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Abstract

This paper is devoted to the incorporation of topological derivative like expansions
of first and second order in volume and perimeter into level set methods for perimeter
regularized geometric inverse problems.

Based on these expansions we provide a steepest descent type and a Newton-type
algorithm to force topology changes in level set methods.

Numerous numerical examples are provided that show the strong and also the weak
points of these estimates.
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1 Introduction

Identification of unknown geometries via minimizing appropriate objective functionals is
challenging task, appearing in various applications ranging from topology optimization (cf.
BENDS@QE & SIGMUND [11]) over image processing (see cf. TSAI & OSHER [41]) to inverse
problems (cf. BURGER & OSHER [18]). During the last years it got very common to use level
set methods (cf. OSHER & FEDKIW [35], LITMAN, LESSELIER & SANTOSA [32]) with veloc-
ities dependent on shape derivatives (cf. DELFOUR & ZOLESIO [20]) to solve such problems.
For several optimization problems, these level set methods were successfully applied to com-
pute optimal geometries without a-priori knowledge of the number of connected components
(cf. BURGER [13, 15], DORN, MILLER & RAPPORT [21], HINTERMULLER & RING [29], ITO,
Kuniscu & L1 [30], SANTOSA ET AL. [32, 36, 37]).

Level set methods are gradient like methods that allow a simple and flexible geometry
representation and evolution. The evolution of the geometry happens just locally, i.e. just
the boundary of the geometry is evolved. Hence topological changes like splitting and merging
can occur during the “time” evolution. However, due to their local nature they might easily
get stuck in local minima and one can construct examples where this is indeed the case. This
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was also observed practically (cf ALLAIRE, JOUVE & TOADER [4, 5| BURGER, HACKL &
RING [16]).

Recently a new concept, called topological derivatives (cf. ESCHENAUER, SCHUMACHER
ET AL. [22, 23], SOKOLOWSKI & ZOCHOWSKI [38, 39]) appeared, where one considers the
variation of an objective function with respect to the introduction of infinitesimally small
holes at a certain point. The topological derivative then indicates whether it is favorable
to introduce a hole at this point or not. Already the definition of the topological derivative
suggests an algorithm that was successfully applied to several problems (cf. AMSTUTZ ET
AL. [7,8, 9], GUILLAUME & IDRIS [25], GUZINA & BONNET [26], MASMOUDI ET AL. [9, 33]).
Also algorithms just based on topological derivatives may stuck in local minima, mainly due
to their “disability” to reduce the number of connected components.

Hence several authors (cf. ALLAIRE, GOURNAY, JOUVE & TOADER [3|, BURGER, HACKL
& RING [16], HINTERMULLER [28]) tried successfully to combine classical level set methods
with the concept of topological derivatives. Their are basically two ideas how to combine
these methods. In one method an additional source term, that depends on the topological
derivative, is added to level set methods such that the level set methods allow not just
local changes, i.e. evolution of the boundary, but also global changes, due to the of the
whole domain defined source term. The other method simply restarts the level set evolution
after some fixed time (or due to “clever” chosen stopping criteria), where the initial value is
determined via the topological derivative and the last time step. The rational behind these
methods is to fulfill the combined necessary optimality condition for shape and topological
derivatives (see SOKOLOWSKI & ZOCHOWSKI [40]).

Nonetheless there are still some problems. First, in geometric inverse problems one usually
uses perimeter regularization, which is not topological differentiable at all. Second, topological
derivatives sometimes provide only a very rough information, especially do they not provide
information about a reliable size and shape of the topology change such that the objective
function decreases, when performing this topology change.

By means of a geometric inverse problem we develop an algorithm based on classical
level set methods and topological derivatives such that, first, we can deal with perimeter
regularizations, second, that topology changes are forced such that the objective function
(with perimeter) decreases and the decrease can be estimated from above by the minimum
of another, “simpler” minimization problem. In more detail we do a Taylor expansion of the
objective function in the volume and the perimeter of the topology change. The expansion
up to the first order term in volume, provides us with the topological derivative and together
with the remainder, which is of higher order in volume, we get a reliability estimate like for
descent methods in the functional analytic framework. Minimizing the first order estimate
plus remainder provides a topology change which guarantees a descent in the objective func-
tion (with perimeter), where the descent is estimated from above by the minimum of this
minimization problem. Likewise for Newton-Trust-region methods, we provide an expansion
up to the second order in volume plus remainder of higher order, that provides an estimate
whose minimizer is again a topology change with guaranteed descent. As for Newton meth-
ods, the calculation of this minimizer is more expensive but provides “close” at the solution,
very reliable estimates. The difference of the first and the second order minimization problem
is mainly due to an additional partial differential equation as constraint, for the second order
problem, that depends on the topology change itself.
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The geometric inverse problem we investigate in
the following consists of, identifying a compact set
Q € K(D) from measurements 4, with an Lg-error
bound, provided on I'ys, where I'y; C D is either a
domain or I'yy C I'y. The map of the geometry € to
the measurements u on I'y; is defined via the partial
differential equation

—Au+cqu=f in D
% =h onI'y (1.1)
u =g onlI'p,

where cq = ¢+ (¢ —¢)xq and xq is the characteristic

function of €.
For a stable identification of the set €2 one usually minimizes the perimeter regularized

least squares functional
1

Jo(Q) = 5 / lu — 4|* ds + |09, (1.2)
I'm

where « acts as regularization parameter and is chosen in dependence of the noise level of
the measurements @. The regularization property of the perimeter and the choice of the
parameter o will not be dealt with in this paper (cf. BEN AMEUR, BURGER & HACKL
[10] for a detailed analysis), but only the appearance of the perimeter in the minimization
functional will be in the focus in the following, since it prevents the application of known
approaches based on topological derivatives.

Notation: We denote with LP(€Q) functions on  whose p-th power is integrable, with
WHP(Q) the Sobolev space of k-times differentiable functions whose derivatives are in LP(Q).
Furthermore we abbreviate the Hilbert-space W*2(Q2) by H*(Q) and by Hpo(D) € HY(D
the function space with boundary values zero at the boundary I'p C 0D. Finally we often
use the notation < which means < up to a constant that does not depend on the important
properties.

The paper is organized as follows: In Section 2 we provide the shape and the topological
derivative for the objective function (1.2). Then, based on the proof of the topological deriva-
tive we provide in Section 3 the first order and also second order expansion of the objective
function in volume and perimeter. The first and second order expansions allow to construct
steepest descent respectively Newton-type iterations to force topology changes. Hints about
the numerical implementation of level set methods and the incorporated steepest descent re-
spectively Newton-type iteration to force topological changes are provided in Section 4. By
means of some numerical examples we show in Section 5 the applicability and performance
of the, in this paper, suggested methods and finally draw the conclusion in Section 6.

2 Shape- and topological- derivatives

In this section we recall two different notions of shape (geometry) perturbations and consider
the sensitivity of the objective function (1.2) with respect to these perturbations. The first
perturbation is a pure boundary perturbation by moving a shape (geometry) in a velocity field
V. This notion results into the concept of shape derivatives. For a comprehensive introduction
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to this topic we refer to DELFOUR & ZOLESIO [20]. The second perturbation changes the
topology of the shape (geometry) by introducing a fixed additional shape with varying size and
position. The sensitivity of the objective function (1.2) with respect to the size of the newly
introduced shape results into the notion of topological derivatives which were first introduced
by ESCHENAUER, SCHUMACHER ET AL. [22, 23] in the context of topology optimization and
made mathematically rigorous by SOKOLOWSKI & ZOCHOWSKI ET AL. [38, 39).

In the following we briefly introduce the notion of shape derivatives where we just state
the well-known result about the shape derivative of the objective function (1.2), while we
derive the result on the topological derivative of the objective function (1.2) in more detail.
The reason for the detailed proof is that it provides an argument which allow estimates of the
variation of the objective functional (1.2) in volume and perimeter of the shape (geometry)
perturbation.

2.1 Shape derivatives

Shape derivatives for geometric problems allow to characterize extrema and yield directions of
steepest descent for appropriate objective func-
tionals, like the Gateaux- and Fréchet derivative
in a functional analytic framework.

The basic idea is to define a perturbation of a
domain Q (piecewise C?) via the time evolution
of the domain in a vector field V : RV — RV,
where V fulfills

Ir>0vzeR?: V(.,2) € C([0,7],RY)
JL>0Vaz,yeRe:
IV(9) = V)lleqonze < Lly —al-
(2.1)
That is, one defines the perturbed domain §2; by

(V) = T(Q,V),

where T3(., V') is the solution map (the flow) of the dynamical system

th(SC, V)
—a V(t, Ti(z,V)) (2.2)
To(z,V) ==x.

With this perturbations we are able to define (formally) the shape derivative of a shape

functional J(2) as

J(Q)V] = %J(Tt(ﬁy V))}t:() :

A basic structure theorem (cf. DELFOUR AND ZOLESIO [20]) proves that the shape derivative
depends only on V|sq. Furthermore, for smooth shapes, the perturbation vector field V
can be decomposed into a normal and a tangential component on 0f), where the tangential
component leaves ) invariant. Hence the shape derivative is independent of the tangential
component and we obtain

J(Q)[V] =T Q)[(Vn)n].
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In the case that the shape functional J(€2) is an objective function in a minimization
problem a necessary condition for the shape €2 to be optimal is

YV J(Q)V] = 0.

When the shape functional is not zero we can construct a velocity V' such that the objective
function decreases, which allows the construction of gradient like descent algorithms, like level
set methods (see Section 4.1).

To calculate the shape derivative of the objective functional J, (1.2) we need the shape
derivative of domain, respectively boundary integrals and the solution of the partial differ-
ential equation (1.1). These derivatives are well known in the literature (cf. DELFOUR &
ZOoLESIO [20] for shape derivatives of domain and boundary integrals and HETTLICH & RUN-
DELL [27] for shape derivative of equation (1.1)) and we just state them in the following
theorems.

Theorem 2.1 (Shape derivative domain & boundary integrals). Let Q be a open, bounded
measurable domain of class C* with boundary ¥ = 99, V € C°([0,7],CL (R, R?)) fulfill
(2.1) and ¢ € C(0,7, W .(RY) N CH0, 7, HE (RY))), then the semi-derivative of the shape
functionals
Tp() = / otyde  Tp(S)) = / () ds ()
TH(Q,V) Ty (2,V)

att = 0 are given by

where K 18 the mean curvature

Theorem 2.2. Let Q be a domain with C* boundary and the velocity field V be as in the
previous theorem. Then the solution u of equation (1.1) is shape differentiable and its shape
derivative is characterized by the unique solution v’ = u/0[V(0)] to the transmission problem

—Au +cou' =0 inQUD\Q
/
[[g—u]] =—[eca] V(0).n on 09
[[u’ﬁL = on O} (2.3)
/
gu = on FN
/TL _ 1—\
u = onltp,

where [.] denotes the jump across the interface OS.

Summing up, the shape derivative of the objective functional J, (1.2) becomes

JL(Q)[V(0)] = /u’[V(O)](u—ﬁ) ds+oz//£V(0).nds.

NS o0
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We can simplify this shape derivative when we introduce the adjoint state w defined by

—Aw + cqw=—xr,,(u—10) in D

o =-xry(u—a) onIy (2.4)
w =0 onI'p.

The shape derivative of the objective function J,(2) finally gets

TV (0)] = / (ww + ar)V (0).nds. (2.5)
o0

First note that we just solve two partial differential equations, namely (1.1), (2.4) to
calculate the full shape derivative. Second, the first order necessary condition for optimal
shapes Q requires VV : J,(2)[V(0)] = 0, hence (vw+ ak) = 0 and if this is not the case we
can construct a velocity such that J,(Q)[V(0)] < 0. For example take V. = —(uw + ar)n,
but other choices are possible (see BURGER [14]).

2.2 Topological derivatives

Opposed to the shape derivative where one considers the variation of a shape the topological
derivative aims for variations of the topology.

The basic idea of the topological deriva-
tive is to add a small ball with center x
Y~ 20 and radius € to the domain ) and con-

sider the variation of the objective functional

J(QUB(x)) with respect to the radius of this

sphere (different shapes than balls are possi-

ble and might result into different values of
e the derivatives).

Definition 2.3 (Topological Derivative).
Let J : Q C RY — R be a objective function.

D
Be(x) Then the topological derivative is defined as
the limit (if it exists)
QU B, —J(Q
4 J(z) = lim LY B@) = (Y (2.6)

0+ | Be()]

A negative topological derivative d;J(x) < 0 indicates that it might be reasonable to
add an infinitely small sphere at the point = to reduce the objective function. Hence it is an
indicator that allows to force topology changes.

Instead of adding material it is also possible to subtract material i.e. take the “set-minus”
instead of the “union” in (2.6). We will use both notions without mentioning it.

Remark 1. In practice, topology changes forced by the topological derivative are neither
spherical nor infinitesimally small. Hence a descent in the objective function is not guaran-
teed any more. Nonetheless the practical experience by most authors, using the topological
derivative as an indicator to force topology changes, are rather positive.
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First of all consider the topological derivative of the perimeter |02|. From the definition

we get
.. |0Bc(2)] _edrl
d-|09] = lim B.(z)| N =3

= .

Hence the perimeter is not topologically differentiable. In practical applications one usually
neglects this fact and calculates the topological derivative of the objective function without
perimeter, i.e. for Jo(2). The topological derivative of Jy(2) is already well known (see
AMSTUTZ [6]). Nonetheless we provide a detailed proof, that is based on Holder estimates,
Sobolev embeddings (cf. ADAMS [1]) and regularity results for elliptic partial differential
equations (cf. GIAQUINTA [24]). Parts of the proof will play a crucial role in the rest of the
paper. Let us first state Sobolev’s embedding theorem and the interior regularity result for
elliptic partial differential equations:

Theorem 2.4 (Sobolev embedding). Let Q2 be a domain having the cone property in R™. Let
j,n € Ny and p € [1,00[. Then, if

n > mp: WItmP(Q) — WH1(Q) forp < q < nff;p;
n = mp: WIitmP(Q) — Wi4(Q) for p < q < oo,
n < mp: WIitmp(Q) — C%(Q)

In the following arguments we will, for 2-dimensions, often meet the case n = mp which
would require a case study. This is a little bit tedious, hence we are sloppy at this point and
keep in mind that we need to adapt the final results to this case.

Theorem 2.5 (Interior regularity). Let u be the weak solution to the linear elliptic equation
—Dl‘ (AZJDJU) = f - szz 5
where A;; € COY(D) is elliptic, f € L*(D) and F = (f;) € HY(D,R"™), then u € HZ (D) and

even more,

1
luliZ oy < CON(IS I3am) + IDF ey + 51 Vul2() (2.7)

where [D]¢ := cl(int{z € D|dist(z,0D) > €}).

We will need the interior regularity result quite often, especially estimate (2.7). To keep
writing shorter we denote above estimate a little bit sloppy by

HUHJQLII%)C(D) = N f 112y + IDFI72py + VUl o))

but keep always in mind that this estimate depends on the distance to the boundary 0D.
Note that |lu[|z1(p) is usually the solution to some boundary value problem and can be
estimated by
lallmoy = 1z + 1P ey + lolg ) + WAy )
where the constant in above estimate depends just on the ellipticity of A;; and geometric
properties of D, I'p. Furthermore note that with additional smoothness assumptions on 9D,
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regularity and compatibility conditions of the boundary conditions the interior regularity can
be extended to a regularity everywhere, i.e. instead of H?([D]¢) we get an estimate of above
type for H?(D) where the constant depends just on C(n, D).

Finally, before we calculate the topological derivative, let us recall the direct (1.1) and
adjoint (2.4) partial differential equation, but in their weak form.

Direct problem:
(Vu, Vo) + (cqu,v) = (f,v) Vo e H&D(D) (2.8)

Adjoint problem:

(Vo, Vw) + (cqu,w) = =D, J( )] Vv € Hy p(D) (2.9)

In the following we will often use the topologically perturbed domain Q and the corre-
sponding solution @ of (1.1). Furthermore note that due to the interior regularity result we
have:
oy SN2y + 3, + A1

ol <=l

[l a3 )

Proposition 2.6. For every point x € intD the topological derivative of the shape function

Jo (1.2) is given by
1

drJo()(2) = —2(xa — 5)(€ ~ Ju(@)w(z).

Proof. Let Q, Q C intD be arbitrary domains with positive Lebesgue measure and consider
a Taylor expansion of the objective function Jy with respect to the state w.

Jo(§2) = Jo(2) = Dy Jo(Q)[@ — u] + D3 Jo()[@ — u)* + O(lla — ullfp ) -

In our case we have a quadratic functional, hence the remainder term vanishes. In the

following we deal with every term of the expansion separately.

@ — ull g1 (py = IQAQ| et We subtract the two determining partial differential equations for
u respectively @ and rearrange the terms to get

<V(1~L—U),V’U> + <CQ(€L—’U,),’U> = _<(CQ _CQ)U7U> = ‘6_Q’HUHL%(QAQ)HWHHWP)

D2Jo()[a — u]* ~ |QAQ%: First note that D2Jy(Q)[a —u]? = %H&—uH%Q(FM). Next, let s
be the solution to a modified adjoint problem

(Vo,Vs) + (cqu, s) = —D2Jo(Q)[i — u][v] Yo e H&D(D) .

The interior regularity result also applies to s, i.e ||s||12qg o) = D2[i — u]? and we get
loc

HsHle . = [|& — ul|2(r,,) - Hence we obtain from a standard technique
DiJo(@a—u* = —(V(i—u),s) — (calt —u),s) = ((cg — ca)i, s)

_ SSNPNE=E I
= [e—d(12A0] = [1a - ull o) + lull praan)) 1]z o)

loc
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DJo() [t —u] = ((cq — co)u, w) + O(|QAQ|HT+2): Finally we estimate the linear term in the
Taylor expansion:

DJy(Q)[t —u] = —(V(&—u), Vw) — (ca(t —u),w) = ((cg — ca)l,w)
= ((cq — ca)u,w) + ((cq — c)(t — u),w)
< (leg — eour) + O~ — s oy 1wl gt )

Summing up all the estimates we get

To(9) = Jo(Q) < ((cq — co)u, w) + O(INAQ]"7) .

Now set ) = B(x) UQ and perform the limit according to the definition of the topological
derivative. The limit exists due to the Lebesgue differentiation theorem (cf. GIAQUINTA [24])
and the fact that u, w € Cloc(D). O

Like the shape derivative (2.5), the topological derivative depends on the solution u of
(1.1) and the adjoint w (2.4) only, which is standard for adjoint methods. Moreover, both
derivatives seem to be the same, which is not true in general, but holds, up to a constant, for
surprisingly many cases.

3 Topological expansions up to the first and second order

While we developed two different notions of derivatives in the last section, where the shape
derivative fitted quite well into a functional analytic framework and allowed the development
of steepest descent type and even Newton-type algorithms which is not true for the topological
derivatives because it is just an indicator, we develop in this section estimates for topology
changes, that again allow to construct steepest descent type and even Newton-type steps.
The estimates for the objective function J,(Q2), we develop in the following, are accurate in
the first respectively second order in volume and perimeter of the topology change. Hence we
phrase them first and second order topological expansion. These expansions correspond very
well to functional analytic ideas where one expands objective functionals J(z), where z € X
is an element of some normed function space X equipped with the norm |.||x, up to first
and second order, i.e.

First order expansion: J(z) — J(z) < 0,J(x)[T — x] + ¢z — xH?ﬁ
Second order expansion: J(7) — J(z) < 0,J(x)[% — x] + 02T (2)[& — 2]® + ¢[|7 — xH%;r’g

where 8 > 0. Minimizing the right hand side of above estimates, in Z, result into steepest
descent type steps for the first order expansion and Newton-type steps for the second order
expansion.

In the following we develop similar estimates where we replace the function space elements
x,T by geometric objects Q,Q, which are not elements of function spaces, and the norm
|Z — x|/ x by the volume |[QAQ| and the perimeter [(QAQ)|.
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3.1 First order topological expansion

A closer look at the proof of the topological derivative (Proposition 2.6) shows that we already
have an estimate of a topology change in the objective function J,(€2) (1.2) up to the first
order namely

Ta(€) = Ja(Q) < ((cg — co)u, w) + |d(QAQ)| + O(|QAQ] ") . (3.1)

Our aim is to minimize the objective function J,(2) (1.2) with respect to the geometry
Q). Hence, when we already have an initial guess 2 we can “improve” it and calculate a
new geometry 1 such that we reduce the objective function J,(€2), when we solve the
minimization problem

Qps1 = argmin((cq — co, )u, w) + a|d(QAN)| + c(|QAQ] "7 ) (3.2)

Qek(D)

where only ¢ is an unknown constant arising from the embedding and regularity results. In
principle the constant ¢ can be estimated from above, but algorithmically it seems favorable
to perform a trust region approach and vary c¢ until the predicted decrease of the objective
function J, () is close to the actual decrease.

In principle above argument would already suggest an steepest descent type algorithm to
solve the original minimization problem of J,(£2), but we are more interested to use just one
step of this algorithm in level set methods to force systematically reliable topology changes
such that the objective function J,(2) decreases.

Any way, we first have to prove that the minimization problem (3.2) has a solution, not
necessarily unique.

Proposition 3.1. Minimization problem (3.2) has a solution in the class of sets with finite
perimeter K(D).

Proof. First note that the minimization problem (3.2) in the class of sets with finite perimeter
is equivalent to

1 2
penil 1y, 2~ e — o w) + alplsy + c(lpl 3 py) -
Due to the perimeter regularization term a minimizing sequence (p,,) is uniformly bounded in
BV. Hence it has a BV weak-* limit p which is, due to the compact embedding of BV — L,
also the strong limit in L!. Finally, the lower semi-continuity of |.|gy in the functions of
bounded variation BV(D) guarantees that p is a solution to the minimization problem and
hence Q11 = (U \ {xa,p = 1}) U{(1 — xq,)p = 1} is a minimizer to (3.2). O

Note that the minimizer might be €2, itself, i.e. no topology change is favorable to generate
a guaranteed descent in the objective function J,(€2). This happens when the perimeter term
dominates the first order term, i.e. when the topology changes get too small or when the
topology is already the optimum to J, ().

Remark 2. Algorithmically it might be even better to take the refined estimate, that comes
from an accurate collection of the remainder terms in the proof of Theorem 2.6.

Jo(Q) = Ja(Q) < ((cq — ca)u,w) + a|(QAQ)]
~ n—2
+O<|5—Q|2||u||Ln27f2 IIuIIL%(QAQ)IQAQI w w2,

(QAQ) ( n+2 (QAQ)))
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3.2 Second order topological expansion

As for the topological derivative we start with a Taylor expansion of the objective function
Jo(§2) with respect to the state variable, but this time we perform a expansion up to the
second order in volume. For this sake we have to introduce a linearization of the partial
differential equation (1.1).

Linearized problem:

—Au™ 4+ cqul™ = —(cq — ca)u in D

Oylin o
T =0 on FN

u™ =0 onI'p
We will need the weak form of the linearized problem, which is given by

(V™ Vo) + (cqu™ v) = —((cg — ca)u,v) Vv € Hy p(D) (3:3)

Hence the refined Taylor expansion for the gets.

J) = J(Q) = D, J(Q)[i—u]+ 3DLI(Q)[u™] .
+D2J ()i — u — ul][u"] + %DZJ(Q) (4 —u — ul™)? + O(Hzl — u||?;[1(D))

Again we estimate the higher order terms in the second row and reformulate the terms in
the first row to obtain.
n+2

™[y < QAQ|

(aVu'™, Vo) + (cqu™,v) = —((cg — ca)u,v) = ||u|]Ln27&(QAQ)HvHH1(D)

i —u =i gap) < [QAQYS:

(aV (@ — u—u™), Vo) + (co(@ — u—u'™),v) = —((cg — ca) (@ — u),v)
~ 2 ~ 2
< 0201 1wl ey < Ol gy oo ol o

DJ(Q)[i—ul = ((cq — ca)(u+u'™), w) + O(JOAQ|"T):

DIM[a—u] = —(aV(a—u), Vw) — (co(t —u),w) = ((cg — ca)t, w)
= ((eq — ca)(u +u™),w) +((cg — ca) (@ — u — u'™), w)
< (e — e+ 0,0} + [0l 2y 0 18 = 0= W
< {(cq — ca)(u+ u™), @)+ [OAQ ful| 2o fwll

When we sum up the different contributions we end up in the second order topological
expansion

~ n+4

Tl @)= () < {(eq—en)(utu™), w)+ 1 D2 (Q) [ *+ala(QAQ) +O(AN ) . (3.4)
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In contrast to the first order topological expansion (3.1) the second order expansion is a
partial differential equation constraint problem. Again, like for optimization problems in func-
tion spaces, we can “improve” an initial geometry €, such that the objective function J,(2)
decreases, when we solve the partial differential equation constraint minimization problem

. 1 .
Qi1 = argmin ((ca—cqa,) (u+u™), w) + 5D Ja () [u™]? + 2| 0(QAQ)| (3.5)
ulin solves (3.3),Qek(D) 2

The constraint minimization problem is similar to Newton-type step. Later we will use
the solution to the minimization problem to force a topology change in level set methods.
But before we have to proof that this constraint minimization problem has a solution.

Proposition 3.2. The partial differential equation constraint minimization problem (3.5) has
a solution in the class of sets with finite perimeter K(D).

Proof. The partial differential equation constraint minimization problem (3.5) in the class of
sets with finite perimeter is equivalent to
1

. _ 1 li 2 lin]2
min _9(e— = Dt ™), w) + 2 D27 () [ + alplsy -
ulin solves (3.3),1;DEBV(D,{O,1}) (C Q)<(Xﬂk 2)p(u “ ) w> 2 ( k)[u ] ’p|B

The minimization problem is bounded from below because u!™™ is uniformly bounded in H'.
Hence we can take a minimizing sequence (p,) which is due to the perimeter regularization
term bounded from above in BV. The minimizing sequence converges weak-* in BV to p
and due to the compact embedding BV — L!, also strong in L'. Furthermore the to p,
corresponding solution ul" (3.3) converges even strongly in H'. This strong convergence and
the lower semi-continuity of the perimeter in the function space BV guarantees that p is a
minimizer and hence Q1 = (U \ {xo.p = 1}) U{(1 — xo,)p = 1} is a minimizer of
(3.5). O

In principle, minimization problem (3.5) is as difficult as the original problem but first
we do not need to solve it too accurately. It is enough to correct the first order solution.
Second, it might be much easier to construct efficient solvers for problems with “linear” (in
the shape) partial differential equation constraints. For example in imaging it is possible to
reformulate problems in BV ({0, 1}) to problems in BV([0, 1]) (cf. BURGER & HINTERMULLER
[17]). Furthermore there is a well developed theory for BV-regularization for linear problems
(cf. OSHER ET AL. [34]). Third, it is possible to solve the second order estimate problem
with phase-field methods (for an introduction cf. ALBERTI [2]) and it is probably easier to
prove I'-convergence for the minimization problem (3.5) than for the original one.

4 Numerical solution

In this section we discuss on one hand how to incorporate the topological steepest descent
(3.2) respectively the Newton-type (3.5) step into level set methods and on the other hand how
to solve these minimization problems (3.2), (3.5) for the topological steepest descent respec-
tively Newton-type step. Furthermore we describe the setting used for numerical calculations
presented in Section 5.

We start with a brief introduction into level set methods. For a detailed exposition about
level set methods for the propagation of interfaces refer to OSHER & FEDKIW [35]. Next
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we provide the so called phase I/II method which was already used by several authors (cf.
ALLAIRE ET AL. [3], BURGER, HACKL & RING [16], HINTERMULLER [28]) to incorporate the
topological gradient into level set methods. Finally we describe solution methods to solve the
minimization problems (3.2), (3.5).

4.1 Level Set Methods

The main idea of level set methods is to represent an evolving front X(t) = 909Q(¢)
as the zero level set of a continuous function,
o(x,t) ie.

Qt)={z € D|¢(x,t) >0}
S(t)={z € D|¢(x,t) =0}

The geometric motion of the level set with

normal velocity vV = V,.n is given by the
Hamilton-Jacobi equation

0

8—(? —VulVo| =0  inRYxRT  (4.1)
which is the analog to the flow equation
(2.2).

As already mentioned in Section 2.1 the crucial point is an appropriate choice of the
velocity, such that the objective function J,(£2) (1.2) decreases. This resembles the classical
speed method in shape optimization (c¢f. DELFOUR & ZOLESIO [20]), but the weak formulation
via the level set method allows for more general evolutions and in particular for topological
changes such as splitting or merging of domains.

Let us recall the shape derivative J/(Q)[V,,] for the objective function J, () (1.2).

JLQVa] = / (ww + ar) Vi, ds
o0
The simplest choice for the normal velocity V,, to reduce the objective function (1.2) would
be V,, = —(uw + ax). This choice results into a very regular velocity. Due to BURGER
[14] a preconditioned velocity V,, € H _%(GQ) is more appropriate and results into faster
convergence. This H ~3 velocity can be calculated when we solve the subproblem

(,v) = —(uw + axk, HSZH Yoo Vo € Hy(D),

and set V,, = [[g%ﬂ‘
We solve the level set equation (4.1) with a standard fifth order WENO scheme for the

spatial and a third order explicit Runga-Kutta scheme for the time discretization (see JIANG,
PENG [31]).

4.2 Phase I/II algorithm

In BURGER, HACKL & RING [16] the topological derivatives were incorporated as an extra
source term in the level set methods.

% —ValVo[+S =0 Vi = Vn(Jc,y)v S = S(d-Jo)
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This idea fits very well to the basic idea of topological derivatives because the topological
changes usually appear at a very small size (like infinitesimally small balls) and grow (shrink)
according to the shape derivatives. An inherent time step control in the level set methods
guaranteed that the topological change was such that the objective function decreased. An-
other method, also suggested in BURGER, HACKL & RING [16] but also in ALLAIRE ET AL.
[3] and HINTERMULLER [28] is to restart the level set evolution after a fixed time (or due
to “clever” criteria) with an initial level set function generated by the last time step plus
the topological change due to the topological derivatives. This algorithm was phrased phase
I/II algorithm by HINTERMULLER [28] where phase I corresponds to the algorithm for the
topology change and phase II to the “classical” level set evolution. Let us put this into a more
mathematical formulation: Let (7;);cn, be a series of time steps, either fixed or generated due
to a termination criterion in the level set evolution. Set ¢_1(71) to an initial guess (usually
no material or material everywhere), Then the phase I/II algorithm is given by

O V(L) V| =0
¢i(t =0) =S(drJo, pi—1(Ti-1)) ,

where S(.,.) describes phase I, i.e. the algorithm that forces the topology change. Usually
phase I, that depends just on the topological derivative d;Jo might increase the objective func-
tion J,. Only a clever algorithm, like the line search algorithm proposed by HINTERMULLER
[28], guarantees a descent in the objective Jy, also for phase I. An extension of the line search
algorithm to problems with perimeter constraints J, is possible with the methods developed
in this paper.

Our main idea was to construct topological changes such that the decrease in the objective
functional J,(2) is guaranteed and even maximal with respect to the first, respectively second
order topological expansion. Hence we choose for S(J, ¢i—1(T;—1)) the solution-map of the
minimization problem (3.2) respectively (3.5). In the following we will describe just briefly
how to solve these minimization subproblems numerically.

Phase 1

We proposed two sub-minimization problems (3.2), (3.5), where the first provides a steepest
descent type topology change and the second a Newton-type topology change. Both are
different in their numerical treatment.

Steepest descent type topology changes

First recall the associated minimization problem (3.2) whose minimizer provide a steepest
descent type topology change.

: n+2
Qi1 = argmin ((cq — cq, )u, w) + a|0(QAQL)| + c|QAQ| 2
Qe (D) -

=:Fq, ()

As soon as the direct problem u (1.1) and the adjoint problem w (2.4) is given, we can solve
this minimization problem, without solving further partial differential equations. Furthermore
the objective function Fq, (£2) depends just on domain and boundary integrals. Hence we can
easily calculate, using Theorem 2.1, its shape derivative

Fh (V(0)] = / (2(¢ - ) (xa, — %)uw T 2|10AQJ% + ar)V(0)mds.

B(QAQ)
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This allows us to use level set methods to solve above minimization problem, using the velocity

- §)uw+c

As an initial guess we solve either the above minimization problem with o = 0 which results
into finding the level sets

_ n+2 ~ n
V, = —((c—g)(xgk 5 |QAQ|2 —|—om).

1
2(c—co)(xa, — uw‘a (@AQ) i |QAQ|2 =0,

and can be solved by bisection, or we start with the classical guess

Q\ {xad-Jo < pmin(xad;Jo,0)} U {(1 - xa)d-Jo < pmin((1 — xa)d-Jo,0)},
with p € [0, 1].

Newton-type topology changes

Again we first recall the minimization problem, whose minimizer results in Newton-type
topology changes.

1
Qg1 = argmin ((cq — co, ) (u+u'),w) + ngjoé(Q)[u’]2 + | 0(QAQ)|
u/ solves (3.3),QeK(D) 2

—Gay ()

This minimization problem has a partial differential equation as constraint. Hence it is
as difficult to treat as the original minimization problem of the objective functional .J,(2)
(1.2) and allows also the same tools. So one way to solve above minimization problem is to
calculate its shape derivative, chose an appropriate velocity and apply level set methods. We
do not follow this approach her. Instead we use a phase field approach which is based on
the equivalent formulation of above minimization problem in the space BV(D,{0,1}), that
we already met in the proof of Proposition 3.2. In the phase-field approach the minimization
problem, formulated in BV (D, {0,1}), is relaxed, in the framework of I'-convergence (cf.
BRAIDES [12]) to a Hilbert-space problem, namely:

Pet1 = argmin 2(¢ — ){(5 — xa)p(u +u'),w) + 505 Ja () [w']?
u’ solves (3.3), pe H} (D)

( 1 Vpl2, + fWN dx)

Wi (.) is a normalized double well potential with W (0) = Wx(1) = 0, Wn(s) > 0 s €

R\ {0,1} and Q}N/WN(s)ds = 1.
0

The double well potential on one hand forces p to approach {0,1} when ¢ — 0, whereas
the H'-seminorm of p requires smooth solutions. More or less, with € — 0 the H'-seminorm
term forces the solution to switch smoothly form 0 to 1 in an e-region. All together these two
terms approximate with ¢ — 0 the perimeter term. The minimization problem is now posed
in a Hilbert-space setting and one can use Richardson or Newton-type methods to solve this
problem. For our numerical tests we chose

(%)25(1 —s) s€][0,1]

00 else

Wn(s) = {
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and perform a Gauss-Newton algorithm. The implementation should not be discussed further
at this point but let us point out some hints how to chose € appropriately.

From the theoretical point of few e should be very small to approximate the original
problem best, but numerically there should be a relation that connects = to the mesh-size h.
Practical experience led us to set this relation to

A T > 2

e
Furthermore, when one starts the optimization with a very small €, then the double well
potential provides a too strict restriction and the algorithm cannot perform topology changes
other than merging and splitting. In this case the algorithm behaves more like classical level
set methods and therefore it is better to use a level set method, due to its clear, reliable and
simple implementation. Hence € should be chosen large at the beginning and get close to the
finally chosen e.

5 Numerical results

In this section we compare the classical level set method to the, in this paper, proposed level set
method that incorporates steepest descent type (3.2) and Newton-type (3.5) topology changes.
We just restrict our attention to problems with more than one connected component, namely
to the identification of two ellipses and of an elliptic hole in another ellipse. The two ellipse
case we consider for full measurements, i.e. I'y; = D as well as for boundary measurements,
i.e. I'yy = 'y, while we consider the ellipse in ellipse case just for full measurements.

We perform all numerical tests on a fixed domain D = [—1,1]2. To avoid inverse crime
(cf. CoLToN & KRESS [19, p 133]), we generate the data on a different grid (finer mesh and
higher order basis functions) and perturb it with 1% Gaussen noise, measured in the || . ||2(r,,)
norm. We use 1% noise because we expect the numerical error of our discretization to be of
the same magnitude.

To visualize the evolution of the geometry for each algorithm, we present a series of
pictures (see Figure 4, 5, 6), starting with the first iteration up to the final solution. The
pictures are arranged such that each column represents the evolution for one algorithm,
namely the left column represents the classical level set method, the middle column represents
the level set method with incorporated steepest descent type topology change and the right
column represents the level set method with incorporated Newton-type topology change.
Furthermore we provide graphs that show the iteration number versus objective J, (), L'-
distance d1 (S, Q%) and the Hausdorff-distance dg (Qy, Q%) of Q4 to the exact solution
Qexact (see Figure 1, 2, 3). The Ll-distance is defined via

dri(Q,Q) = [QAQ],
and the Hausdorff-distance is defined by

dp(€,Q) = max ('sup inf |z — y|, sup inf |z —y|).
€N yeQ ye) TEL

Our theoretic results for the topological derivative (Theorem 2.6) as well as for the steepest
descent type (3.2) and the Newton-type (3.5) topology change are just valid inside the domain
D and all constants depend on the distance to the boundary 0D. To respect this restriction,
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which can be relaxed in most cases, we restrict our algorithm to the domain [—0.9,0.9]2, i.e.
we solve (3.2), (3.5) just for sets Q € K([—0.9,0.9]?).

Our objective functional J,(€2) incorporates perimeter regularization. To get a proper
choice of « in our numerical tests we chose « such that the classical level set method, started
at the exact solution (with 1% noisy data), does not iterate away from the exact solution too
far. A too large a would not allow to get topology changes in our algorithms and a too small
« does not regularize the problem enough.

As initial guess we take for all of our test examples a circle with radius » = 0.7 and
centered at the origin (0,0) for the classical level set method, while we started with no
material for the level set method incorporating steepest descent type respectively Newton-
type topological changes.

For the level set method incorporating a steepest descent type topology change we solve
(3.2) after every 10" classical level set iterations, while for Newton-type topology changes we
solve (3.5) after every 50'" classical level set iteration.

5.1 Full measurements [';; = D

In this section we consider the identification of two ellipses and an ellipse with an elliptic
hole from full measurements, i.e. I'yy = D. The full measurement case is mildly ill-posed,
something like twice differentiation, and provides a lot of data, such that we can expect good
results for all algorithms. Most challenging is probably the ellipse with elliptic hole. For this
case we expect that the classical level set method does not perform a topology change.

The partial differential equation (1.1), (2.4) is described by

L1 u=1 (L) —Au+ xou =0 in D
ulr, =1
%’FN =0
T T —Aw + xow=—(u—0) in D
= s giLFD =0
Fnlry =0
D Measurements:
i =ulp  inL?*(D)
(-1-1) u =1 (1,-1) Ja(Q) = gllu = @l p) + al0Q)
Due to the Dirichlet boundary conditions v = 1 on 0D and the “weak” influence of the

material to the solution w, solution u is close to the solution of the system without material
u(P) = 1. Hence the linearized problem (3.3) approximates the original problem (1.1) quite
good and we can expect that the level set method, incorporating Newton-type topology
changes, performs very well and indeed we will see that already the first solution to (3.5)
provides a very good initial guess and predicts the correct topology of the desired geometry.

Two ellipses, I'yy = D

We choose v = 1072|]|2, (FJ\/I)l% and compare the classical level set method to a level set
method incorporating a steepest descent type topology change (3.2) and a level set method
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incorporating a Newton-type topology change (3.5). As expected all three methods perform
very well and approximate the exact geometry quite accurately (see Figure 4 last row).

Classical level set method (Figure 4, 15t-column): The classical level set method per-
forms quite well and even performs the necessary topology change, by splitting, to
approximate the exact geometry. The number of iterations needed to approach the
solution is large but reasonable. The distance to the exact geometry in both, the L!-
and the Hausdorff-metric, is reasonable small see Figure 1.

Steepest descent type topology change (Figure 4, 2"9-column): The level set method
incorporating steepest descent type topology changes (3.2), does not predict the correct
topology within the first solution to (3.2). It needs a second call (Figure 4, 2" row,
224 column) to generate a further topology change. Even when this topology change
does not result into a sever decrease in the objective functional (see Figure 1(a), the
topological change can be observed in the jump of the Hausdorff-distance of the exact
geometry to the current geometry (see Figure 1(c)). Interestingly this topology change
adds two new geometries at the right position but does not try to reduce the “wrong”
geometry. Further calls of (3.2) does not cause any changes of the geometry. The only
topology change that occur, happens during the level set evolution where the above two
geometries merge together. Even when the level set method incorporating a steepest
descent type topology change almost reaches the minimum of the objective functional
Jo () before the classical level set method (see Figure 1(a)) it needs more iterations
until it stays at the final geometry.

Newton-type topology change (Figure 4, 3"4-column): The level set method incorpo-
rating Newton-type topology changes (3.5), already predicts the topology correct within
the first solution of (3.5) (see Figure 4 15 row, 3'4 column). Also the objective function
Jo(Q) as well as the L'- and Hausdorff-distance (see Figure 1) gets very close to its
optimum and need just a few correction steps with the classical level set method. This
is probably not too unexpected because the linearized problem (3.3) approximates the
nonlinear partial differential equation (1.1) very accurate. Even when the number of
iterations, to approach to the solution, is very low, note that one solution of (3.5) is
more expansive. We solve (3.5) only once and it takes approximately as much time
as 33 classical level set iterations, but even than the level set method incorporating
Newton-type topology changes is significantly faster than the two other methods.

Ellipse in ellipse, I'y; = D

For the elliptic hole in an ellipse we choose a = 1073||a|3, (FM)l% and do the same compar-
isons as before. This geometry is more challenging and we expect that the classical level set
method stucks in a local minima and does not predict the correct geometry, even when the
objective function J,(Q2) gets close to the optimum, while the power of the other two methods
should show up. Again the linearized partial differential equation (3.3) approximates the orig-
inal partial differential equation (1.1) very good and we can expect that the level set method
incorporating Newton-type topology changes perform very well within the first solution of
(3.5).
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Figure 1: Two ellipse, I'y; = D: Iteration vs. Objective, L!-distance, Hausdorff-distance

Classical level set method (Figure 5, 15t-column): As expected the classical level set

Steepest descent type topology change (Figure 5,

Newton-type topology change (Figure 5,

method does not identify the correct topology. Nonetheless the identified geometry
does not look to bad (visually) and also the L!- respectively the Hausdorff-distance (see
Figure 2(b), 2(c)) is not too bad. Also the objective function J,(£2) at the solution (see
Figure 2(a))is close to the minimum of the problem. The number of iterations is again
large, but still reasonable.

27d_column): As for the two el-

lipse case the steepest descent type topology change (3.2) does not generate the correct
topology within one step but needs two steps (Figure 5, 2"4 row, 2°¢ column). Further
solver calls of (3.2) does not force further changes. Hence after the second solution call
of (3.2) we evolve the geometry just by the classical level set method. This can also
be seen in the Hausdorff-distance (see Figure 2(c)) and this time also in the objective
function (see Figure 2(a)) which have a jump at iteration 12. We are at the final solu-
tion at approximately 40 level set iterations which makes an equivalent, due to 3 times
calling a solver for (3.2), of 50 classical level set iterations in total.

3rd_column): Again the level set method in-

corporating Newton-type topology changes (3.5), already predict the topology correct
within the first solution of (3.5) (see Figure 5 15 row, 3'¢ column) but this time the
objective function J,(f2) as well as the L'- and Hausdorff-distance (see Figure 2 are
not yet too close to its optimum. Hence we additionally need 20 to 40 classical level set
iteration to end at the final solution. Due to just one solution call of (3.5) these 40 iter-
ations plus solving (3.5) once, are equivalent to 76 iteration steps for the classical level
set method. In total the level set method incorporating Newton-type topology changes
is slightly more expansive than the level set method incorporating steepest descent like
topology changes

5.2 Boundary measurements I'y; = ['y

Finally we consider the identification of two ellipses from just one set of boundary measure-
ments, i.e. I'yy = I'y. This case is supposed to be exponentially ill-posed. Exponentially
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Figure 2: Ellipse in ellipse, I'y; = D: Iteration vs. Objective, L!-Distance, Hausdorff-
distance

ill-posed problems are an extreme challenge to every algorithm and usually one can not ex-
pect too good results for it. Especially topology changes are extremely difficult to achieve.
We expect that the classical level set method is not able to perform the desired topology
change, even when it managed it for the full measurements case. To deal with boundary
measurements we have to change slightly our boundary conditions for the partial differential
equations (1.1), (2.4), namely

(-1,1) % = sin(4rzx) (1,1)

—Au+ xqu =0 in D
U|FD =1
> %’FN =h
[
2 3 w‘rD =0
I . =—(u—1)
3|2
S D Measurements:
o . U :u]pN inL2(I‘N)
(-1,-1) I = sin(3mr) (1,-1) Jo() =L|ju — 11||%2(FN) + a]09Q|

Due to the Neumann boundary conditions the solution u to above system, is not close to
the solution u()) = 1 (solution without material). Hence the linearized partial differential
equation (3.3) does not approximate the original problem (1.1) very good (when starting with
no material). As a consequence of this the first step of a Newton-type topology change (3.5)
shall not perform as good as in the full measurement cases.

Two ellipse I'y; = I'y

Again we choose a = 10_3||ﬁ||%2(FM)1% and compare the classical level set method to a

level set method incorporating a steepest descent type topology change (3.2) and a level set
method incorporating a Newton-type topology change (3.5).
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Classical level set method (Figure 6, 15t-column): As expected the classical level set

method does not split. Nonetheless the finally identified geometry does not look too
bad. The number of iterations needed, til it appraoches its optimum, is very high but
this is not uncommon for exponentially ill posed problems. Although we do not get
the correct topology, the objective function J,(Q2) (see Figure 3(a)) gets close to its
minimum.

Steepest descent type topology change (Figure 6, 2nd—column): As before the level

set method incorporating steepest descent type topology changes (3.2), does not predict
the correct topology within the first solution to (3.2). Even worse, this time the first
step seems to be far away and looks intuitively unreasonable. Iterating further and
calculating several times the solution to (3.2), the algorithm forces further topology
changes, some of them reasonable, some not (see Figure 6, 15%-column). Nonetheless
the objective function decreases, as predicted by the theory. After many iterations the
algorithm stops with four non-connected components, where two are reasonable and the
others are not.

Newton-type topology change (Figure 6, 3"4-column): Finally we consider the level

Objective

0.001

1e-04
1

set method incorporating Newton-type topology changes (3.5). Already the first cal-
culation of the solution to (3.5) predicts the correct number of connected components
and later solution calls of (3.5) does not force any additional topology changes. As for
the steepest descent type topology changes, the first solution to (3.5) does not look too
good, but it is enough for the classical level set method to approach the exact solution.
For the final result presented in Figure 6 3™ column, 4*" row the objective function and
also the L'- and Hausdorff-distance (see Figure 3) would decrease further. Hence, iter-
ating further would still improve the result. Nonetheless we terminated the algorithm,
because the number of iteration is already very high and we can already see from Figure
6 3'9-column, that the algorithm behaves better than the two other.

lteration vs. Objective at 1% Noise lieration vs. L'-Distance at 1% Noise Iteration vs. Hausdorff at 1% Noise

classical level set method classical level set method
steepest descent type topology change steepest descent type topology change
lewton-type topology change

"classical level set method
steepest descent type topology change
Newton-type topology change L

ewton-type topology change

L'-Distance
Hausdorff

L L L 04 L . L L L L
10 100 1000 1 10 100 1000 1 10 100 1000
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(a) Iteration vs. Objective (b) Tteration vs. L'-Distance (c) Iteration vs. Hausdorff-
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Figure 3: Two ellipse, I'y; = I'y: Iteration vs. Objective, L'-distance, Hausdorff-distance
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6 Conclusion

In this paper we presented a way to generalize the notion of topological derivatives such that
we can also deal with perimeter regularized objective functionals. The generalization allows
to formulate sub minimization problems similar to steepest descent type and Newton-type
minimization problems, such that a descent in the objective function is guaranteed. This is
in contrast to classical topological derivatives where one gets just an indicator where to force
topology changes, but the indicator does not guarantee a descent in the objective function.

We incorporated this generalization of topological derivatives into the classical level set
method and showed at hand of some examples its applicability. While, in some cases, the
classical level set method failed to predict the correct topology, the suggested level set methods
with incorporated steepest descent type respectively Newton-type topology changes, succeed
to get the correct topology or at least forced topology changes.

The numerical results for the specific example, presented in this paper, were quite promis-
ing and an extension to more complicated problems might be of interest.
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