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1 Introduction

In this paper, we investigate the following boundary value problem: Let 2 C
R?, d = 2,3 be a bounded domain and let A be a matrix which is symmetric
and uniformly positive definite in 2. Find v € Hp, (2) = {u € H'(2),u =
OonIh}, I NIy =0, [N UIy =901 such that

= UT v = v v = v v
GA(U7U) —/Q(v ) AV /Qf + F2f1 <f7 >~Q+<f17 >F2 (1)

holds for all v € HF}, (£2). Problem (1) will be discretized by means of the
hp-version of the finite element method using triangular/tetrahedral elements
Ay, s=1,...,nel, see e.g. Schwab [1998], Solin et al. [2003]. Let Ag, d = 2,3
be the reference triangle (tetrahedron) and Fy : A — A, be the (possibly
nonlinear) isoparametric mapping to the element Ag. We define the finite
element space M := {u € H}, (2),u |a,= 4(F; ' (2,y,2)),u € Py}, where P,
is the space of all polynomials of maximal total degree p. By ¥ = (41, ...,9¥nN),
we denote a basis for M. The Galerkin projection of (1) onto M leads to the
linear system of algebraic finite element equations

Kyu=f, where Ky = [@A(¢j7¢i)]gj:1 ; ip = [(f, i) + (fr,00) mlvy -
(2)
The global stiffness matrix Oy can be expressed by the local stiffness matrices

on the elements, i.e.
nel

Ky =Y RIKR,, (3)

s=1

* The work of the second named author has been supported by the Austrian na-
tional science foundation FWF through SFB F013/01.
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where K, is the stiffness matrix on the element A, and R, denotes the con-
nectivity matrix for the numbering of the shape functions on Ag and (2. In
the 2D and 3D case, the choice of a basis which is optimal due to condition
number and sparsity of Ky is not so clear. In Sherwin and Karniadakis [1995],
a new basis for triangular and tetrahedral elements has been proposed. This
basis is optimal w.r.t. the number of nonzero entries of the element stiffness
matrix, see Sherwin [1997]. A proof for the sparsity of the element stiffness
matrix with O(p?) nonzero entries is not known in the literature. In Beuchler
and Schoberl [2006], another basis for the triangular case is proposed. More-
over, it is proved that the element stiffness matrix has O(p?) nonzero entries.
This paper is a completion to the papers Beuchler and Schoberl [2006] and
Beuchler and Pillwein [2006]. We will prove the sparsity for the Karniadakis-
Sherwin basis, Sherwin and Karniadakis [1995]. This proof is similar to the
proof for the basis in Beuchler and Schéberl [2006]. However, the proof re-
quires some additional relations for Jacobi polynomials which makes the proof
more technical.

The outline of the paper is the following. In Section 2, we summarize the
most important properties for Jacobi polynomials. In Section 3, the 2D case
is investigated. In Section 4, the 3D case is investigated.

2 Properties of Jacobi polynomials

For the definition of our basis functions on the reference element, Jacobi poly-
nomials are required, see Abramowitz and Stegun [1965], Andrews et al. [1999],
Tricomi [1955] for more details.

Let

1 dr

= FmA g aer (16D neNpa>-1 (1)

Pn()

be the nth Jacobi polynomial with respect to the weight function (1 — z)*.
p&(x) is a polynomial of degree n, i.e. p¥ € P,,((—1,1)), where IP,, is the space
of all polynomials of degree n on the interval. Moreover, let

p(x) = /ipz_xy)dy n>1, @) =1 (5)

be the nth integrated Jacobi polynomial.

Lemma 1. Let p% be defined via (4). Moreover, let j,l € Ny and o > —1.
Then, we have

1

P (@) =~ (o mpi(e) —npi (@) (6)

Moreover, the integral relations



Sparse shape functions for p-FEM 3

1
/_1(1 — x)*p§ (z)p'(x) dv = pdj, where p§ = Yrail (7)

1
/ (1—x)o‘pf(:v)ql(x) de=0 Vg eP,a-—pfeNyj>l+a—-F (8)
—1

are valid.

Proof. A proof can be found in Beuchler and Schéberl [2006].

The next lemma considers properties of the integrated Jacobi polynomials (5).

Lemma 2. Letl,j € Ng. Let p% and p& be defined via (4) and (5). Then, the
tdentities

5 (2) 2n + 2« o(g) + 20 o ()
) = x x
P 2n+a—-1)2n+ a)p" 2n+a—2)2n+ a)p"_l
2 2 @), n>2 ©)
(2n+o¢—1)(2n—|—o¢—2)pn_2x’ e

A 2 —1 —1

(el — (e & >
are valid.

Proof. The proof can be found in Beuchler and Schoberl [2006].

Finally, we present two properties of the Jacobi polynomials which have
not been presented in Beuchler and Schoberl [2006].

Lemma 3. Let [, j € Ny. Let p& and p% be defined via (4) and (5). Then, the
following assertions are valid for o — 1,5 > 1:

(= 1)p§(y) = (1 = y)ps_1(y) + 205 (), (11)
(1—y) ((2—2/)p 2 (y) + ap§_ 1 (v)) (12)
+(a+2j —2) (= 1D)pf(y) = 4(a+5 —2)pi 2 (y) + 20 — 4)pf 2 (y).

Proof. The proof can be found in Beuchler and Pillwein [2006].

3 The triangular case

In this section, we consider the case d = 2. Let As be the reference triangle
with the vertices (—1,—1), (1,—1) and (0, 1). We introduce

. 2z 1—y Zl o ) )
siten) =i (25) (F52) B itispizaizi (3)

as the interior bubble functions on A,. This is the basis proposed in Sherwin
and Karniadakis [1995], whereas the basis with p2'~'(y) instead of p(y)
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n (13) has been investigated in Beuchler and Schéberl [2006]. The vertex
functions and edge bubbles are taken from Beuchler and Schoberl [2006]. Let

A= [a i} and let

Ky = [aijvkl](i,j);(k,l) = {/A (V¢ij($7y))TAv¢kl($vy) d(z,y) (14)
2 (6:5)3 (k1)

be the stiffness matrix on Ay with respect to the basis (13).

Theorem 1. Let Ky be defined via (13)-(14). Then, the matriz Ko has O(p?)
nonzero matric entries. More precisely, a;; i = 0 if [i—k| > 2 or |i—k+j—1] >
1.

Proof. First, we compute V¢;;. A simple computation shows that

P, ( = ) (L5%)" p2i(y)

Voij = i1 ) , (19)
9o (1%) (%) 2Z(y)+p?( = ) (34) P2, (y)
see Beuchler and Schéberl [2006]. Let
(v) 7/ 0ij Odr1 d
al = x,y)— (x, z,Y). 16
) Ny (z,y) Dy (z,y) d(z,y) (16)
Using (15) and the Duffy transform z = 12—y, we obtain

(y) 1t 0 0 ! 1-y Rt 25 1\ A2k
Wikt = pi72(z)l)k72(z) dz A2 i (y)pr" (y) dy

1 1

+

M ‘

1— y i+k+1 )
1 > P (w)pi* i (y) dy

(
) dz / 1 <1 _y>i+kﬁfz(y)pfk1(y) dy

—1
1 itk
1-— y i ~
2)ph_o(z) dz / 1 (—2 > P2 ()p" (y) dy
y,1 2 ,3 4
=:ag; kl) S}kl) S}kl) +a£jkl)

\

[ B d /

M ‘

l\DIP—‘ l\DI}—‘
A\ \

With (9) for a = 0 we arrive at a{), = 0 if |i — k| & {0,2}.

Let k =4 — 2. Then aEyN) 2.1 and az(% Z) 2.1 vanish by repeated application
of (7) and (9). The remaining integrals can be simplified using (9) and by (7)

be evaluated to
1 2
/_lpz( 2P (2) dz = (20 -1)(2i - 3)(2i - 5)
L0y -z
/_1pif2(z)pi*2(z) == (20 —3)(2i —5)
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We insert now these relations into the expressions for a( kl) and a( kl) and use

relation (11). Then, we obtain

1 2i—1
2 3 1-y i i
s, +a? ) =20 / (—2 P ()pit(y) dy

-1

—(2i - 1)60/1 <%>2i_2ﬁm(y)pfl 1Hy) dy

-1

o [ 1 (“Ty) [(1 = w2 () — (2 — DA¥(w)] P14 (w) dy
2 [ <1;2y)p2 “(p ) dy

with c5 ' = —(2i—1)(2i—3)(2i—5). Now, we apply (8) and obtain a; j ;2 # 0
if-3<j—-1<-1.

The case k = i + 2 can be proved by the same arguments. For i = k,
we investigate each term a;%,, s = 1,2,3,4 separately. Using (6)-(10), the
assertion can be proved. This proof is similar to the proof given in Beuchler
and Schoberl [2006].

Next, we consider

(zy) O OPri d

.. = . 17
a’z;,kl ~/A2 ax (:I;a y) 8y (‘Tu y) (‘Tu y) ( )
Using (15) and the Duffy transform z = 12% again, we obtain

(wy) _ 1 Yo 0 11_yi+k_12 2k
aij,%l = 5/1191'71(2)191@72(2) dz/ (T) ﬁJl(y)ﬁl (y) dy

—1

+ 1p?71(2)252(2) a: [ (122 i+kﬁ2z(y)pz *1(y) dy.
. L\ 2

Using (7) and (9), a{7%) = 0 if |i — k| # 1. Let k =i+ 1. Then, we have

1 2
(zy) _ 1 1—y 24
A Git1,l = 12 — 1 / <—2 > Dj (y)

x [(20+ D)7 (y) — 1=y ()] dy
- [ (5 e

Finally, we apply (7) and (9) to obtain ag gy1)+1l #0if =2 < j—1<0. The

case k =i — 1 follows by the same arguments.
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(y,2)

Remark 1. Since a; oy

#£0 for all 7 > [, the sparsity of K cannot be proved

with a direct evaluation of a l) 2.1 and afyj 2.l

(y,s)

,9,0,0°

Only for i = k, the terms

a s=1,2,3,4, can be cons1dered separately.

4 The tetrahedral case

Let A be the reference tetrahedron with the vertices (-1,-1,-1),(1,-1,-1),
(0,1,—1) and (0,0,1). The interior bubbles are

) 4z 1-2y—2\" 5 ( 2
-~ — 50 2
(bl_]k(xuy?’z) p; (1—2y—2)< 4 ) Pj (1—2)

1=y\ oo
X( 23/) Pt (2), itk <pi>27k>1 (18)

The vertex functions, edge bubbles and face bubbles are taken from Beuchler
R a1l a12 a13
and Pillwein [2006]. Let A3 = | a12 a2z ass | € R**3 be a diffusion matrix
a13 23 a33
with constant coefficients. We introduce

> i+j+k=p,i'+j +k = T 5
Ry = [aigha il s pct © = {/ (Véijn)" AsVirji
A 1,04 ke, k!
(19)
as the part of the stiffness matrix that corresponds to the interior bubbles
(18).

Theorem 2. Let K3 be defined via (19). Then, the matriz has %

rows and columns. Moreover, the entry aiji i j & of the matriz f(3 s zero if
i—d|>2,0rli+j—i—j|>3,orli+j+k—i—j —FK|>2.

8 I aNs 8 151 . .
Proof. The proofs for [ 82;" %z “and [ 8?;;" ¢’;" are similar to the

triangular case. For the computation of [ As a(g;]’“ 8¢6/Z/k/
have to be considered, see Beuchler and Pillwein [2006]. For i = ¢/, all y-
integrals can be considered separately, whereas for |i—i’| = 2 we collect several
integrals and use relation (12). To illustrate this procedure we consider the

following three integrands,

I = —(j = Ver pP(@)p% (x) wa, () P25 (0)PE 1 ()

xw,, (2) Pe ¥ (2)pt T4 (2),
T05) i exd(@)f(o) wr, (0521 P2 (0) s (2) B2 ()52 (),
TUD = —i'ey p?_y ()Y () wy,—1(y) DF (W)PF_1 ()

~21+27 ~2¢' +25"
Xw., (2 )pkﬁ_ (2 )pkz e (2),

16 different integrals
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¥
where w4 (¢) = (1;2<) is the weight function for Jacobi polynomials p)(¢)

and vy = i+ + 1, resp. 7. = i+ j + ¢ + j'. The constant ¢; is given by
crt =4(i4j —1)(i' + j' —1). The numbering of the terms Z(!*), 7(1%) " and
707 corresponds to the numbering in Beuchler and Pillwein [2006]. These
integrands are obtained after taking the partial derivative in z-direction and
performing the corresponding Duffy transformations, compare Beuchler and
Pillwein [2006]. The z-integrals can be evaluated as in the triangular case and
for i’ = i —2 one obtains for h(y, z) = f_ll 704 1 7035 4 707 dg, the equation

h(y, z) =ca wai—a(y) [(1 —y) (G — Dp3la(y) —ipit 1 (y))

~(@i =D+ = DB W] P @ (D0 @ ()

=ea ha(y) wn. (2)B, T ()b T (=),

where c; ' = 4(2i —5)(2i —3)(2i — 1)(i +j—3)(i+j — 1)/ (i — 2). The straight
forward approach is to evaluate these integrals by exploiting the orthogonality
relation (7). To do so, one has to rewrite all polynomials in terms of Jacobi
polynomials with parameter « corresponding to the appearing weight, i.e.
a = 2i — 1 for the first two summands and a = 2¢ — 2 for the third one. This

can easily be achieved for p%~%(y) using identity (6) recursively. In order to

. , i1 )
expand p?z_2 (y), pfl_l (y) and ﬁ?l(y) in the basis of Jacobi polynomials p2i~1(y)
we need the coefficients a,,, b,, of

n n
PEW) = ampi'(y),  resp.  Pr(y)= > bmpa ().
m=0 m=0

But for both transformations all n + 1 coefficients are nonzero. Hence we
consider these three integrals together and rewrite the expression in angular
brackets using identity (12) yielding,

hiy) = [(1=y) (G = Dpila(y) — il (y))
—@2i-1)(i+j -1y pi i)
= [2(2i +j — 2)p5" P (y) + (2 — 2) 2 2 ()] P51 ().
Using this substitution the y-integrand of h(y, z), h1(y) has the following form,
hiy) = wai—a(y) [(2i+7 —2)p7 2 (v) + (i — )7 ()] p5 1 (w).  (20)
Finally we use identity (6) twice on p?,i:f(y),

Ji=2)(" -1 i

T L L )

i+J5 —3)(2i+25 —5)
J=1)2i+j5 -4 i

_ 5 ( ./ )( i - ) pf,_g(y)
(t+3 =3)(i+35—-2)

2(i + 5/ — 2)(2i + 25’ — 5) 971

(y)
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Hence we have to evaluate integrals of the form

1
/ W) W)

where the polynomial degrees range from m € {j—1,5} and m’ € {j'—3,5'—
2,7 —1}. Now by orthogonality relation (7) it easily follows that the integral
over (20) is nonzero only for j' = j, 5+ 1,7+ 2,5 + 3.
The evaluation of the z-integrals can be done by the same procedure as in the
triangular case. To finish the proof one has to consider also the off-diagonal
terms, i.e. integrals of the form fAs ag—gkwg—?k', n,¢ € {x,y,z}, n # . These
integrals can be treated in complete analogy.

Our practical computations were performed using a program written in the
environment of the computer algebra software Mathematica. A description of

the applied algorithm can be found in Beuchler and Pillwein [2006].
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