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Abstract. In the papers [15, 16] a new regularization method, adaptive grid regu-
larization, was presented. Numerical results there show in a convincing way that this
method is a powerful tool to identify discontinuities of solutions of ill-posed problems.
It is the aim of this paper to give a convergence analysis for this new method.

1. Introduction

When studying (linear or nonlinear) ill-posed problems
F(z)=v, F:DF)(CX)—), (1.1)

where usually only noisy measurements 3° of y with [|y° — y|| < § are known, where
Y is a Hilbert space and X is a Banach space of functions defined on {2, an open
bounded convex subset of R? (d = 1,2,3) with Lipschitz boundary, it is well known
by now that standard regularization methods (cf., e.g., [7, 8]) are not appropriate for
ill-posed problems with discontinuous solutions, since they have a smoothing effect on
regularized solutions.

If one expects discontinuous solutions, special care has to be taken in choosing the
regularization method. Bounded variation regularization has turned out to be an ef-
fective method [1, 4, 18] when dealing with such problems. In [17] a new approach for
regularizing problems with discontinuous solutions was introduced, regularization for
curve representations. The essence of this method is to replace a discontinuous function
by its continuous graph and to apply standard regularization methods in Hilbert spaces
to this parameterization. Generalizations of this method to two-dimensional problems
were presented in [9, 11, 12].

A realization of this method for the most general case of discontinuities as considered
in [9] via a moving grid algorithm was developed in [14] (see also [13]). This algorithm
yields good numerical results. However, in each iteration step of this method the
whole grid is changed. To reduce the numerical effort the method of adaptive grid
reqularization was introduced in [15, 16]. Numerical results in these papers show that
this method is an efficient and fast tool to identify discontinuities of solutions of ill-posed
problems.



The idea of the method is to adjust not only the grid but also the regularizing norm
after each iteration: Let w € L'(Q2) be a weight function satisfying

/Qw(f) dE =10, w>0aec, wlelL®Q). (1.2)

Then the regularization is carried out in X,, defined as the Hilbert space H'(Q) or
H}(Q) equipped with the (semi) norm

Izl = [ IVa(©)Pw () ds.
If one uses Tikhonov regularization, then one lookes for a minimizer of
1F(2) = °|I* + alle — 2.

in z, + A}, where A&}, is a finite-dimensional subspace of X, consisting of finite elements
corresponding to a triangulation 75, of 2. An appropriate choice are piecewise linear ele-
ments. x, usually plays the role of an initial guess. Since it can always be incorporated
into F' or y, we assume w.l.o.g. in the following that x, = 0.

Instead of Tikhonov regularization also the iteratively regularized Gauss-Newton
method can be used to obtain good results especially for nonlinear problems (cf. [15]).

It turns out from regularization for curve representations that a somewhat optimal
choice for w would be obtained by minimizing

ol w) = |F(2) =71 +a [ (8 + V() w' () de (13)

simultaneously with respect to x and w yielding that w ~ /32 + |Vx|2. These consid-

erations led us to the following algorithm:

Algorithm 1.1. (Adaptive grid regularization) Let o, 5 > 0.

(i) Start with a uniform (rather coarse) grid in €2 yielding the triangulation 1. Set
n:=1,z):=0.

(ii) Compute a minimizer z° of
Gus(wn) = |F@) =y +a [ [Va(©) wy'() de

(1.4)
wn() = 1O+ Ve (©F / [ B +IVai (@) de

in the finite element space of piecewise linear functions X, corresponding to the
triangulation 7,.

(iii) If a stopping criterion is satisfied, the iteration is finished; otherwise:

(iv) Perform a local grid refinement

Tar1 = G(Tn, 7). (1.5)

n

Set n:=n + 1 and go to step (ii).



As grid refinement in (1.5) we have chosen the following procedure: triangles T; € 7,
are bisected whenever Vz? is large. This is done according to the following rules: a
refinement is only performed if the size of the triangle is larger than a certain threshold,
ie.,

diam(7}) > humin (1.6)

Under all these admissible triangles only those are refined where the corresponding
weight w,,; 1= w,|r,, which is constant on each triangle 7; (note that the finite elements
are linear), is not smaller than the k-th largest weight and close enough to the largest
weight, i.e.,

Wn; > Wy := k-th largest element among all w, ; with diam(7}) > hpin, (1.7)

)

Wy, > kxmax{w,; : diam(7j) > hpin} - (1.8

We want to mention that the Algorithm 1.1 (except for the local grid refinement)
is similar to algorithms discussed in [5] (F' = Id, Vz is approximated by L.x), [6]
(F' = Id), and [3] (F = Id, infinite-dimensional setting, i.e., &, = A, different
penalty term).

2. Convergence Analysis

In this section we want to show that the sequence {23} obtained by Algorithm 1.1 is
convergent.

First of all, note that the subspaces &, are increasing, i.e., &, C X,,1. Due to the
refinement condition (1.6) no refinement will occur anymore after some iteration step
n, i.e., X, = X, for all n > n. It will turn out that under some conditions z° will
converge towards a minimizer of

fas(@) = [IF(@) = )|+ a2~ ([ V57 + V() dg)’

in A if F'is linear and at least towards a stationary point if F' is nonlinear.

If the threshold Ay, in (1.6) is getting smaller and smaller, then obviously 7 is getting
larger and larger. Therefore, we are also interested if such minimizers in A;; converge
to a minimizer in some infinite-dimensional space if n tends to infinity. To be able to
show this, the penalty term above has to be replaced by a variational formulation that
extends to non-smooth functions, i.e.,

fap(@) == | F(z) = °|I> + |9~ J5(x)?, (2.1)
where
Ja(x) = sup{Qs(z,v) : v e [CH)] [Jv]l < 1}, (2.2)
Qsla,v) = [ (2(€)dive(©) +8y/1 = (O)P) de. (2.3)
Here, | - | denotes the Euclidean norm in R? and ||v]| o := sup |v(£)[. Tt is easy to show

that Jz(z) coincides with /Q V324 V(&) ]2dE if x € WH(Q) (cf. [1]).



As usual, we say that a function z € L'(Q) is of bounded variation if Jy(z) < oo. It
is well known that the space of all functions of bounded variation, BV (2), equipped
with the norm

\z|| gv = ||z|| 1 + |z|BVv , |z gy = Jo(z), (2.4)

is a Banach space. Obviously, Jz(z) < oo if and only if Jy(z) < oo.

It was shown in [1] that, for any 8 > 0, Jz(z) is convex and weakly lower semicon-
tinuous with respect to the LP(£2) topology for 1 < p < oc.

To be able to guarantee the existence and stability of minimizers of (1.4) or (2.1) and
for our convergence proofs we need some assumptions on the operator F"

Assumption 2.1. Let Q be an open bounded convex subset of R? (d = 1,2, 3)
with Lipschitz boundary. The operator F' : D(F) C LP(§2) — Y is continuous, with
D(F') convex and closed in LP(2), for some p < p or continuous and weakly sequentially
closed for p = p in case d > 2, where

(i) If F is linear, then D(F') = LP(2).

(ii) If F is nonlinear, it holds that X,,ND(F) # {} and that F is continuously Fréchet-
differentiable from X,, — L(X,,,Y) for all n € N, where A&, is as in Algorithm 1.1.
Moreover,

|1F(z) = F(@)|| < p(lle = Z[|z»), 2,2 €D(F), (2.5)

for some continuous monotonically increasing function p. Furthermore, it holds
for all constant functions x that x € D(F') and that

[E (&) = 7kl (2.6)

for some constant 7y > 0.

Proposition 2.2. Let Assumption 2.1 hold. Then the functional G, 5 as defined in
(1.4) has a minimizer 2% in X, N D(F) and the functional f. 5 as defined in (2.1) has
a minimizer 3 5, in X, ND(F) and a minimizer 25, 5 in BV (Q) ND(F), respectively.

In case that F' is linear and injective the minimizer a:gﬁ is unique. If F' 1is linear,
the minimizers x and xi,ﬁ,n are unique in case 1 ¢ N(F) and unique up to a constant
otherwise.

Proof. Let us consider functional f, g and let Z be either the space &, N D(F) or
BV (Q)ND(F). Then there is a sequence {z}} in Z such that

Ain o (k) = If fas(z) <00

Therefore,

where v > 0 is a generic constant.



Let 7y, := |Q|_1/ x(€§) d€. Then it follows from [2, Theorem 3.44] that
Q

|k — Zkll e < Ypllze — Zill B < vJo(zk) -

Let us assume that condition (2.6) also holds if F is linear, i.e., that 1 ¢ N (F). Then
it follows that

Newl < NE @) < [1F ()l + 1F(2e) = F(zell-
Together with (2.5) this implies that |Zj| is uniformly bounded. Now the estimate
lzall By < | 25| + 7o ()

yields that |||/ gy is uniformly bounded.

If F is linear and 1 € NV (F), then obviously fas(zr + k) = fas(zx) for all constants
k € R. Therefore, we could have chosen x from the very beginning such that z, = 0
which again yields the uniform boundedness of ||z sy -

From an embedding theorem (cf. [2, Corollary 3.49]) we now obtain together with
the uniform boundedness of ||F(xy)|| that {z;} has a subsequence, again denoted by
{z}, such that

B x and F(z) 2 F(x)

for some x € Z, where norm convergence has to be replaced by weak convergence if
p = p. Together with the weak lower semicontinuity of f, g this now yields that

I0f fos(2) < foupl@) < Jim fus(we) = inf fos(e).

Thus, x € Z is a minimizer.

The existence of a minimizer of g, s follows similarly. Note that, since X, is finite-
dimensional, all norms are equivalent on &, and weak convergence already implies norm
convergence.

It is obvious that the minimizers are unique if the functionals are strictly convex,
which is the case if F is linear and injective.

Let us now assume that F is linear and that 1 ¢ A(F). Then strict convexity of g, s
and f, g when considered over X, follows from the fact that

) VRO + [V (©)P) — (V&) Th(E)?
T = |, (7 + |Va(©)P)}

o IVAEP
8 T e

A similar estimate holds for the second derivative of the penalty term in g, g. As already
mentioned above the minimizers x° and z? 4 are unique up to a constant if F is linear

a,B.n
and 1 e N(F). 1

We believe that the condition F' linear and 1 ¢ N (F) is also sufficient for the mini-
mizer 9, 5 € BV(Q) to be unique, since we think that

Ja(Azxy + (1 — Nxg) < AJg(z1) + (1 — ) Js(x2)



also holds in the general case as long as § > 0 and x5 — x1 # const. However, so far we
have not succeeded in proving it.

Results about stability follow similarly as in [7] and [1].

In the next theorem we will show our first convergence result in the finite-dimensional
space Xj.

Theorem 2.3. Let Assumption 2.1 hold and let x° be as in Algorithm 1.1 where the
grid refinement is done according to (1.6) — (1.8).

Then {22} has a convergent subsequence. The limit of every convergent subsequence
is a stationary point of f, s, defined by (2.1), in case F is nonlinear.

If F is linear, the limit is even a minimizer xiﬁﬁ of fap in Xs. If this minimizer is
unique, then x° — xiﬁ,ﬁ as n — oo.

Proof. Tt is obvious from (1.3) and (1.4) that ° is not only a minimizer of g, s(, w,)
but also of g, g(x, w,). Since by the Cauchy-Schwarz inequality

(V5 1va@pae)’ < [ i+ Ve |, /pwx OF e,

2+ Va1 (P

it follows with (1.4) and (2.1) that

fa5(23) < Gap(x, wn) < gap(xd 1, wn) = faps(z) ). (2.7)

Thus, fas(22) is monotonically decreasing and hence convergent. Moreover, [|28] gy
is uniformly bounded

Let now a2 . be an arbltrary subsequence of x°. Then there exists a further subse-
quence, agam denoted by xn , converging towards some x € X; (in whatever norm,
since all norms are equlvalent) Note that then |[wy,|| L~ < 7 for some v > 0 and

T wa, () = w(€) i= Q1P+ [V [ [ B+ [ValgPds.  (28)

It follows with (1.3), (2.7), the definition of w,, 1 (cf. (1.4)), and a Taylor expansion
of w™! that (for some 6 € (0,1))

fa ( L,y — 1) fa,ﬁ(xfzk) > gaﬁ( nk7wnk) gaﬁ( nk’wnk"rl)
= o [ (67 +1Vad, (©P)(wy, () — wyl 1 (€)) ds

o 2 oy (Wny+1(&) — wn, (£))
= o [ (8 +|Val, ()

Wny+1 (5)2
(10 (€) — 012 (6))?
(Wt (6) + 0y (€) — g ©)F
- 2 29 2 (wnk (5) - wnk+1<§>)2
= o O IV O o S e @)

> 0562773 Hwnk - wnk+1H %2 :

+

)t

S

Since the left hand side of the estimate above goes to 0, this together with (2.8) shows
that also w,, converges towards w. With the first order condition for a minimum of
(1.4), i.e

(F(ad,) = o F/(ad ) (e = a8,)) + [ Vb, (€7 (V2(6) = Vil (€)uw () de > 0
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for all z € D(F)NX; and k € N sufficiently large (such that &, = A}), we now obtain
with £ — oo that

(F(z) =y, F'(2)(2 —2)) + Oé/QVSU(f)T(VZ(ﬁ) — Va(©))w () d§ > 0

for all z € D(F) N A;.

However, this is the first oder condition for a minimizer of (2.1) and hence x is a
stationary point. If F' is linear, the functional in (2.1) is convex and, therefore, the first
order condition for a minimizer is also sufficient then, i.e., z is a minimizer of f, s.

If x is unique, then obviously the whole sequence 2% converges towards x by a subse-
quence subsequence argument. B

Since f.5(x%) is monotonically decreasing, the stationary point in the theorem above
will never be a local maximum.

In the next theorem we will show that minimizers of (2.1) in X, converge towards
a minimizer of (2.1) in BV (Q) if the spaces X,, approximate the space BV ({2) in an
appropriate way: let P, : BV () — X, be projection operators and let Pz C BV (Q)
be defined as follows

Py = {x € BV(QND(F): Pz 2 2, Jy(Pux) — Js(x),

2.9
P,x € D(F) for n sufficiently large} (2:9)

with p as in Assumption 2.1.

Theorem 2.4. Let Assumption 2.1 hold and assume that Pg # {}, where Ps is
defined as in (2.9). Moreover, let 28, 5, be a minimizer of fo, defined as in (2.1), in
X,

Then {a3 5,,} has a weakly* convergent subsequence in BV (Q). The limit & of every
weakly* convergent subsequence satisfies the condition

fap(@) < ligr_lglf faﬁg(m‘;ﬂ’n) < lim sup faﬂ(xi’ﬁm) < 16117£ fap(x). (2.10)
n—00 Z 8
If
DF)N | X, CPs (2.11)
neN
then it even holds that
Tim fap(ad 5,) = inf fap(@). (2.12)

J)E'Pﬁ
If a minimaizer xiﬁ of fap in BV(Q) is an element of Pg, then T is also a minimizer

of fap in BV () and

lim fos(ed5,) = inf  fas(2).
M fop(Tapn) = i fap(@)

If, in addition, x‘;ﬂ s unique, then {xiﬂ’n} weakly* converges towards x‘;ﬁ and hence

)

a7ﬁ7n

x gmiﬁ,V1§p<ﬁ, and xiﬂ,ngxiﬁ,dzl

Proof. Let x € Pg. Then, due to Assumption 2.1, f,3(P,z) — faps(x). Since
fa3(@2 5.) < fap(Pax) for n sufficiently large, we now obtain that

ltn 0 foo(e, ) < Hmsup fop(ad ) < i fos().

7



As in the proof of Proposition 2.2 this yields that |[F(z? 4,)| and |29 4, v are
uniformly bounded and, furthermore, that a weakly* convergent subsequence exists
such that its limit Z satisfies (2.10).

If condition (2.11) holds, then 29 5, € Pg and hence

Jnf fos(@) < lminf fas(2epn)
which together with (2.10) implies that (2.12) holds.
All other assertions are now obvious. Note that the convergence in L follows from

weak™® convergence due to an embedding theorem already cited in the proof of Propo-
sition 2.2. 1

Of course, it would also be interesting to investigate what happens if «, 3, and/or 0
converge to 0 or if F' is approximated by some F, as it is usual for nonlinear problems.
Results can be derived similary as in [5, 7].

We would like to discuss now what it means that the set Ps is not empty or that a
minimizer of f, 3 in BV () is an element of this set:

Note that condition (2.11) is not really restrictive: if for instance &, C X, for all
n € N, then obviously for all z € U,,cn &, it holds that P,x = z for n sufficiently large.
Hence, condition (2.11) is then satisfied if P,z € D(F) for n sufficiently large.

We want to mention that condition

hy{gg}f fos(Prz) < fap(), (2.13)

requested in [6, Theorem 2.2], only guarantees convergence of a subsequence and not

that the whole sequence converges even if the minimizer wg, 5 is unique. According to [6],

condition (2.13) is satisfied for the L?-orthogonal projectors P, if x is smooth enough.
This is correct but the solutions we are interested in have jumps and are therefore not
smooth.

We will show below that in the one-dimensional case there is a projector P, such that

Pz Xz and Js(Pyz) — Jg(x) holds for all x € BV(Q2). The proof of this result is
essentially based on the following theorem:

Theorem 2.5. Let the set M be defined as
M:={pec H0,1]: $(0) =0, ¢(1) =1, ¢ >0 a.e.}. (2.14)
Then it holds that
3(p,c) e M x H'[0,1]: v =c(¢p ) ae. <= € BVI0,1], (2.15)

where
¢ (s) = inf{t: ¢(t) = s}. (2.16)

Moreover, if x € BV|0,1], then for every 3 > 0 the functions ¢ and c in (2.15) may be
even chosen such that

32 + ¢ = Jy(x)? ace. Jo(z) = ||¢]| 12 (2.17)

holds. Thus, ¢,c € W1H>[0,1].



The proof of this theorem can be found in [10] (see also [9]). Since these references
have not been published, a new proof based on the variational definition in (2.2) is
given in the appendix for the convenience of the reader.

Example 2.6. We consider the space BV[0, 1] and the finite-dimensional subspaces
X, C H'[0,1] of piecewise linear functions with triangulation

Tn i ={0=80<s1<...<8p1<8,=1}, hyp = max (s; — s;_1) ,
1<i<n

and assume that lim A, = 0.
n—oo

The projection operators P, : BV|0, 1] — X,, are now defined as follows

PnLU = ZSL};U@, xTr; = 2%25/ , 1§1<n,
i= 8 € (2.18)
= lim = lim =
o Jim 2 f z(§) dE, Tn aggg =) z(€) d€,

where the functions v; are piecewise linear such that v;(s;) = ¢;;.

The projectors P, are well defined as the following argument shows: it is well known
(cf., e.g., [2, Theorem 3.28]) that for any x € BV|0,1] there is a unique function &
satisfying

r=1a.e., z(0) = élr% z(§), Vs € (0,1] : z(s) = éli@ z(§). (2.19)
and continuous from the left.

)
Z(s) for all but at most countably
a function f means that

Thus, & is of bounded variation with Jo(z) = Jo(Z
Moreover, it holds that % exists and that 21 (s) =
many points. Here and below the superscript * for

Vs €[0,1): f7(s):= lim f(&),  f7(1):=f(1).

E—sTt
The values z; in (2.18) may be now expressed as
w0=3(0),  m=Y@()+a(s), 1<i<n, @, =),

Now we use Theorem 2.5, i.e., let ¢ € M and ¢ € H'[0,1] be such that z = ¢(¢~)
a.e. and that (2.17) holds for some 5 > 0.

Due to the intermediate value theorem, there are values t; € [¢~(s;), o~ (s;)T] such
that x; = c(#;) (note that ty = 0, #,, = 1). Together with the transformation rule (see
Remark A.9) we obatin that

It = Paally, = / e(n) = (Pux) (&))" () dn
> /1_ \((c(n) — zi1)(s1 — 0(m)

i=1"ti-1

+ (c(n) — i) (o(n) — 31'71))(81' - Si—l)_l‘ '
< ([l dn) (s~ si)

i=1  Jti-1

< ([ letnldn)'n,



where we used that > a? < (3 a;)? (for a; > 0, p > 1). Thus,

(I = Pzl 1o < Jol() b (2.20)

and hence P,z 25 z for any 1 < p < oo.
Using formula v/32a2 + b2y/(32 + €2 > (3?a+be (which can be easily shown), we obtain
that

VBEm) + (n) — /B + (Paz) (6(n)))2(n)
¢wwn+enwﬁ Px) (6(n)? — (5% + (Paz) (6(n))2)(1)
W + ((Paz) (6(n))?

(é(n) = (Paz)' (6(n))é(n))

(Po)'(¢(n))
VB + (Paz) (6(n)))?

This together with (2.17) implies that

v

cww%@@=/¢wz+@m7/W2 /(0 (n)))2(n) dn
Za/ — (P (6(n)o(m)) dn = 0,

v

where e; : \/52 Zi_Ti z - Note that c(t;) = x; = Pox(s;) = Pyx(é(t;)) for all
51751 1 Ti—Ti—1
0<7<n.

Thus, Jz(P,z) < Jz(z) which together with the lower semicontinuity of J3 and (2.20)
implies that Jg(P,x) — Js(z).

This means that Pg = BV[0,1] N D(F) if P,z € D(F) for n sufficiently large which
is always the case if F' is linear.

If X, is chosen to be a subspace of Hj[0,1], then the definition of the projection
operators in (2.18) has to be adjusted, namely: zo = 0 = z,,.

Then it follows as above that P,z %> x for any 1 < p < oo and for all z € BVI0,1].
However, J3(P,z) — Jg(x) only if x € BV[0,1] is such that

#(0)=0=F(1).

To obtain convergence of z? 4. tOWards a minimizer x 0.5 Of fap in BV[0,1] according
to Theorem 2.4 can, therefore only be guaranteed if 2? o5 Satisfies the above condition.

This means that only if 2? a5 1s 0 at the boundary it is advisable to choose X, as subspace
of Hgl0,1].

Unfortunately, a similar result will not hold in higher dimensions. Even for piece-
wise constant functions, where jumps occur along lines of finite perimeter, it does not
automatically hold that Jg(P,z) — Js(z). This is only the case if the triangulation
approximates the line, where the jumps occur, good enough. In all other cases, one can
only show that Jz(P,x) remains bounded.

It will be the topic of future research to investigate if other finite elements than
piecewise linear ones are better suited to yield a result as in Example 2.6 also for higher

10



dimensions. Moreover, we want to consider also other regularization methods than
Tikhonov regularization in Algorithm 1.1.

Once more, we want to mention that numerical results confirming the theoretical ones
can be found in [15, 16].

Appendix A: Proof of Theorem 2.5

For the proof of Theorem 2.5 we need some preparatory work. In analogy to (2.3) and
(2.2) we define for >0 and 0 < 51 < s9 < 1

Qoal.0) = [ (2(©)i(6) + By/1 = v2(6)) de. (A1)

where | - | denotes the Euclidean norm in R?, and

o100 (%) = 5UP{Qps1,5(7,0) + v € CL(0,1), [Jv]| oo < 1} (A.2)
Whenever used below, # will be defined as in (2.19).

Proposition A.7. Let x € BV[0,1] and 0 < s1 < s < s3 < 1. Then it holds that

Jﬁ781,83 (ZL’) - ‘]ﬂ,sl,sz(m) + ‘]5782,83 (17) + |j+(82) - j(82)| .

Proof. Let v € Cl(sy, s3) with ||v]| < 1 and such that the corresponding restrictions
are still in C!(s1, s9) and Cl(s,, s3), respectively, be arbitrary but fixed.

For ¢ > 0 sufficiently small such that v|[52_25,52+25} = 0 we define v, as follows:
v, = v in [s1, 83]\[52 — €, 59 + €] and v.|[s,—c 5,4<] 1S & plecewise linear function such that
V(83 —€) =0 =w.(s2 +¢) and v.(s2) = sgn(Z(s2) — 1 (s2)). By locally smoothing the
three corners, we can find a function 9. € C!(sy, s3) such that

Qﬁ,s1,53 (I’, 68) Z Qﬂ,sl,sz (‘/L‘7 ,U) + Qﬁ,sz,sg (l‘7 U) — NeE
So+
52

# (], @t [T w0 de) sl = o)

for some y; > 0. Taking the limit ¢ — 0, this yields together with (A.2) that
T5,51,55(T) = Tg61,60 () + Tpsn0(2) + 127 (52) — Z(s2)] - (A.3)

To finish the proof we will now show that the same estimate holds with <.

Let v € C!(s1,s3) with ||v]|s < 1 be arbitrary but fixed. For € > 0 sufficiently small
we define v, as above, however, the piecewise linear part satisfies: v.(sq+¢) = v(sg £ ¢)
and v.(s2) = 0. Again by locally smoothing the three corners, we can find a function
o. such that the corresponding restrictions are in C}(sy, s9) and C} (s, s3), respectively.
Moreover,

Qﬁ781,83 (JJ, U) < Q5731,32 (13, @E) + Q/B,Smss (‘T? 176) + Y2€
S2 Sa+€
(e [ e de — et [ (e) ae)
Sg—¢€ 52

for some 75 > 0 (depending on v). Taking the limit ¢ — 0 we obtain together with
(A.2) estimate (A.3) with > replaced by <. &

Corollary A.8. Let x € BV[0,1] and 0 < s; < s5 < s3 < 1. Then it holds:

11



(1) Jpos(z) is continuous from the left as function in s.

(i) J50.(x) = Jgos(x) + |27 (s) — Z(s)| for all 0 < s <1 and lir% J0.s(x) = 0.

(ili) Jp0.6,(2) > T304, (@) + B(s2 — 51) for all 0 < 51 < 53 < 1.

Proof. The assertion in (i) follows immediately from the definition (A.2) and the
assertions in (ii) and (iii) follow from Proposition A.7 if we can show that

}llirr(l) Jasstn(@) =0, 0<s<1. (A.4)

Let 0 < s <5< 1and e > 0 be arbitrary but fixed. Due to (A.2), there is a function
0. € Cl[s, 5] with ||0.]] o < 1 such that

JB7S7§<5L‘) S Qﬁ,8,§($a ﬁg) + E.

Let now A > 0 be such that Vel 5425 = 0. Then it follows together with (A.2) and
Proposition A.7 for all 0 < h < h that

Jgs.50n(T) + Jpsins(®) < Jass(x) < Qpss(z,0:)+¢
= Qﬁ,s+h7§(I7 55) +e < Jﬁ,s+h,§(=’f) +e€.

Thus, Jgss+n(x) < €. Since € was arbitrary, this proves (A.4). 1

Remark A.9. For the following considerations we need the transformation rule:
Let ¢ € M (cf. (2.14)), ¢, f € C[0,1]. Then it holds that

1
0

[ e = [ roméman. [ f@eto€)de = [ F6m)endtn) dn.

This is well known to hold for ¢ € C'0,1]. For ¢ € M the inverse is defined as in
(2.16). From this definition we know that ¢! is strictly monotonically increasing and
continuous from the left. Moreover,

p(p'(s)) =s forall se|0,1], (A.5)

{¢o7(s)} = {t: ¢(t) = s} for all but at most countably many s € [0,1].  (A.6)

The transformation rules above now also hold for ¢ € M, since one can find a sequence
of functions ¢, € C'[0,1] such that ¢,(0) = 0, ¢,(1) = 1, ¢, > 0 and ¢, — ¢ as
n — oo and since the following lemma holds.

Lemma A.10. Let {¢,} be a sequence in M. Then it holds that

o = or'(s) — ¢ \(s) ac.

Proof. Let {¢,} be a sequence in M converging weakly in H' towards ¢. Since M
is weakly closed in H', ¢ € M. Let now {¢,, } be an arbitrary but fixed subsequence

12



of {¢,} and s € [0,1]. Since ¢, (s) € [0, 1], there exists a further subsequence denoted
by {¢;} and t € [0, 1] with ¢; '(s) — t as | — oo. Since, due to (A.5),

¢l_1(3) . . 1
s — o(t)] < |/t A(€) de| + ou(t) — ()] < N dull pl b (5) = t]2 + [y — | =

and since ||¢y| 22 is uniformly bounded and |¢; — ||~ — 0, we now obtain that
s = ¢(t). If s satisfies (A.6), then t = ¢~ '(s). Since {¢,, } was an arbitrary subsequence
this implies that then ¢, '(s) — ¢~ (s). B

We are now in the position to prove Theorem 2.5:

Proof of Theorem 2.5. Let us first assume that the left hand side in (2.15) holds and
that v € C}[0,1] with ||v]|e < 1. Then

Qo(z,v) = /01 c(n)o(¢(n)e(n) dn = —/01 e(mu(o(n)) dn.

Thus, Jo(z) < ||¢]| 2 and hence = € BV|0, 1].
Let now § > 0 and assume that x € BV[0,1]. Then Jg(x) < co and we may define 2
as follows
_ ‘]»370,8(35)

2(0):=0 and z(s):= 7o(2)

With Corollary A.8 we obtain that z is continuous from the left, z*(0) = 0, z(1) = 1,
and

(A7)

2(s9) > 27 (s1) + Jﬁﬁ(x) (s9—s1), 0<s <s<1. (A.8)

We now define ¢ as follows
o(t) ==inf{s: t < z(s)} (A.9)

Then we immediately obtain together with (A.7) and (A.8) that ¢ is monotonically
increasing, ¢(0) =0, ¢(1) = 1,0 < ¢(t) < 1for 0 <t < 1, and

Aot =t<t, (o) =T>1t, (A.10)

where

t:=min{n: ¢(n) = ()} :=max{n: é(n) = o)} (A11)
W.lo.g let 0 <ty <ty < 1. Then ¢(t;) < ¢(t2). If ¢(t1) < ¢(t2), we obtain with (A.8)
and (A.10) that

ty > 2(¢(t2)) = 2" (6(1h)) + 75 (0(t2) — 6(11))

and furthermore that

0 < o(t) — o(ty) < Jﬁﬁ(x) (tz2 —t1).

Therefore, ¢ is Lipschitz continuous and hence ¢ € H'(0, 1] with gb > 0a.e.,ie., e M.
The function ¢ will be defined as follows

ct) = E((1)) + (t — 1) Jp(x) sgn(F" (4(t)) — F(¢(1))) (A.12)
with ¢ as in (A.11).
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If s < s9, then it is easy to show (by choosing appropriate functions o.) that
J5.s1.55 (%) > |Z(s2) — 1 (s1)]. This together with Proposition A.7, Corollary A.8, and
(A.7) yields that

Jo(x)(2(s2) = 27 (s1)) 2 |B(s2) = 2" (s1)l,  Ja(2)(z" (s1) — 2(s1)) = |F"(s1) — E(s1)] -
Together with (A.10) and (A.12) we obtain for 0 < ¢; < t5 < 1 that ¢(t;) = 1 (4(t1))

and

e(t2) = c(tr)] = [(t2 — t2) Jp(x) sgn(Z"(d(t2)) — F(¢(t2))) +
+ (0 — ) Jp(x) sgn(@ (6(t1)) — 2((t1)))

|
< Jalr)(ta—ty ity — T4+ T —t) = Js(2)(t2 — 1)

E((t2)) — 7 ((t1))

Therefore, ¢ is Lipschitz continuous and hence ¢ € H[0, 1].

Since z is continuous from the left, ¢! defined as in (2.16) satisfies that ¢=! = 2.
Together with (A.5), (A.6), and (A.12) this implies that ¢(¢~!) = & and hence, due to
(2.19), ¢(¢™') = x a.e. This proves (2.15).

Let us now assume that 0 < s = ¢(t) < 1. Then by definition (A.1), we get that

Quosla) = [ (6™ (©)0l0) + 81— 07(0) de
= [ (s + 31— o) dn
- /ot(—é(n)v(¢(n))+ﬁd3(n) 1—v2(¢(n))) dn

A density argument together with (A.2), (A.7), and (A.10) yields that

t

Jo(@)t = Joos(@) = sup [ (e()i(n) + Bd(n)y/1—82(n))) dn,

9€P1[0,¢] YO

where P40, t] is defined as follows: let P50, ¢] be the set of piecewise constant functions
0 defined on [0,¢] such that ||| < 1. Then P;[0,t] is the subset of those functions
U € P[0,1] satisfying that 0|y = 0 if £ # ¢ and that 9|y, 5 = const for all n € (0,t)
with n # 7. -

Since by definition ¢ is constant and c is linear on all intervalls [n, 7], it even follows
that

Ja@)t= sup [ (etnoem) + BT — ) dn — Ja(@)(t - )

DEP2[0,t] /O
and furthermore with a density argument that

Towye=_suwp [ (elyotn) + Gon/T— ) dn = [ /55 + ) dn.

9EP2[0,t] YO

This implies that 52¢% + ¢ = Jg(x)? a.e. Similarly it follows that Jy(z) = [|¢[ 1. ®
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