after calibration - Example 1: (A) complete exact data, (B) exact incomplete (20 strik es) data, (C) bad initial guess a^∗ = 0.1 and complete exact data, (D) 0.1% additional data noise, (BD) incomplete (20 strik es) data with added 0.1% noise; (optimal) option prices corresp onding to true parameter a = 0.15 calculated numerically .

strik e true value optimal A B C D BD noisy data a=0.16

600.00 439.20 439.15 439.20 439.20 439.20 439.20 438.98 439.49 442.70 700.00 369.61 369.51 369.60 369.60 369.61 369.48 369.36 369.09 374.30 800.00 309.65 309.51 309.65 309.65 309.65 309.42 309.41 308.69 315.34 900.00 258.70 258.54 258.70 258.70 258.70 258.39 258.46 258.23 265.13 1000.00 215.81 215.63 215.80 215.81 215.81 215.44 215.57 215.82 222.70 1100.00 179.93 179.76 179.93 179.93 179.93 179.56 179.70 180.18 187.06 1300.00 125.24 125.09 125.23 125.23 125.24 124.90 125.01 125.85 132.27 1500.00 87.57 87.48 87.57 87.57 87.57 87.32 87.37 87.68 94.05 1800.00 51.88 51.86 51.88 51.88 51.88 51.78 51.82 51.16 57.18

T able 2. Reconstructed volatilities: (A) complete exact data, (B) exact incomplete (20 strik es) data, (C) bad initial guess a^∗ = 0.1 and complete exact data, (D) 0.1% additional data noise, (BD) incomplete (20 strik es) data with added 0.1% noise.

strik e true value A B C D BD

600.00 0.1500 0.1500 0.1502 0.1499 0.1504 0.1489 700.00 0.1500 0.1502 0.1502 0.1502 0.1499 0.1495 800.00 0.1500 0.1503 0.1502 0.1503 0.1501 0.1499 900.00 0.1500 0.1503 0.1503 0.1503 0.1495 0.1500 1000.00 0.1500 0.1503 0.1502 0.1503 0.1495 0.1501 1100.00 0.1500 0.1503 0.1503 0.1503 0.1496 0.1501 1300.00 0.1500 0.1502 0.1502 0.1502 0.1498 0.1500 1500.00 0.1500 0.1500 0.1500 0.1500 0.1497 0.1490 1800.00 0.1500 0.1497 0.1497 0.1497 0.1500 0.1500

(K = 1000) by sticking to the ”wrong” a-priori guess a^∗ = 0.1, which corresp onds to a violation of the source condition in Theorems 4.1 and 4.2.

The large deviation in option prices corresp onding to a = 0.16 indicates high sensitivit y of option values on volatilit y around the spot, where vice versa good reconstructions can be expected.

Example 2 Let the S, r, q, T, M be chosen as in the previous example and the true parameter a = √ 2σ be given by

a(y) = 0.15 + 0.05 exp[− (y + 0.3)^2]sin(2πy) + 0.05 erf(20y).

The data are constructe d numeric ally on the domain Ω_M = (− 5, 5) with a fine discretization and a differ ent time integration scheme as used for the reconstruction, to avoid inverse crimes.

Again, we compare the reconstructed volatilities and corresp onding option prices for several test runs: (A) The case of complete, exact data and initial guess a^∗_1 = 0.15 + 0.05erf(2y) with the correct asymptotic behaviour for |y| large (compare Theorem 4.1 and 4.2). In (B) we investigate the influence of only partial data (for 20 strik es). The influence of a ”wrong” a-priori guess a^∗ = 0.15 is rep orted as test (C). In (D) we add additional 0.1% noise. In this example, the true parameter has some oscillating features with decaying amplitude for increasing |y| and is increasing sharply around y = 0 (K = 1000).

Tikhonov Regularization Applied to the Inverse Pr oblem of Option Pricing 13

T able 3. Reconstructed option values after calibration - Example 2: (A) complete exact data, (B) exact incomplete (20 strik es) data, (C) bad initial guess a^∗ = 0.15 and complete exact data, (D) 0.1% additional data noise, (BD) incomplete (20 strik es) data with added 0.1% noise; (optimal) option prices corresp onding to true parameter a = 0.15 calculated numerically .

strik e true value opt A B C D BD data

600.00 416.95 417.54 416.96 416.94 416.93 416.42 415.73 416.32 700.00 336.69 337.59 336.68 336.76 336.71 336.72 336.41 336.73 800.00 271.59 272.58 271.59 271.77 271.66 272.48 272.81 271.71 900.00 225.42 226.53 225.43 225.71 225.65 226.54 226.91 226.14 1000.00 193.67 194.07 193.66 193.50 193.64 193.40 193.84 194.57 1100.00 168.70 169.18 168.71 168.70 168.52 167.45 167.95 169.19 1300.00 128.42 128.78 128.42 128.40 128.35 127.19 127.72 128.26 1500.00 97.45 97.73 97.45 97.45 97.45 97.01 97.23 97.92 1800.00 64.30 64.48 64.31 64.31 64.34 64.61 64.27 63.37

T able 4. Reconstructed volatilities: (A) complete exact data, (B) exact incomplete (20 strik es) data, (C) bad initial guess a^∗ = 0.15 and complete exact data, (D) 0.1% additional data noise, (BD) incomplete (20 strik es) data with added 0.1% noise.

strik e true value A B C D BD

600.00 0.1020 0.0983 0.1000 0.0983 0.0873 0.0872 700.00 0.0696 0.0680 0.0673 0.0679 0.0654 0.0624 800.00 0.0554 0.0540 0.0548 0.0530 0.0561 0.0578 900.00 0.0701 0.0655 0.0713 0.0716 0.0814 0.0838 1000.00 0.1500 0.1609 0.1514 0.1483 0.1360 0.1351 1100.00 0.2273 0.2223 0.2269 0.2168 0.1889 0.1874 1300.00 0.2434 0.2414 0.2433 0.2438 0.2305 0.2399 1500.00 0.2201 0.2185 0.2194 0.2202 0.2318 0.2346 1800.00 0.1869 0.1864 0.1870 0.1880 0.2023 0.1894

As in the previous example option values can repro duced very accurately by the reconstructed volatilit y. The behaviour of the volatilit y smile around the spot can be resolved very accurately , while the values for large |y| are highly determined by the a-priori guess a^∗ .

Summarizing, all the numerical test show that volatilit y smiles can be identified stably by Tikhono v regularization. The decay condition on the unkno wn part of the volatilit y a^†− a^∗ needed for the pro of of convergence rates (see Theorems 4.1, 4.2) is reflected in the numerical examples, in which good identifiabilit y is observ ed only near the spot y = 0. Th us, for a reasonable reconstruction of volatilities for very large/small strik es, differen t techniques have certainly to be used. The numerical tests also confirm that the restriction of the computational domain to a finite interv al does not influence the reconstruction of volatilities near the spot noticeably .

Further test examples and details on the influence or the regularization parameter choice on the reconstruction can be found in [8].

6. Concluding Remarks

Tikhono v regularization yields a stable and convergent metho d for volatilit y estimation by calibrating a modified Black-Scholes model to mark et prices of Europ ean Vanilla options. The regularized least squares formulation of the inverse problem allows to treat various kinds of observations (contin uous, discrete) in a uniform framew ork.

14 H Egger and H W Engl

The question of convergence rates under interpretable assumptions is answered for the case when the term structure of volatilit y is known, in particular, if volatilit y is piecewise constan t in time (see Theorems 4.1, 4.2). The convergence rate results also imply uniqueness of solutions to the inverse problem. The conditions on differen tiabilit y and decay of the unkno wn part of volatilit y (a^∗ − a^†) illustrate two sources of ill-posedness in the problem:

- the differen tial part corresp onds to the smoothing prop erties of the parameter-to-solution map;

- the decay condition for |y| → ∞ reflects the nonlinearit y of the forward problem.

Even though the source condition may seem rather strong, one should bear in mind that mark et prices of options dep end on mark ets expectation of the future values of volatilit y: th us it seems reasonable to assume that these expected volatilities are rather smooth. On the other hand, for high/lo w strik es, volatilit y cannot be reconstructed stably and therfore additional knowledge on the behaviour of the volatilit y function for high/lo w strik es has to be incorp orated into the a-priori guess a^∗ .

Utilization of the dual (Dupire) equation (2.3) is essential for fast numerical algorithms, since it allows to valuate a range of options, and hence calculation of the Tikhono v functional, by solving only one differen tial equation. Minimization of the Tikhono v functional can be done by standard algorithms for nonlinear optimization, e.g., Quasi-Newton-t ype metho ds. Gradien ts, which involve adjoin t Frèchet-deriv ativ es of the parameter-to-solution map, can be calculated effectiv ely by using an adjoin t approac h (5.2), hence again only one additional solution of a parab olic differen tial equation is necessary for a gradien t evaluation of the Tikhono v functional. Using these two techniques, the numerical effort for the reconstruction of a volatilit y surface can be kept rather small enabling an ”online” calibration to mark et prices.

The non uniqueness of solutions to the inverse problem resp ectively special assumptions on the term structure (here: piecewise constan t) should be kept in mind when pricing path dep enden t options by means of the calibrated model: If the volatilit y smile is flat (σ ≠ σ(S)), then it is well known that Europ ean Call prices expiring at time T dep end on the aggregated volatilit y

∫_T 0 σ^2 (t)dt only, i.e., a variet y of term structures will perfectly calibrate the model to the mark et, whereas the corresp onding prices of exotic derivativ es may vary a lot. Th us, for a reasonable reconstruction of the term structure of volatilit y, additional data have to be used.

App endix

Extending standard results on existence and regularit y of solutions to parab olic equations (cf. e.g. [11, 21]) by the ideas in [12, 16, 27] one can deriv e existence and uniqueness results for solutions to (2.5), (2.6) in W^{2,1}_p -spaces. A similar existence result for the case p ∈ ]2, p^∗ [ has been deriv ed in a probabilistic framew ork in [6].

Prop osition A.1 Let a ∈ K(a^∗ ), b ∈ L_∞ (Q) and f ∈ L_p (Q) ∩ L_2 (Q). Then there exist p^∗ > 2 such that

− v_τ + a v_{yy} + bv_y = f (A.1)

v(y, 0) = 0 (A.2)

has a unique solution v ∈ W^{2,1}_p (Q) satisfying the estimates

‖v‖_W 2 , 1_p ≤ C_p ‖f ‖_p

for 2 ≤ p < p^∗ , with C_p depending only on the bounds of the coefficients and p.

Tikhonov Regularization Applied to the Inverse Pr oblem of Option Pricing 15

Pr oof. According to [21] Th. IV.9.2, (A.1) has a unique solution v^n ∈ W^{2,1}_p (Q) for smooth (Hölder) a^n with the estimate ‖v^n ‖_W 2 , 1_p ≤ C(p) ‖f ‖_p (A.3) We establish existence of a solution to (A.1), (A.2) and a uniform bound (A.3) for arbitrary a ∈ K(a^∗ ). We start with the case p = 2. By linearit y w^n = v^n_y solves − w^n_τ + (a^n w^n_y )_y + (bw^n )_y = f_y and satisfies the estimate

‖w^n ‖^2_W 1 , 0_{2 (Q )} ≤ c

∫_T 0 ‖f_y (τ)‖^2_W − 1_{2 (R)} dτ ≤ C ‖f ‖_{L 2 (Q )} ,

where the constan ts c, C now dep end only on the lower bound of a and ‖a‖_{L ∞} , ‖b‖_{L ∞} . To see that ‖v^n ‖_{L 2 (Q )} is also bounded, consider

‖v^n ‖^2_{L 2 (Q )} = ∫ Q ∫_τ 0 d dτ |v^n |^2 dτ d(y, t) = 2 ∫ Q ∫_τ 0 { a ( v^n_{yy} + bv^n_y ) − f } vdτd(y, t)

≤ c(T ) { ‖v^n_{yy} ‖_{L 2 (Q )} + ‖v^n_y ‖_{L 2 (Q )} + ‖f ‖_{L 2 (Q )} } ‖v^n ‖_{L 2 (Q )} ≤ C(T ) ‖f ‖_{L 2 (Q )} ‖v^n ‖_{L 2 (Q )} Th us (A.3) holds uniformly for smooth a^n ∈ K(a^∗ ). Now let a^n → a ∈ K(a^∗ ) (in W^1_2 ), then a (sub-)sequence v^{k n} of the corresp onding solutions v^n admits a weak limit v̂ ∈ W^{2,1}_2 (Q). For φ ∈ W^{2,1}_2 (Q) with compact supp ort ∫ Q (− v_τ + a(v_{yy} − v_y ) + bv_y )φd (y, τ)

= lim_{n ∞} ∫ Q (− v^{k n}_τ + a^{k n} (v^{k n}_{yy} − v^{k n}_y ) + bv^{k n}_y )φd (y, τ) = (f , φ )_{L 2 (Q )}

Hence, by regularit y, v̂ = v solves (A.1).

Now let p ≠ 2 and set a^∗ = (a + a)/2. By linearit y v solves − v^k_τ + a^∗ (v^k_{yy} ) = f − bv^n_y + (a^∗ − a^n ) v^n_{yy} =: g^n Following the pro of of Th. IV.9.2 in [21], we get

^(vn_{yy} )(ξ, s) = ξ^2 i s + a^∗ ξ^2

^g(ξ, s)

and by Planc herel’s theorem ‖v^n_{yy} ‖_{L 2 (Q )} ≤ 1 a^∗

‖g^n ‖_{L 2 (Q )} (A.4) Now the Riesz-Thorin theorem [16] implies that the constan ts C(p) of the estimate ‖v^n_{yy} ‖_{L p (Q )} ≤ C(p)‖g^n ‖_{L p (Q )}

dep ends contin uously on p, i.e. there exist p^∗ > 2 such that^{a − a}_2 C(p) < 1 for 2 ≤ p < p^∗ and

‖v^n_{yy} ‖_{L p (Q )} ≤ C(p) ( ‖f ‖_{L p (Q )} + C ‖v^n ‖_W 1 , 0_{p (Q )} + a − a 2 ‖v^n_{yy} ‖_{L p (Q )} )

16 H Egger and H W Engl which by ‖v^n ‖_W 1 , 0_{p (Q )} ≤ c ‖v^n ‖_W 2 , 0_{2 (Q )} implies ‖v^n ‖_W 2 , 1_{p (Q )} ≤ C(p) [ ‖f ‖_{L p (Q )} + ‖f ‖_{L 2 (Q )} ] for 2 ≤ p < p^∗ . Th us the solutions v^n are uniformly bounded in W^{2,1}_p . That v solves (A.1) follows as ab ove.

By standard argumen ts, the existence theorem can be extended to cover our equation (2.5). Corollary A.1 Let a ∈ K(a^∗ ), b ∈ L_∞ (Q). Then there exist p^∗ > 2 such that for 2 ≤ p < p^∗ the problem − v_τ + a (v_{yy} − v_y ) + bv_y = 0 in Q (A.5) v(y, 0) = (S^∗ − e^y )^+ (A.6) has a unique solution v ∈ W^{2,1}_{p,loc} (Q) satisfying the estimates |v| ≤ S^∗ and ‖v_x ‖_W 1 , 0_p ≤ C_p The constant C depends only on the bounds of the parameters and p.

Pr oof. Observ e that

ṽ(y, τ) :=

∫_{y0} −∞ 1 √ 4πτ e^{− ( y − ν ) 24 τ} (S^∗ − e^ν ) dν ∈ W^{2,1}_{p,loc} (Q)

for p < 3, y_0 = ln(S^∗ ). The difference w = v − ṽ then solves − w_τ + a (w_{yy} − w_y ) + bw_y = ṽ_τ − a (ṽ_{yy} − ṽ_y ) − bṽ_y with homogeneous initial condition. Prop osition A.1 completes the pro of.

Contin uit y of the parameter-to-solution map F : a → v(a) follows from linearit y of equation (2.5) and application of corollary A.1. Prop osition A.2 F : K(a^∗ ) → W^{2,1}_{p,loc} (Q) is continuous for 2 ≤ p < p^∗ . Pr oof. Let a_n ∈ K(a^∗ ), u^n denote the corresp onding solutions of (2.5),(2.6) and a_n → a in W^1_2 . By Corollary A.1 u^n ∈ W^{2,1}_{p̃,loc} for any 2 ≤ p̃ < p^∗ . Emplo ying linearit y we get that w^n := u^n − u(a) solves − w^n_τ + a (w^n_{yy} − w^n_y ) + bw^n_y = − (a^n − a) (u^n_{yy} − u^n_y ) and satisfies the estimate ‖w‖_W 2 , 1_{p (Q )} ≤ C ‖a^n − a‖_{L q (Q )} ‖u^n_y ‖_W 1_{p (Q )} for^1_p +^1_q =^1_p and p < p < p^∗ . Sobolev embedding theorems [29] yield a^n → a in L_q (Q) for 1 ≤ q < ∞ and the assertion follows by ‖u^n_y ‖_W 1_{p (Q )} ≤ C_p uniformly for all n.

By compact Sobolev embedding and utilizing the asymptotic behaviour of solutions to (2.5), (2.6) we can even show compactness of this mapping, which is one source of the ill-posedness for the inverse problem of option pricing.

Tikhonov Regularization Applied to the Inverse Pr oblem of Option Pricing 17

Prop osition A.3 F : K → W^{2,1}_{p,loc} (Q) is compact for 2 ≤ p < p^∗ and weakly (sequential ly) continuous.

Pr oof. Let a_n , u^n as in the pro of of prop osition A.2, a_n ⇀ a in W^1_2 (Q) and u^n ⇀ u in W^{2,1}_p (Q) ∩ W^{2,1}_p (Q) for p < p < p^∗ . By compact Sobolev embedding a^n → a in L_q(Q_c ) for any 1 ≤ q < ∞ and Q_c ⊂ Q compact. On the other hand u satisfies

− u_τ + a (u_{yy} − u_y ) + bu_y = 0 in L_p (Q)

and as in prop osition A.2 the difference w^n := u^n − u satisfies

− w^n_τ + a^n (w^n_{yy} − w^n_y ) + bw^n_y = − (a − a^n ) (u_{yy} − u_y ) =: f^n (A.7)

We split f^n = f^n_1 + f^n_2 with

f^n_1 := f^n χ_{[− M ,M ]}, f^n_2 := f^n − f^n_1

and get

‖w^n ‖_W 2 , 1_{p (Q )} ≤ C { ‖a^n − a‖_{L q (Q C )} ‖u_y ‖_W 1_{p (Q C )} + ‖a^n − a‖_{L q (Q} c_{C )} ‖u_y ‖_W 1_{p (Q} c_{C )} }

for any 2 ≤ p < p,^1_p +^1_q =^1_p and Q_C := (− M , M )× (0, T ), Q^c_C = Q\Q_C . Now ‖a^n − a‖_{L q (Q C )} → 0 by compact Sobolev embedding and ‖u_y ‖_W 1_{p (Q} c_{C )} → 0 with M → ∞ .

References

[1] R. A. Adams. Sobolev Spaces. Academic Press, New York, 1975. [2] A. B. Bakushinskii. Remarks on cho osing a regularization parameter using the quasi-optimalit y and ration criterion. USSR Comp. Math. MAth. Phys , 24:181–182, 1984.

[3] F. Blac k and M. Scholes. The pricing of options and corp orate liabilities. J. of Politic al Economy , 81:637– 659, 1973.

[4] I. Bouc houev and V. Isak ov. The inverse problem of option pricing. Inverse Pr oblems , 13:L1–7, 1997. [5] I. Bouc houev and V. Isak ov. Uniqueness, stabilit y and numerical metho ds for the inverse problem that arises in financial mark ets. Inverse Pr oblems , 15:R95–116, 1999.

[6] S. Crép ey. Calibration of the local volatilit y in a generalized Blac k-Scholes mo del using Tikhono v regularization. SIAM J. Math. Anal. , 34:1183–1206, 2003.

[7] B. Dupire. Pricing with a smile. RISK , 7:18–20, 1994. [8] H. Egger. Volatilit y estimation in the Blac k-Scholes mo del via Tikhono v regularization. Master’s thesis, Johannes Kepler Univ ersit¨at Linz, 2002.

[9] H. W. Engl, M. Hank e, and A. Neubauer. Regularization of Inverse Pr oblems . Klu wer, Dordrec ht, 1996. [10] H. W. Engl and J. Zou. A new app orac h to convergence rate analysis of Tikhono v regularization for parameter iden tification in heat conduction. Inverse Pr oblems , 16:1907–1923, 2000.

[11] A. Friedman. Partial Differ ential Equations of Par abolic Type. Pren tice-Hall, Englew ood Cliffs, 1964. [12] P. Grisv ard. El liptic Pr oblems in Nonsmo oth Domains (Mono graphs and Studies in Math.) vol 24. 1985. [13] M. Hank e and E. Rösler. Computation of local volatilities from regularized Dupire equations. 2004.

submitted. [14] T. Hein and B. Hofmann. On the nature of ill-p osedness of an inverse problem in option pricing. Inverse Pr oblems , 19:1319–1338, 2003.

[15] S. Heston. A closed-form solution for options with sto chastic volatilit y with applications to bond and currency options. Review of Financial Studies , 6(2), 1993.

[16] L. Ho ermander. The analysis of line ar partial differ ential operators . 1983. [17] B. Hofmann and O. Scherzer. Local ill-p osedness and source conditions of op erator equations in Hilb ert spaces. Inverse Pr oblems , 14:1189–1206, 1998.

[18] V. Isak ov. Inverse Pr oblems for Partial Differ ential Equations . 1998.

18 H Egger and H W Engl

[19] N. Jac kson, E. Süli, and S. Howison. Computation of deterministic volatilit y surfaces. J. Mathematic al Financ e, 2(2):5–32, 1998.

[20] I. Karatzas and S. E. Shrev e. Metho ds of Mathematic al Financ e. 1998. [21] O. A. Lady z̆ensk aya, V. A. Solonik ov, and N.N. Ural’cev a. Line ar and quasiline ar equations of par abolic type (T ranslations of Mathematic al Mono graphs) vol 24. AMS, Rho de Island, 1968.

[22] R. Lagnado and S. Osher. A tec hnique for calibrating deriv ativ e securit y pricing mo dels: numerical solution of the inverse problem. J. Computational Financ e, 1:13–25, 1997.

[23] J. Lishang and T. Youshan. Iden tifying the volatilit y of underlying assets from option prices. Inverse Pr oblems , 17:137–155, 2001.

[24] R. C. Merton. Option pricing when the underlying sto ck returns are discon tin uous. J. Financial Economics , 3, 1976.

[25] V. A. Morozo v. On the solution of functional equations by the metho d of regularization. Soviet Math. Dokl. , 7:414–417, 1966.

[26] W. Sha w. Model ling financial derivatives with Mathematic a. Cam bridge Univ ersit y Press, 1999. [27] M. E. Taylor. Partial Differ ential Equations III . Springer, 1996. [28] P. Wilmott, S. Howison, and J. Dewynne. The Mathematics of Financial Derivatives . Cam bridge Univ ersit y Press, 1995.

[29] W. P. Ziemer. Weakly Differ entiable Functions (Gr aduate Texts in Math. vol 120) . Springer, New York, 1989.