Completions to sparse shape functions for triangular and tetrahedral p-FEM

Sven Beuchler^1 and Veronika Pillwein^2

1 Institute for Comp. Mathematics, JKU Linz, Altenberger Straße 69, A 4040 Linz, Austria sven.beuchler@jku.at 2 SFB F013, Altenberger Straße 69, A 4040 Linz, Austria

veronika.pillwein@sfb013.uni-linz.ac.at^∗

1 Introduction

In this paper, we investigate the following boundary value problem: Let Ω ⊂ R^d, d = 2, 3 be a bounded domain and let A be a matrix which is symmetric and uniformly positive definite in Ω. Find u ∈ H^1_{Γ1} (Ω) = {u ∈ H^1(Ω), u = 0 on Γ_1}, Γ_1 ∩ Γ_2 = ∅, Γ_1 ∪ Γ_2 = ∂Ω such that

a_△(u, v) := ∫ Ω (∇u)^T A∇v = ∫ Ω fv + ∫ Γ_2

f_1v := ⟨f, v⟩_Ω + ⟨f_1, v⟩_{Γ2} (1)

holds for all v ∈ H^1_{Γ1} (Ω). Problem (1) will be discretized by means of the hp-version of the finite element method using triangular/tetrahedral elements △_s, s = 1, . . . , nel, see e.g. Schwab [1998], Solin et al. [2003]. Let ^△_d, d = 2, 3 be the reference triangle (tetrahedron) and F_s : ^△ → △_s be the (possibly nonlinear) isoparametric mapping to the element △_s. We define the finite element space M := {u ∈ H^1_{Γ1} (Ω), u |_{△s} = ũ(F^{−1}_s (x, y, z)), ũ ∈ P_p}, where P_p is the space of all polynomials of maximal total degree p. By Ψ = (ψ_1, . . . , ψ_N ), we denote a basis for M. The Galerkin projection of (1) onto M leads to the linear system of algebraic finite element equations

K_Ψ u = f, where K_Ψ = [a_Δ(ψ_j , ψ_i)]^N_{i,j=1} , f_p = [⟨f, ψ_i⟩ + ⟨f_1, ψ_i⟩_{Γ2} ]^N_{i=1} . (2) The global stiffness matrix K_Ψ can be expressed by the local stiffness matrices on the elements, i.e.

K_Ψ = nel∑ s=1 R^T_s K_sR_s, (3)

∗ The work of the second named author has been supported by the Austrian national science foundation FWF through SFB F013/01.

2 Sven Beuchler and Veronika Pillwein

where K_s is the stiffness matrix on the element △_s and R_s denotes the connectivity matrix for the numbering of the shape functions on △_s and Ω. In the 2D and 3D case, the choice of a basis which is optimal due to condition number and sparsity of K_Ψ is not so clear. In Sherwin and Karniadakis [1995], a new basis for triangular and tetrahedral elements has been proposed. This basis is optimal w.r.t. the number of nonzero entries of the element stiffness matrix, see Sherwin [1997]. A proof for the sparsity of the element stiffness matrix with O(p^d) nonzero entries is not known in the literature. In Beuchler and Schöberl [2006], another basis for the triangular case is proposed. Moreover, it is proved that the element stiffness matrix has O(p^2) nonzero entries. This paper is a completion to the papers Beuchler and Schöberl [2006] and Beuchler and Pillwein [2006]. We will prove the sparsity for the Karniadakis- Sherwin basis, Sherwin and Karniadakis [1995]. This proof is similar to the proof for the basis in Beuchler and Schöberl [2006]. However, the proof requires some additional relations for Jacobi polynomials which makes the proof more technical.

The outline of the paper is the following. In Section 2, we summarize the most important properties for Jacobi polynomials. In Section 3, the 2D case is investigated. In Section 4, the 3D case is investigated.

2 Properties of Jacobi polynomials

For the definition of our basis functions on the reference element, Jacobi polynomials are required, see Abramowitz and Stegun [1965], Andrews et al. [1999], Tricomi [1955] for more details. Let p^α_n(x) = 1 2^nn!(1 − x)^α d^n dx^n ( (1 − x)^α(x^2 − 1)^n ) n ∈ N_0, α > −1 (4)

be the nth Jacobi polynomial with respect to the weight function (1 − x)^α. p^α_n(x) is a polynomial of degree n, i.e. p^α_n ∈ P_n((−1, 1)), where P_n is the space of all polynomials of degree n on the interval. Moreover, let

p̂^α_n(x) =

∫_x −1 p^α_{n−1}(y) dy n ≥ 1, p̂^α_0 (x) = 1 (5)

be the nth integrated Jacobi polynomial.

Lemma 1. Let p^α_n be defined via (4). Moreover, let j, l ∈ N_0 and α > −1. Then, we have

p^{α−1}_n (x) = 1 α + 2n [ (α + n)p^α_n(x) − np^α_{n−1}(x) ] . (6)

Moreover, the integral relations

Sparse shape functions for p-FEM 3 ∫_1 −1 (1 − x)^αp^α_j (x)p^α_l (x) dx = ρ^α_j δ_{jl}, where ρ^α_j =

2^{α+1} 2j + α + 1

, (7) ∫_1 −1 (1 − x)^αp^β_j (x)q_l(x) dx = 0 ∀q_l ∈ P_l, α − β ∈ N_0, j > l + α − β (8)

are valid.

Proof. A proof can be found in Beuchler and Schöberl [2006].

The next lemma considers properties of the integrated Jacobi polynomials (5). Lemma 2. Let l, j ∈ N_0. Let p^α_n and p̂^α_n be defined via (4) and (5). Then, the identities

p̂^α_n(x) =

2n + 2α (2n + α − 1)(2n + α) p^α_n(x) + 2α (2n + α − 2)(2n + α) p^α_{n−1}(x) − 2n − 2 (2n + α − 1)(2n + α − 2) p^α_{n−2}(x), n ≥ 2, (9)

p̂^α_n(x) = 2 2n + α − 1 ( p^{α−1}_n (x) + p^{α−1}_{n−1}(x) ) , n ≥ 1 (10)

are valid.

Proof. The proof can be found in Beuchler and Schöberl [2006].

Finally, we present two properties of the Jacobi polynomials which have not been presented in Beuchler and Schöberl [2006].

Lemma 3. Let l, j ∈ N_0. Let p^α_n and p̂^α_n be defined via (4) and (5). Then, the following assertions are valid for α − 1, j > 1:

(α − 1)p̂^α_j (y) = (1 − y)p^α_{j−1}(y) + 2p^{α−2}_j (y), (11) (1 − y) ( (2 − 2j)p^α_{j−2}(y) + αp^α_{j−1}(y) ) (12) +(α + 2j − 2)(α − 1)p̂^α_j (y) = 4(α + j − 2)p^{α−2}_{j−1} (y) + (2α − 4)p^{α−2}_j (y).

Proof. The proof can be found in Beuchler and Pillwein [2006].

3 The triangular case

In this section, we consider the case d = 2. Let ^△_2 be the reference triangle with the vertices (−1, −1), (1, −1) and (0, 1). We introduce

ϕ_{ij} (x, y) = p̂^0_i ( 2x 1 − y ) ( 1 − y 2 )_i

p̂^{2i}_j (y), i + j ≤ p, i ≥ 2, j ≥ 1, (13)

as the interior bubble functions on ^△_2. This is the basis proposed in Sherwin and Karniadakis [1995], whereas the basis with p̂^{2i−1}_j (y) instead of p̂^{2i}_j (y)

4 Sven Beuchler and Veronika Pillwein

in (13) has been investigated in Beuchler and Schöberl [2006]. The vertex functions and edge bubbles are taken from Beuchler and Schöberl [2006]. Let A = [ a b b c ] and let

K̂_2 = [a_{ij,kl}]_{(i,j);(k,l)} = [∫ ^△_2

(∇ϕ_{ij} (x, y))^T A∇ϕ_{kl}(x, y) d(x, y) ] (i,j);(k,l)

(14)

be the stiffness matrix on ^△_2 with respect to the basis (13). Theorem 1. Let K̂_2 be defined via (13)-(14). Then, the matrix K̂_2 has O(p^2) nonzero matrix entries. More precisely, a_{ij,kl} = 0 if |i−k| > 2 or |i−k+j−l| > 1. Proof. First, we compute ∇ϕ_{ij} . A simple computation shows that

∇ϕ_{ij} = p^0_{i−1}

(_{2x} 1−y ) (_{1−y} 2 )_{i−1}

p̂^{2i}_j (y) 1 2 p^0_{i−2}

(_{2x} 1−y ) (_{1−y} 2 )_{i−1}

p̂^{2i}_j (y) + p̂^0_i

(_{2x} 1−y ) (_{1−y} 2 )_i

p^{2i}_{j−1}(y)

, (15)

see Beuchler and Schöberl [2006]. Let

a^{(y)}_{ij,kl} = ∫ ^△_2

∂ϕ_{ij} ∂y (x, y)

∂ϕ_{kl} ∂y (x, y) d(x, y). (16)

Using (15) and the Duffy transform z =^{2x}_{1−y} , we obtain

a^{(y)}_{ij,kl} = 1 4 ∫_1 −1 p^0_{i−2}(z)p^0_{k−2}(z) dz

∫_1 −1 ( 1 − y 2 )_{i+k−1} p̂^{2i}_j (y)p̂^{2k}_l (y) dy + ∫_1 −1 p̂^0_i (z)p̂^0_k(z) dz

∫_1 −1 ( 1 − y 2 )_{i+k+1}

p^{2i}_{j−1}(y)p^{2k}_{l−1}(y) dy + 1 2 ∫_1 −1 p^0_{i−2}(z)p̂^0_k(z) dz

∫_1 −1 ( 1 − y 2 )_{i+k}

p̂^{2i}_j (y)p^{2k}_{l−1}(y) dy + 1 2 ∫_1 −1 p̂^0_i (z)p^0_{k−2}(z) dz

∫_1 −1 ( 1 − y 2 )_{i+k}

p^{2i}_{j−1}(y)p̂^{2k}_l (y) dy

=: a^{(y,1)}_{ij,kl} + a^{(y,2)}_{ij,kl} + a^{(y,3)}_{ij,kl} + a^{(y,4)}_{ij,kl} .

With (9) for α = 0 we arrive at a^{(y)}_{ij,kl} = 0 if |i − k| ∉ {0, 2}.

Let k = i − 2. Then a^{(y,1)}_{i,j,i−2,l} and a^{(y,4)}_{i,j,i−2,l} vanish by repeated application of (7) and (9). The remaining integrals can be simplified using (9) and by (7) be evaluated to ∫_1 −1 p̂^0_i (z)p̂^0_{i−2}(z) dz = − 2 (2i − 1)(2i − 3)(2i − 5) , ∫_1 −1 p^0_{i−2}(z)p̂^0_{i−2}(z) dz = 2 (2i − 3)(2i − 5) .

Sparse shape functions for p-FEM 5

We insert now these relations into the expressions for a^{(y,2)}_{ij,kl} and a^{(y,3)}_{ij,kl} and use relation (11). Then, we obtain

a^{(y,2)}_{i,j,i−2,l} + a^{(y,3)}_{i,j,i−2,l} = 2c_0

∫_1 −1 ( 1 − y 2 )_{2i−1} p^{2i}_{j−1}(y)p^{2i−4}_{l−1} (y) dy

−(2i − 1)c_0

∫_1 −1 ( 1 − y 2 )_{2i−2} p̂^{2i}_j (y)p^{2i−4}_{l−1} (y) dy

= c_0

∫_1 −1 ( 1 − y 2 )_{2i−2} [ (1 − y)p^{2i}_{j−1}(y) − (2i − 1)p̂^{2i}_j (y) ] p^{2i−4}_{l−1} (y) dy

= 2c_0

∫_1 −1 ( 1 − y 2 )_{2i−2} p^{2i−2}_j (y)p^{2i−4}_{l−1} (y) dy

with c^{−1}_0 = −(2i−1)(2i−3)(2i−5). Now, we apply (8) and obtain a_{i,j,i−2,l} ≠ 0 if −3 ≤ j − l ≤ −1.

The case k = i + 2 can be proved by the same arguments. For i = k, we investigate each term a^{y,s}_{ij,kl}, s = 1, 2, 3, 4 separately. Using (6)-(10), the assertion can be proved. This proof is similar to the proof given in Beuchler and Schöberl [2006].

Next, we consider

a^{(xy)}_{ij,kl} = ∫ ^△_2

∂ϕ_{ij} ∂x (x, y)

∂ϕ_{kl} ∂y (x, y) d(x, y). (17)

Using (15) and the Duffy transform z =^{2x}_{1−y} again, we obtain

a^{(xy)}_{ij,kl} = 1 2 ∫_1 −1 p^0_{i−1}(z)p^0_{k−2}(z) dz

∫_1 −1 ( 1 − y 2 )_{i+k−1}

p̂^{2i}_j (y)p̂^{2k}_l (y) dy + ∫_1 −1 p^0_{i−1}(z)p̂^0_k(z) dz

∫_1 −1 ( 1 − y 2 )_{i+k}

p̂^{2i}_j (y)p^{2k}_{l−1}(y) dy.

Using (7) and (9), a^{(xy)}_{ij,kl} = 0 if |i − k| ≠ 1. Let k = i + 1. Then, we have

a^{(xy)}_{i,j,i+1,l} = 1 4i^2 − 1

∫_1 −1 ( 1 − y 2 )_{2i}

p̂^{2i}_j (y) × [ (2i + 1)p̂^{2i+2}_l (y) − (1 − y)p^{2i+2}_{l−1} (y) ] dy = − 2 4i^2 − 1

∫_1 −1 ( 1 − y 2 )_{2i}

p̂^{2i}_j (y)p^{2i}_l (y) dy.

Finally, we apply (7) and (9) to obtain a^{(xy)}_{i,j,i+1,l} ≠ 0 if −2 ≤ j − l ≤ 0. The case k = i − 1 follows by the same arguments.

6 Sven Beuchler and Veronika Pillwein

Remark 1. Since a^{(y,2)}_{i,j,i−2,l} ≠ 0 for all j > l, the sparsity of K̂ cannot be proved with a direct evaluation of a^{(y,2)}_{i,j,i−2,l} and a^{(y,3)}_{i,j,i−2,l}. Only for i = k, the terms a^{(y,s)}_{i,j,i,l}, s = 1, 2, 3, 4, can be considered separately.

4 The tetrahedral case

Let ^△_3 be the reference tetrahedron with the vertices (−1, −1, −1), (1, −1, −1), (0, 1, −1) and (0, 0, 1). The interior bubbles are

ϕ_{ijk} (x, y, z) = p̂^0_i ( 4x 1 − 2y − z ) ( 1 − 2y − z 4 )_i p̂^{2i}_j ( 2y 1 − z )

× ( 1 − y 2 )_j p̂^{2i+2j} k (z), i + j + k ≤ p, i ≥ 2, j, k ≥ 1. (18)

The vertex functions, edge bubbles and face bubbles are taken from Beuchler

and Pillwein [2006]. Let Â_3 = a_{11} a_{12} a_{13} a_{12} a_{22} a_{23} a_{13} a_{23} a_{33}

∈ R^{3×3} be a diffusion matrix

with constant coefficients. We introduce

K̂_3 = [a_{ijk,i′ j′ k′} ]^{i+j+k=p,i′ +j′ +k′ =p}

i,i^′ =2,j,j^′ ,k,k^′ =1 = [∫ ^△_3

(∇ϕ_{ijk} )^T Â_3∇ϕ_i′_j′_k′ ] i,i^′ ,j,j^′ ,k,k^′

(19) as the part of the stiffness matrix that corresponds to the interior bubbles (18).

Theorem 2. Let K̂_3 be defined via (19). Then, the matrix has^{(p−1)(p−2)(p−3)}_6 rows and columns. Moreover, the entry a_{ijk,i}′_j′_k′ of the matrix K̂_3 is zero if |i − i^′| > 2, or |i + j − i^′ − j^′| > 3, or |i + j + k − i^′ − j^′ − k^′| > 2.

Proof. The proofs for

∫_^

△_3

∂ϕ_{ijk} ∂x ∂ϕ_i′_j′_k′

∂x and

∫_^

△_3

∂ϕ_{ijk} ∂y ∂ϕ_i′_j′_k′

∂y are similar to the triangular case. For the computation of

∫_^

△_3

∂ϕ_{ijk} ∂z ∂ϕ_i′_j′_k′

∂z , 16 different integrals have to be considered, see Beuchler and Pillwein [2006]. For i = i^′, all yintegrals can be considered separately, whereas for |i−i^′| = 2 we collect several integrals and use relation (12). To illustrate this procedure we consider the following three integrands, Î^{(14)} = −(j − 1)c_1 p̂^0_i (x)p̂^0_{i′} (x) w_{γy} (y) p^{2i}_{j−2}(y)p^{2i′}_{j′ −1}(y)

×w_{γz} (z) p̂^{2i+2j}_k (z)p̂^{2i′ +2j′}_k′ (z), Î^{(15)} = i i^′ c_1p̂^0_i (x)p̂^0_{i′} (x) w_{γy} (y) p^{2i}_{j−1}(y)p^{2i′}_{j′ −1}(y) w_{γz} (z) p̂^{2i+2j}_k (z)p̂^{2i′ +2j′}_{k′} (z), Î^{(17)} = −i^′c_1 p^0_{i−2}(x)p̂^0_{i′} (x) w_{γy −1}(y) p̂^{2i}_j (y)p^{2i′}_{j′ −1}(y)

×w_{γz} (z) p̂^{2i+2j}_k (z)p̂^{2i′ +2j′}_k′ (z),

Sparse shape functions for p-FEM 7

where w_γ (ζ) =

(_{1−ζ} 2 )_γ

is the weight function for Jacobi polynomials p^γ_n(ζ) and γ_y = i + i^′ + 1, resp. γ_z = i + j + i^′ + j^′. The constant c_1 is given by c^{−1}_1 = 4(i + j − 1)(i^′ + j^′ − 1). The numbering of the terms Î^{(14)}, Î^{(15)}, and Î(17) corresponds to the numbering in Beuchler and Pillwein [2006]. These integrands are obtained after taking the partial derivative in z-direction and performing the corresponding Duffy transformations, compare Beuchler and Pillwein [2006]. The x-integrals can be evaluated as in the triangular case and for i^′ = i−2 one obtains for h(y, z) =

∫_1 −1 Î(14) +Î(15) +Î(17) dx, the equation

h(y, z) =c_2 w_{2i−2}(y) [ (1 − y) ( (j − 1)p^{2i}_{j−2}(y) − ip^{2i}_{j−1}(y) ) −(2i − 1)(i + j − 1)p̂^{2i}_j (y) ] p^{2i−4}_j′_{−1} (y)w_{γz} (z)p̂^{2i+2j}_k (z)p̂^{2i′ +2j′}_k′ (z)

=:c_2 h_1(y) w_{γz} (z)p̂^{2i+2j}_k (z)p̂^{2i′ +2j′}_k′ (z),

where c^{−1}_2 = 4(2i − 5)(2i − 3)(2i − 1)(i + j − 3)(i + j − 1)/(i − 2). The straight forward approach is to evaluate these integrals by exploiting the orthogonality relation (7). To do so, one has to rewrite all polynomials in terms of Jacobi polynomials with parameter α corresponding to the appearing weight, i.e. α = 2i − 1 for the first two summands and α = 2i − 2 for the third one. This can easily be achieved for p^{2i−4}_j′_{−1} (y) using identity (6) recursively. In order to expand p^{2i}_{j−2}(y), p^{2i}_{j−1}(y) and p̂^{2i}_j (y) in the basis of Jacobi polynomials p^{2i−1}_m (y) we need the coefficients a_m, b_m of

p^{2i}_n (y) = n∑ m=0 a_m p^{2i−1}_m (y), resp. p̂^{2i}_n (y) = n∑ m=0 b_m p^{2i−1}_m (y).

But for both transformations all n + 1 coefficients are nonzero. Hence we consider these three integrals together and rewrite the expression in angular brackets using identity (12) yielding,

h_1(y) = [ (1 − y) ( (j − 1) p^{2i}_{j−2}(y) − i p^{2i}_{j−1}(y) ) −(2i − 1)(i + j − 1) p̂^{2i}_j (y) ] p^{2i−4}_j′_{−1} (y) = [ 2(2i + j − 2) p^{2i−2}_{j−1} (y) + (2i − 2) p^{2i−2}_j (y) ] p^{2i−4}_j′_{−1} (y).

Using this substitution the y-integrand of h(y, z), h_1(y) has the following form,

h_1(y) = w_{2i−2}(y) [ (2i + j − 2) p^{2i−2}_{j−1} (y) + (i − 1) p^{2i−2}_j (y) ] p^{2i−4}_j′_{−1} (y). (20)

Finally we use identity (6) twice on p^{2i−4}_j′_{−1} (y),

p^{2i−4}_j′_{−1} (y) =

(j^′ − 2)(j^′ − 1) 2(i + j^′ − 3)(2i + 2j^′ − 5) p^{2i−2}_j′_{−3} (y) − (j^′ − 1)(2i + j^′ − 4) 2(i + j^′ − 3)(i + j^′ − 2) p^{2i−2}_j′_{−2} (y) + (2i + j^′ − 4)(2i + j^′ − 3) 2(i + j^′ − 2)(2i + 2j^′ − 5) p^{2i−2}_j′_{−1} (y).

8 Sven Beuchler and Veronika Pillwein

Hence we have to evaluate integrals of the form ∫_1 −1 w_{2i−2}(y) p^{2i−2}_m (y)p^{2i−2}_m′ (y) dy,

where the polynomial degrees range from m ∈ {j − 1, j} and m^′ ∈ {j^′ − 3, j^′ − 2, j^′ − 1}. Now by orthogonality relation (7) it easily follows that the integral over (20) is nonzero only for j^′ = j, j + 1, j + 2, j + 3.

The evaluation of the z-integrals can be done by the same procedure as in the triangular case. To finish the proof one has to consider also the off-diagonal terms, i.e. integrals of the form

∫_^

△_3

∂ϕ_{ijk} ∂η ∂ϕ_i′_j′_k′

∂ζ , η, ζ ∈ {x, y, z}, η ≠ ζ. These integrals can be treated in complete analogy.

Our practical computations were performed using a program written in the environment of the computer algebra software Mathematica. A description of the applied algorithm can be found in Beuchler and Pillwein [2006].

References

M. Abramowitz, I. Stegun, Handbook of mathematical functions. Dover- Publications, 1965.

G. E. Andrews, R. Askey, and R. Roy. Special functions. Number 71 in Encyclopedia of Mathematics and its applications. Cambridge University Press, 1999.

S. Beuchler and V. Pillwein. Shape functions for tetrahedral p-fem using integrated Jacobi polynomials. Technical report, SFB F013, JKU Linz, 2006. to appear.

S. Beuchler and J. Schöberl. New shape functions for triangular p-fem using integrated Jacobi polynomials. Numer. Math., 103:339–366, 2006.

C. Schwab. p− and hp−finite element methods. Theory and applications in solid and fluid mechanics. Clarendon Press. Oxford, 1998.

S. J. Sherwin. Hierarchical hp finite elements in hybrid domains. Finite Elements in Analysis and Design, 27:109–119, 1997.

S. J. Sherwin and G. E. Karniadakis. A new triangular and tetrahedral basis for high-order finite element methods. Int. J. Num. Meth. Eng., 38:3775– 3802, 1995.

P. Solin, K. Segeth, and I. Dolezel. Higher-Order Finite Element Methods.

Chapman and Hall, CRC Press, 2003.

F.G. Tricomi. Vorlesungen über Orthogonalreihen. Springer. Berlin- Göttingen-Heidelberg, 1955.