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Abstract

Finite element tearing and interconnecting (FETT) methods, boundary element tear-
ing and interconnecting (BETT) methods and the closely related dual-primal methods,
FETI-DP and BETI-DP, are special iterative substructuring methods with Lagrange
multipliers. For elliptic boundary value problems on bounded domains, the condition
number of these methods can be rigorously bounded by C ((1 + log(H/h))?, where H is
the subdomain diameter and h the mesh size. The constant C' is independent of H, h
and possible jumps in the coefficients of the partial differential equation.

In certain situations, one is interested to avoid artificial boundary conditions but
to model the real physical behavior in an exterior domain together with a radiation
condition, e. g., in electromagnetic field computations. The present paper gives a detailed
analysis on several tearing and interconnecting methods for such unbounded domains.
We state appropriate assumptions which result in condition number estimates similar to
the one above.

Key words: FETI, BETI, BETI-DP, boundary element method, domain decomposition,
iterative substructuring, exterior problems

1 Introduction

Boundary element tearing and interconnecting (BETI) and dual-primal BETI (BETI-DP)
methods are robust, parallel domain decomposition methods for solving partial differential
equations. The main idea of these methods goes back to the classical finite element tearing
and interconnecting (FETI) method which was introduced by Farhat and Roux [34] in 1991,
for a more detailed description see also [35, 85, 87]. The FETI methods belong to the class
of dual iterative substructuring methods. In contrast to primal iterative substructuring, the
finite element subspaces are treated separately on each subdomain including its boundary.
The global continuity across subdomain interfaces is enforced by Lagrange multipliers, which
leads to a saddle point problem that can be solved iteratively via its dual problem. The
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dual problem is symmetric positive definite on a subspace. Thus, it can be solved by a
preconditioned conjugate gradient (PCG) subspace iteration, with a special preconditioner
given by the method. The basic ingredients of FETI methods are just local Dirichlet- and
Neumann-solvers on the subdomains, which is probably the main reason that FETI methods
have become so popular.

Meanwhile, the classical FETI methods and the more recently developed dual-primal FETT
(FETI-DP) methods [30, 31] and balanced domain decomposition by constraints (BDDC)
techniques [21, 61] are well established in the field of robust parallel solvers for large-scale
finite element equations, see, e.g., [30, 31, 36, 45, 46, 48, 74, 80, 86]. The great success
of FETI, FETI-DP and BDDC methods is certainly due to their wide applicability, mod-
erate complexity, scalability and their robustness. The latter properties are not only ob-
served numerically, but they are approved theoretically. As a pioneering work, Mandel and
Tezaur [63] gave the first convergence proof for one-level FETI methods with non-redundant
Lagrange multipliers for two-dimensional elliptic problems with homogeneous coefficients.
They showed that the spectral condition number of the corresponding preconditioned sys-
tem is bounded by C (1 + log(H/h))?, with 8 < 3, where H and h denote the usual scaling
of the subdomains and the finite elements, respectively. For a special two-dimensional case,
they could show that 3 < 2. Another breakthrough was the work by Klawonn and Widlund
[49] (see also [48]) who introduced and analyzed new one-level FETI methods for three-
dimensional elliptic problem with heterogeneous coefficients. They could proof the spectral
bound C (1 + log(H/h))?, also for redundant Lagrange multipliers (which are usually used
in parallel implementations). Furthermore, assuming that the coefficients of the partial dif-
ferential equation are constant on the subdomains, Klawonn and Widlund showed that the
constant C' is independent of possible jumps in the coefficients across subdomain interfaces
when a special scaling of the preconditioner is applied. For FETI-DP methods, the same
bound, C (1 + log(H/h))?, was then shown for two-dimensional elliptic problems with ho-
mogeneous coefficients by Mandel and Tezaur [64], and for heterogeneous problems in three
dimensions in a paper by Klawonn, Widlund and Dryja [50]. Finally, Brenner could prove
that the bound C (1 + log(H/h))? is sharp for one-level FETI and FETI-DP in two dimen-
sions [10, 11]. In other words, all these preconditioners are quasi-optimal. We note that
the FETI methods are closely related to the balancing Neumann-Neumann methods [49].
Indeed, it was shown that the BDDC method gives the same eigenvalues as the FETI-DP
method, see, e.g., [9, 62]. For a comprehensive analysis of FETI and FETI-DP methods we
refer the reader to the recently published monograph [87] by Toselli and Widlund.

Recently, Langer and Steinbach have introduced boundary element tearing and intercon-
necting (BETI) methods as boundary element counterpart of the FETI methods [58], the
coupled FETI/BETI method [59], see also [56] for some numerical results, and finally, to-
gether with Pohoata, dual primal BETI (BETI-DP) methods [57]. The BETI methods use
boundary element based approximations of local Steklov-Poincaré operators instead of the
finite element based Schur complements. The FETI preconditioners can be replaced by pre-
conditioners derived from the corresponding boundary integral operators. Due to spectral
arguments, the advantageous properties of FETI methods, such as scalability, robustness,
etc., remain valid for BETI methods as well. Furthermore, inexact and data-sparse tech-
niques are available [54].

Coupling boundary element and finite element discretizations, one can benefit from the



Figure 1: Illustration of the configuration of the bounded domain Q™ and the unbounded
domain Q. The shaded region is neither part of Q™ nor Q°xt,

advantages of both discretization techniques. For instance, in electromagnetics, source terms
and nonlinearities can be treated more efficiently by the finite element method (FEM) than
by the boundary element method (BEM), whereas unbounded exterior domains, moving
parts and air regions can efficiently be handled by the BEM [44]. We refer to [18] for the
symmetric coupling of finite and boundary elements, and to [16, 38, 42, 43, 53, 82] for using
this coupling technique to construct domain decomposition solvers. In the context of coupled
FETI/BETI method for nonlinear problems we mention our recent paper [55].

The main focus of the present work is the analysis of coupled FETI/BETI methods for
problems including an unbounded exterior domain. In the unbounded case, there are two
crucial difficulties. First, the number of the neighboring subdomains of the exterior domain
can be arbitrarily large, which is totally in contrast to the usual bounded case. Secondly, we
will be faced with different scalings of the local operators, what originates from the fact that
the diameter of the exterior boundary can be arbitrarily larger than the diameters of the
remaining subdomains. In the following, we restrict ourselves to an elliptic model problem,

-V - a(x) Vu(z)] = f(z) for z € Q"
—agAu(x) =0 for x € Q™

together with the usual transmission conditions, a suitable radiation condition, and possibly
some boundary conditions on the interior boundary. Here, Q™ is bounded, Q° is the
complement of a bounded domain, and the boundaries of Q™™ and Q! have a common part,
see Figure 1.

One of the key tools of non-overlapping domain decomposition methods is the local Steklov-
Poincaré operator describing the relation between the Dirichlet and the Neumann data on a
local subdomain boundary. In general, these Steklov-Poincaré operators become singular on
floating subdomains, which have no contribution from the Dirichlet boundary and thus no
Dirichlet boundary conditions which make the solution unique, cf. Figure 2, left. There are
two main directions to cope with this problem. On one hand, the one-level FETI and BETI
methods introduce a special projection dealing with the corresponding kernels, resulting
in a special kind of coarse space solver. On the other hand, the FETI-DP and BETI-DP
methods work with a primal space, which plays the role of coarse space handling the global
information exchange and ensures that the local operators on the remaining dual space are
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Figure 2: Illustration of three BETI schemes. Left: Standard formulation with one float-
ing subdomain; middle: All-floating formulation; right: BETI-DP formulation with primal

vertices. Shaded regions: Subdomains; e—e: Lagrange multipliers; o: Dirichlet boundary
conditions.
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Figure 3: Illustration of a subdomain face, edge and vertex in three dimensions.

regular.

For the construction of the projections occurring in the one-level methods, the knowledge
of the local kernels is of utmost importance. Whereas a local kernel corresponding to the
Laplace operator can at most be one-dimensional, the operator occurring in linear elastiticy
can produce kernels of dimension one up to six, depending on the boundary conditions. In
order to cope with this problem, a variant of the one-level method has been introduced
independently by Dostdl, Hordk and Kucera [23] (called total FETI) and, for the bound-
ary element case, by Of [70, 71, 72] (called all-floating BETT). The idea of these total or
all-floating methods is to impose the Dirichlet boundary conditions in terms of additional
Lagrange multipliers such that each local operator produces the same kind of kernel, being
of the maximal dimension, see also Figure 2, middle.

The main idea of FETI-DP and BETI-DP methods is to introduce primal unknowns,
which are not “torn” by Lagrange multipliers (cf. Figure 2, right). For the two-dimensional
Possion equation, it suffices to use the unknowns at cross points as such primal variables,
whereas in three dimensions at least some edge averages have to be added to the primal
spaces, cf. [50, 57, 87].

A crucial tool of the analysis of FETI and FETI-DP methods (cf., e.g., [87]) are rather



technical Sobolev-type inequalities for finite element functions, in particular estimates for
subdomain faces and edges. A subdomain face is the open intersection of two adjacent
subdomains of a domain decomposition, whereas a subdomain edge belongs to more than
two subdomains and is part of the boundary of subdomain faces. Finally, the subdomain
vertices are the endpoints of subdomain edges (cf. Figure 3). The following estimate is
of special interest in the FETI analysis. We consider a finite element function v, on a
subdomain face F' and the discrete cutoff function 6 (also defined on F') which vanishes on
OF' and is one on all inner nodes of the face. Then we have that

1
h 2 2 2 2
O vr)l12 ey < C (1 + log(Hr/h)) {!Uh’HIM(Fj‘+ Eﬂ;”vhHLﬂﬁj}’

(F)
for all finite element functions v, defined on the face F. Here, I" is the nodal interpolation
onto the finite element space, Hp is the face diameter, and h is the mesh size. The precise
definition of the Sobolev spaces Héf(F ) and H'/?(F) as well as the corresponding (semi-
Jnorms will be given later. Many contributions to estimates of this type have been worked
out by Bramble, Pasciak and Schatz [6, 7], Bramble and Xu [8], Dryja [24], and in works by
Bjorstad and Widlund [4], Dryja, Smith and Widlund [25], and Dryja and Widlund [26, 27].
A comprehensive explanation together with recent results is given by Toselli and Widlund
in [87, Chapter 4].

Whenever applying the face estimate in an interior subdomain €;, it is important to note
that €2; has only a fixed, typically small number of faces and that the face diameter Hp is
comparable to the diameter of €2;. Hence, we obtain

1

2 2 2
Z |Uh|H1/2(F) < O{|Uh‘H1/2(8Qi) + diam Q. ||/Uh||L2(8Qi)} ‘
FCoQ; ¢

The scaling factor in front of the La-term is essential for the theory of domain decomposi-
tion methods, since any constants in estimates should in particular be independent of the
subdomain size.

In the case of an unbounded domain, say )y, arbitrary many subdomains can touch its
boundary I'g, i.e., arbitrary many subdomain faces of the unbounded domain can occur.
Here, a first approach might be to use Sobolev interpolation theory. An argument going
back to von Petersdorff [89] shows that for all v € HY2(Ty),

S 10l < CllolBeqeyy:
FCIg

where the constant C' depends only on the shape of I'y. However, we have to read this result
for the case that the diameter of Iy, which we denote by Hy, is O(1). By a simple coordinate
transformation we obtain the following estimate for arbitrary boundaries I'g,

1 H,
> el + g Wl <O

1
2 2
2 0By + 7 101 |-
FCI'g F 0

Indeed, the norm induced by the exterior Steklov-Poincaré operator scales exactly like the
full H'/2-norm inside the brackets on the right hand side. In our analysis we need an
estimate similar to above one, but—if possible-robust with respect to the factor Hy/Hp. In
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this context, there is a strong relation to the theory of iterative substructuring with boundary
element methods, see, e.g., the works by Heuer and Stephan [40], Stephan and Tran [84],
Ainsworth, McLean and Tran [3], and Ainsworth and Guo [2], only to name a few. There,
comparable robust estimates were shown using special coarse spaces.

In the present work, we show how to achieve comparable robustness of the preconditioners
of one-level BETI methods under certain restrictions on the geometry and the coefficients,
and for BETI-DP methods under the usual assumptions. Of course, the results remain valid
for coupled FETT/BETI methods. It will become clear that the coarse space appearing in
the dual-primal methods is much more powerful than the one of the one-level methods. We
also discuss the computational cost in case of unbounded domains. Here, we will see that
in certain situations one-level methods have a better computational complexity than the
dual-primal methods.

In the FETI analysis by Toselli, Widlund, Dryja and Klawonn (cf. [49, 50, 87] the face
estimates are not related to the usual fractional Sobolev norms (such as the K-interpolation
norm or the Sobolev-Slobodeckil norm), but given in terms of the H' energy norms of
(discrete) harmonic extensions. Indeed, the whole analysis neither needs any trace theorems
nor Rellich’s embedding theorem, for both of which the concrete size of the constant is usually
not at our disposal. In order to keep this concept at least partially alive, we work out spectral
properties of the approximated Steklov-Poincaré operators, which are based on the works
by Costabel [19], Hsiao, Steinbach and Wendland [42], Steinbach [82], and Steinbach and
Wendland [83].

The remainder of this paper is organized as follows. In Section 2 we introduce the notion
of boundary integral operators and domain decomposition. Additionally, we derive some re-
sults on spectral relations between continuous and approximated Steklov-Poincaré operators.
Section 3 contains a detailed formulation of one-level BETI methods for unbounded domains
and a full analysis of the corresponding preconditioners. In particular, we discuss both
the standard and the all-floating formulation. At the end we give some numerical results.
Section 4 is devoted to BETI-DP methods for unbounded domains and the corresponding
analysis of the quasi-optimal preconditioner. We give a conclusion in Section 5.

2 Preliminaries

2.1 Basic notation

First of all, we fix some of our basic notations. For a comprehensive introduction to Sobolev
spaces we refer to [1, 28], for the finite element method (FEM) to [13, 17], and for the
boundary element method (BEM) to [66, 81, 77]

Throughout this paper we denote the dual of a Banach space V by V* and the duality
product between V* and V by (-, -). A linear operator T': V' — V* is said to be symmetric
positive definite (SPD) if (T'v, w) = (T'w, v), Vvo,w € V, and (T'v, v) > 0, Vv € V\{0}. The
adjoint 7" : W — V* of a linear operator T : V. — W* is defined by (T'T w, v) = (T'v, w),
YoeV,weW.

For a bounded domain © C R? (with d = 2 or 3) with a Lipschitz boundary T', let H'(f2),
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H} () denote the usual Sobolev spaces. The space H/?(T) is defined as

HY2(T) = {'UELQ // [ulz \x—y\d dxdy<oo}. (2.1)

The spaces H~'(Q) and H~/?(T") are defined as the duals of H}(Q) and H'/?(T"), respec-
tively.

We define the exterior of the bounded domain §2 by
Q.= R4\ Q. (2.2)

Sometimes we may write Q™ instead of {2 to emphasize that this domain is the interior of
its boundary. On Q%" we define the Sobolev space

HL (Q%Y) = {u € D'(Q%) : u € H'(Br N Q™) for all B D O}, (2.3)

where Bp is the open ball with radius R and D’ (") the space of distributions on Q% see
e.g., 66, 81].

)

Furthermore, for an open hypersurface I'y C I', we denote by HééQ(Fo) the space of func-
tions on Ty whose extensions to I'\ I'g by zero are in H'/2(I'). We define the constant
functions 1r : I' = R: 2z — 1, and Op : I' — R : 2 — 0, and observe that 1p € Hl/Q(F). So
we can define the orthogonal subspace

HV2(T) = {we HY2D) : (w, 1r) = 0}. (2.4)

For a triangulation 7;, of a domain Q or a boundary T', we denote by V{*(Q) and V{*(T")
the spaces of continuous functions that are piecewise linear on the elements of the triangu-
lation. VJ*(T') denotes the space of functions that are piecewise constant on the elements.
Furthermore, we write I'j, for the set of nodes of the triangulation 7,(I").

In this work, a < b means that some (generic) constant C' > 0 exists with a < C'b. In
particular, C' will never depend on any mesh size parameter h or (sub)domain diameters H,
only on shapes of (sub)domains or elements. Additionally, a ~ b stands for a < b and b < a.

A complete list of notations can be found in the appendix.

2.2 Boundary integral operators

In this section we briefly summarize the notion of the standard boundary integral operators
and derive some properties thereof. In particular, we give explicit norm equivalences for
approximated Steklov-Poincaré operators.

2.2.1 Basic facts

First, we fix an open, bounded and simply connected domain Q™ c R¢ (d = 2, 3) with a
Lipschitz boundary ' = 90 In the following, we work with the exterior domain Q' :=
RZ\ Q. Let 7 denote the outward unit normal vector on I', i.e., pointing into Q, cf.
Figure 4.
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Q ext

Figure 4: Interior domain Q" exterior domain Q' and the outward normal vectors 7 on
the boundary T'.

We consider the interior Laplace problem,
—Au=0 in Q" (2.5)
and the Laplace problem on the exterior space,
—Au=0 in Q™' (2.6)

Additionally, we prescribe an appropriate radiation condition for the exterior problem to
ensure that the solution w can be represented by a fundamental solution. For a detailed
explanation we refer to [20, 66]. In the present work we use the radiation condition

u _{Oﬁmbmﬂfﬂimd=2 (2.7)

7@ = ) for d = 3

as |x| — oo. Here 7i is understood as the outward unit normal vector on the boundary T of
an arbitrary Lipschitz domain € contained in Q.

It is well known, that for sufficiently smooth boundaries the trace operators

At HY QM) — HY2(T) (YMtu)(z) := %{r;c u(Z) forz e,z cQnt
W HL(Q%) — HYD) . () () = mu(@) forz €T3 € Q%
A HNQM) P (u)(a) = Oh(e) forz e,
AW HL(O%) = HOP() s () (a) o= — () forweT

are bounded linear operators (see, e.g., [66]). In the following, we write u|r instead of 4y
or Y& for u € HY(QM) or u € H (Q%), respectively.

The fundamental solution of (2.5), (2.6), (2.7) is given by

1
——log|z — y for d = 2,
27

Ut(x, y) = 1 1 (2.8)
ford=3.

A |z —y]
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We introduce the following boundary integral operators, the single layer potential operator
V', the double layer potential operator K and its adjoint KT, and the hypersingular integral
operator D defined by

Vi HAV(T) - HYA( - (Vﬂ@ﬂ:i/Umeﬂ()@%
K : HY2(I') — HY2(T) : /a(; )u(y) dsy,
r (2.9)
KT :HY2) - HY2D): ( = (2, y) t(y) dsy,
r
D:HY*(I) - H V(I : (Du)(x) == — 8 a—U’k z, y) u(y) dsy,
nx Ty

where x € T'.

The following assumption is needed for the ellipticity of the single layer potential operator
in two dimensions.

Assumption 2.1. If d = 2, we assume that diam Q™ < 1, which can always be obtained by
a simple scaling.

Lemma 2.1. The boundary integral operators defined in (2.9) are linear and bounded oper-
ators with the following properties:

(i) Any weak solution of the interior Laplace problem (2.5) fulfills the Caldéron system

int 1 int
Yo u s — K % Yo u
< e ) - < A ) < i ) . (2.10)
2
For the exterior problem (2.6) we have
ext 1 int
<%u)_(ﬂ+Kl e ) (e (2.11)
Xty D ;I - K Yy ) :

(ii) The single layer potential V is self-adjoint and (under Assumption 2.1) H~'/2(I)-
elliptic, 1. e., there exists cyy > 0 such that

(Vwa w> Z cy ”wHIZLIfl/Q(F) )

for all w € H_1/2(F). Thus, the inverse operator V=" mapping HI/Q(F) to H_l/Q(F)
is self-adjoint, elliptic and bounded, and

olly—1 := (V"o 0)!/?

defines a norm on H'/?(T) equivalent to || - | er1/2(ry -
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(iii) The single layer potential V is an isomorphism between the subspaces H*_l/z(I‘) and
Hi/Q(F), defined by
HVAT) o= {we HV2(D) : (w, 1p) = 0}
HYA(T) = {ve HY2T) : (V"', 11) = 0} .

(iv) The hypersingular integral operator D is self-adjoint, Hi/z(l“)-elliptic, and HY?(T')-
semi-elliptic, 1. e., there exists cp > 0 such that

1/2
(Dv,v) > ep o)}y forve HIAT),
(Dv,v) > ¢p |v@]1/2(r) forve H1/2(F) ,
and ker D = span{1r}.
(v) The double layer potential operator K provides the contraction properties
(1= cx)llollv-r < NGT £ K)olly-r < e lolly-r - for v e H(D),
0 < (3 + K)wlly+ < e lolly+ forve HYZ(D),
(1= e)lolly— < NG = K)vlly-1 < lJolly-1 forv e HVA(T),

where

Additionally the following identities hold,

ker(%I—FK) :span{lp}, (%I%—K)lr =0r,
ker(31 — K) = {Or}, (31 = K)lr =1r.
Proof. A proof can be found in [81]. O

Remark 2.1. The constants ¢y and cx do not depend on the size of the domain Q™ but
only on its shape. This can be shown by introducing a simple scaling of the domain and
transforming the energy forms induced by D and V. In two dimensions the logarithm in the
fundamental solution yields an additive term in the V-form; nevertheless this term vanishes

for functions in the space H,}/2(I‘).

2.2.2 Steklov-Poincaré operators

From the first line of the Caldéron system (2.10) and Lemma 2.1, part (ii) we obtain that
any solution of the interior Laplace problem (2.5) fulfills the following relation between the
Cauchy data,

W=V 1A+ K)yitu onT.
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A similar relation can be derived from (2.11) for the exterior problem (2.6), and we arrive
at the definition of the interior and exterior Steklov-Poincaré operators

S =V (3 + K) st = V-1(1I - K) (2.12)

which both map from H'/?(T') to H-'/?(I') and describe the Dirichlet to Neumann map
corresponding to the interior and exterior Laplace problem, respectively. Furthermore, by
(2.10), (2.11) we have the identities

S™ =D+ 31+ K"V (3 +K),

2.13
S =D+ (3 -K"V(3I-K), (213)

which imply that the S™ and S°** are self-adjoint. We define the interior and exterior energy
form

int
agint(u, v) == /Vu(x) -Vou(z)dz, agext(u, v) == / Vu(zx) - Vo(z)dr,
Q Qext

for u, v € HY Q") and HL_(Q°), respectively. By integration by parts and a density
argument (cf. [81]) we see that

(S™y,v) = min  aq(u,u),
u€H1(Qint)
ulp=v
(St y, ) = min a (2.14)
, V) = Qext (U, u),
ueHlloc(QEXt)
ulr=v

and from (2.12) that
(V7 v) = (8™, v) + (S, v).

Lemma 2.2. (i) The following estimates hold for the Steklov-Poincaré operators:

(1= cx)(V1o, 0) < (S0, 0) < e (Vo w) o e H(T)
(1 — e ) (Vo v) < (8w, v) < (V1o v) Vo € HY2(T)
0< <Sint v, U> < ci <V_1U, U> Yo € HI/Q(F)’

with the constraction constant cx > 0, see Lemma 2.1, part (v). In particular, S is
HY2(T)-elliptic and S™ is Hi/Q(F)-elliptic with ker S™ = span{1r}.
(ii) Poincaré’s fundamental theorem holds, i. e.,
(8t y, v) < 107[{(5““ v, V) Y e H,}/2(I‘) ,

(81t gy, v) < T—en CKC (St v, v) You € Hl/Q(F) )
—CK
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(iii) For v € HY*(T), the decomposition v = U + volr with vy € R and v € Hi/Q(F) (i.e.,
(V=1%, volr) = 0) is unique and orthogonal in the S inner product, 1. e.,

<SeXt 5, ’0011"> =0.
(iv) We have

<V_1’U, 11’*>2

ext ~ int
(S v, v) >~ (S v, v) + VT 1)

Proof. We start with the proof of part (iii): For v € H'/?(T), we obtain from o = v — vo1p
and the orthogonality relation (V~!(v — volr), 1r) = 0 that

<V71’U, ]—F>

O 1)

which implies uniqueness. Using that (37 — K)1p = 1 (Lemma 2.1, part (v)) we obtain
<SeXt volr, v) = <V_1(%I — K)vlr, v) = <V_11)01F, v) =0,
which proves the orthogonality (iii).

Part (i): For v € Hi/ 2(I‘)7 the Cauchy-Schwarz inequality and the contraction properties

stated in Lemma 2.1, part (v) yield
(S, 0) = (VT £ K)v, o) < (G = K)vlly-llollf 1 < exllollf -

On the other hand, for all v € Hi/Z(F) we have

(gimtfexty o) = (VTR £ K)v, v) = (V7o v) — (VG F K)o, v)

> (V7o v) — e vl = (1= ex) (V7 o, v).

The inequalities on the full space H'/2(T') can be derived using the decomposition (iii) and
the mapping properties of (%I + K), see Lemma 2.1, part (v).

Statement (ii) is an immediate consequence of (i), see also [19].

Finally with the decomposition from part (iii) and Poincaré’s fundamental theorem (ii) we
obtain that

<SeXt v, U> == <SeXt ’17, 5> + <SeXt Uglr‘, Uolp> ~ <Sint 5, ’17> + <V71 Uolp, U01F>
= (§™My, v) + (v9)? (V 1, 1p),

which implies (iv).

2.2.3 Approximations of the Steklov-Poincaré operators

From equation (2.13) we see, that for a fixed v € H'/?(T),

Sint/extv =Duv+ (%I:EKT)U),
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where w € H~Y/2(T") solves
(Vw, 7y =(3I+K)v, 1) vr e H-V2(I). (2.15)

In the following, we consider a shape-reglar triangulation 7;, of the polygonal boundary I'.
Recall that VJ*(T) is the space of piecewise constant functions on the corresponding elements.
According to [82], we define the boundary element approximations

ety — Do+ (A1 + KT )wy (2.16)

where wy, € VJ!(T) solves the projected equation
<th, Th> = <(%I:tK)’U, Th> VTh S Voh(l“). (2.17)
The approximations Sgllg{\im are self-adjoint, they fulfill the same ellipticity properties as

- : . - int/ext .
the original operators S™/ext and estimates for the error Sint/ext — SgEﬁx in terms of h
int

are available. We mention that ker SIt = ker ™ = span{l1r}. Moreover, the matrix
representations of the restrictions of Sg]gﬁm to V(') — V()" are symmetric and can be

expressed by the standard BEM matrices, e. g.,
SBim.n =Dn+ GM) + KV, (M, + Kp),

where Dy, K; and Vj, are the matrix representations of the hypersingular, double layer
potential and the single layer potential operator, and My is a mass matrix. For more
details, we refer again to [82]. However, in this work we need the equivalence of the related
energy forms on the space Vlh (©), which is presented detail in the subsequent section.

There exists a similar approximation Si?éM of the interior operator S™ by finite elements,
based on a shape-regular triangulation 7;, of the domain Q™ cf. [82]. Restricted to the
space V{(T'), the corresponding energy form reads

(S U, vp) = min agint (up, up) Yoy, € VI(T). (2.18)
uhGVIh(Qi"t)
up|r=vp,
For the usual nodal FE basis, the matrix representation of Sg‘éM is exactly the Schur com-
plement of the FEM stiffness matrix eliminating the interior nodal unknowns.

2.2.4 Spectral relations of Smt/ext, Sgﬁﬁm and St

Lemma 2.3. The following spectral equivalence relations between the exact and approximated
Steklov-Poincaré operators hold.

<Sint (M Uh> < <S%HE%M (5 Uh> < CT<Sint (3 ’Uh> Yoy, € V{‘(F)

(8™ v, ) < (SBharv, v) < (5™ v, 0) o € HY2(T)

(SBEM v, v) < (8w, v) Vo € H'*(T) (2.19)
(870, v) < (S5 v, 0) vo e HY(T)
C—O(Sim v, v) < (SEEv, v) Vo e HY?(T).

CK
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Additionally, in three dimensions, or if diamQ = O(1) in two dimensions,

<Sint v, U) + ||u||%2(F) < CGX'C <S%)%M’Ua ’U> Vo € Hl/Q(F)a

diam T
(S, v) < C!  (SSE v, v) Yo e HY2(T).

(2.20)

We point out that the constants cg, cx, Cr, Coxt and Cl depend only on the shape of the
domain €.

Proof. The following proof of the estimates (2.19) can essentially be found in [82]. By (2.14)
and (2.18), it becomes clear that

(Sint Vh, Uh> < <SE‘HIEM Vh, Uh> Yoy, € Vlh(F) .

The discrete trace theorem [REF] states that under appropriate assumptions on the mesh,
there exists a constant C7 > 0 independent of i such that

(SPEn Vs ) < Cp - (™ vp, vp) Vo, € V(D).

For the boundary element approximations SZt, = S&t = of the continuous Steklov-Poincaré
operator we can apply Lemma A.1 with V = HY2(I'), V}, = Vi, a(, ) = (V- ) and
f=(3I £ K)v, and obtain that

(Vwp, wp) < (Vw,w), (2.21)
Using the identities

<Sint/ext v,v) = (Dv,v) + (Vw, w),

int/ext (222)
<SBEM v, v) = (Dv,v) + (V wp, wp),

which follow from (2.12), (2.15), (2.16), (2.17) and the adjoint relation between K and KT,
we immediately get

(SBEAT v, 0) < (S0, 0)  vu e HUA(T).

For the opposite direction, we first obtain for 7 € H, / 2(F),

(SEAT T, T) = (DT, B) + (V wp, wp)

) 2.23
> (DT,7) 2 eofV15,5) 2 (5T, 7). (223)
K

where we have used the ellipticity of V, Lemma 2.1, part (v) and Lemma 2.2, part (i).
Secondly, using the V ~!-orthogonal splitting v = volr + v with v € H. ! /2 (T") and vy € R, see
Lemma 2.2, part (iii), we get
(Shih v, ) 2 (Dv,v) = (DT, ) = —(S™5,7) = —=(S™ v, 0).
CK CK

This finishes the proof of the estimates (2.19).
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Now, we prove the two estimates (2.20) of the Sgit\, energy form from below by the S
form and a regularized S™ form on the whole space H'/? (I"). In order achieve this goal, we
recall once again that

(Sgty v, v) = (D, v) + (Vwp, wy)

with wy, defined by (2.17). We choose wg € R by

(31 — K)v, 1r)
(Vip,1p) 7

wo =

which is well-defined due to Assumption 2.1. Consequently, we get the relation
<VU)01F, 1r> = <(%I — K)’U, 1F>

which is the projection of equation (2.21) to span{lr} C VJ* ¢ H~Y2(T). Again, by
Lemma A.1 (now with V = V', V}, = span{1r} and a(-, -) = (V-, -)) we obtain

(31 — K)v, 1r)?

v > (Vwolp, wolp) = = [T(v)|?. 2.24
V s w) > (V e, wote) = S22 (o) (2.24)
with the linear functional ¥ : H'/2(T") — R defined by
31— K)v, 1
(v) := (G Jv 1r) for v e HY*(I).

(V1p, 1p)

We observe that ¥ is bounded in the H'/2-norm and, most importantly, that the definition of
U is independent of the discretization parameter h. Furthermore, |¥(v)| defines a semi-norm
that becomes a norm on the constant functions, since for some vy € R with ¥(vgly) =0 we
have

0= ((3I — K)volr, 1r) = (volr, 1r) = v - [T,

thus vg = 0. On the other hand, we obtain from (2.14) and (2.23) that

(Dv,v) 2 (5™ v,0) = == min ful}p g, (2:25)
CK CK  weHY(Q)
u|p=v

Due to Sobolev’s norm theorem (see, e.g., [87, Theorem A.12] or [69]),

1
ulfs oy + 12 () & el = oy + gleirl Ea

where the scaling 1/diamT" is obtained by dilation from a domain with unit diameter. Com-
bining this result with (2.22), (2.24) and (2.25) we obtain

C .
(SEi v, ) = (D, ) + (Ve wp) 2 < min  {Jullp g + 19(0) 1}

CK  weH'(Q)
ulp=v
. 2 1 2 int 1 2
>~ min {\u]HI(Q) + m”?}“L2(F)} = <S v, 'U> + diamr”vHL2(F) .

u€H(Q)
ulp=v
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In other words, there exists a constant Ceyt > 0 such that

(5™ v, v) + ol Zyry < Cext (SBEM v, ) - (2.26)

diam I’
The constant Ceyt is independent of the discretization parameter h, and by a scaling argument
one can show that in three dimensions Cey is independent of the size of €2, i.e., it depends
only on the shape of €. In two dimensions, the single layer potential V' does not scale linearly
due to the logarithmic term in the fundamental solution. Since we have to scale the domain
anyway, we can always achieve diam Q2 ~ O(1).

Finally, due to Lemma 2.2, part (iv) we have

<V71’U, 1F>2

ext ~ int
(S0, v) =~ (S v, v) + VT 1

Since Y(v) := (V~lv, 11)/||1r||y—1 is a bounded linear functional that reproduces the con-
stant functions, we can apply Sobolev’s norm theorem once more and using (2.26) we can
conclude that

(570, v) < Clxr(SBim v, v) (2.27)
where C/,, depends (at least in three dimensions) only on the shape of Q.
This finishes the proof of Lemma 2.3. O

2.2.5 Newton potentials

The solution of the boundary value problem

—Au(z) = f(z) forxzeQ
u(z) =0 forz el

defines the Newton potential N : H=1(Q) — H~/?(T")

ou
on’
For a FEM discretization of €2, we denote the full stiffness matrix by K and group the un-

knowns corresponding to interior unknowns (subscript I) and boundary unknowns (subscript
I'). The discrete FE equation reads

(K[T KFI)( 0 ):(fr‘—l-t)
Ki—\r] K]] uy f] ’

where t corresponds to the contribution from the Neumann data du/0n. We define the
matrix N by

N f(x) :=

N := [Ir ‘ - KFI(KII)_I} ;

where Ip is the identity matrix corresponding to the unknowns on the boundary. Thus,

for f = { ? ] we have Nf = fr — Kpj(K;;)~'f; = —t. The corresponding linear operator
1
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Figure 5: Non-overlapping domain decomposition of €2 into the unbounded subdomain 2
and the bounded subdomains €y, ..., Q9. The shaded region does not belong to 2.

Ny, : VIH(Q)* — VH()* is known to be a stable approximation of the exact Newton potential,
cf. [82]. A suitable BEM approximation of N can also be found in [82].

The general Dirichlet to Neumann map corresponding to the boundary value problem

—Au(x) = f(x) for z € Q
u(x) = g(x) forz el

is given by

ou ;
%:Slntg_Nf'

2.3 Domain decomposition — Definitions and assumptions

We consider an open connected domain Q € R?, d = 2, 3, which can be decomposed into
finitely many non-overlapping subdomains €;, ¢+ € Z, where Z C Ny is a finite index set, so
that

a=Jo, QNQ =0 ifi#j. (2.28)
€7

We assume that all the subdomains €;, i € Z \ {0} are bounded and simply connected, and
that, if the original domain 2 is unbounded, the subdomain {2y is unbounded whereas its
complement 2§ is bounded and simply connected too, cf. Figure 5. Furthermore, we assume
that the local boundaries I'; := 9€); are polygonal and Lipschitz. The outward unit normal
vectors on I'; are denoted by 7;. We emphasize that iy points into 2§ which is the interior
of I'g. The subdomain interfaces I';;, regarded as open sets, are defined by Ej =I;NnC;. If
0f) is not empty, we assume that it is polygonal too, and that it splits in two disjoint parts,
a Dirichlet boundary I'p, which is regarded as a closed set, and an open Neumann boundary
I'n, such that

o=TpUly.
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The subdomain diameters are naturally defined by

H; := diam for i € 7\ {0},

Hy := diam Q.
In the following, we consider a shape-regular, quasi uniform triangulation 7,(I';) of each
subdomain boundary I'; such that the meshes match on interface boundaries. The minimal

mesh size of 7;,(I";) is denoted by h;. For i # 0 we can always extend the boundary mesh
71 (T;) to a shape-regular quasi-uniform triangulation 73 (€2;) of the whole subdomain €2;.

We define the interface I'; and the skeleton I's by
I;:= Ufij\rD, FS::UFi:FIUOQ.
i, €T €T

In three dimensions the interface I'y is the union of

e subdomain faces I, regarded as open sets, which are shared by two subdomains,

e subdomain edges E, regarded as open sets, which are shared by more than two subdo-
mains,

e subdomain vertices V', which are endpoints of subdomain edges,

cf. [87], see also Figure 3 on page 4. In two dimensions, there are only subdomain edges
(which are open sets shared by two subdomains) and their endpoints, the subdomain vertices.

Regarding 052 as an additional subdomain, we can also split the skeleton I'g into subdomain
faces, edges and vertices in a straight forward manner. For a fixed ¢ € Z, let V;, &;, F; denote
the sets of subdomain vertices, edges and faces of I'g that belong to I';, respectively. We set
Vi=Uez Vi, € = Uiz &, and F := ;e Fi

The face and edge diameters are denoted by Hp := diam F' and Hp := diam F, respec-
tively. Whenever we like to emphasize that a face, edge or vertex is shared by at least two
subdomains §;, 5, we write Fy;, E;j or Vi, and we define H;; := diam Fj; (or diam Ej; in
two dimensions).

The following assumption, which basically ensures that the subdomains cannot be very
thin, is typical for the theory of iterative substructuring methods, and it is needed for the
convergence analysis of BETI and BETI-DP preconditioners, cf. Assumption 4.3 in [87].

Assumption 2.2. 1. Fach subdomain €;, for i # 0 is the union of shape-regular coarse
triangular or tetrahedral elements of a conforming mesh Ty and the number of coarse
elements forming an individual subdomain is uniformly bounded.

2. There exist moderately bounded constants o, @ > 0 such that,
ocH; < Hp <G H; VieZ\ {0} and VF € F;,
in three dimensions, and
ocH; < Hp <G H, Vie I\ {0} and VE € &;,

in two dimensions.
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Furthermore, we define

H H;;

—:= max —Z. (2.29)
i,j€T hi
70

Note, that Hj is allowed to be arbitrary large in comparison to the other subdomain diam-
eters, and typically Ho/hy > H/h.

Remark 2.2. The first point in Assumption 2.2 is quite restrictive. In particular it is needed
for the Sobolev type inequalities relating finite element functions (see Section 3.3.4 of the
present paper and in [87, Chapter 4]). However, there are recent works on extending the
theory to less regular domains in two dimensions, cf. [22, 47].

2.4 The model problem

Throughout the paper we deal with the following model problem in our domain €2 which is
decomposed according to (2.28): Find u € H (Q) such that

loc

—ajAu(r) = fi(x) forzey,icT,

) ) 2.30
a%(x)+aj8%(x)=0 forw €Ty, i,j €T (2:30)

(%
holds in weak sense, where u fulfills additionally the radiation condition (2.7) for |z| — oo.
We assume that fy = 0 if 0 € Z. Recall, that g is the unbounded exterior of I'y and that
the normal vector 7y points into the interior of 'y, cf. Figure 4. In the case that 0f) is not
empty, we assume Dirichlet and/or Neumann conditions on parts of it, i.e., 9Q = 'p U Ty,
and

u(z) =gp(z) forxelp, (2.31)
ai%(x) =gn(x) forx el nyNTy, (2.32)

for some gp € Hl/Z(FD), gN € H_l/Z(FN). We assume that I'y is the union of subdomain
faces, edges and vertices, i. e., the interface between I'p and I'y is aligned with the subdomain
edges and vertices. We assume further that 0 € Z or I'p # (), such that either the radiation
condition or the Dirichlet boundary conditions guarantee the uniqueness of the solution.

2.5 Discrete skeleton formulations

Fixing our triangulations on the subdomains, we define the spaces

B = (0 B0 sny =01
HY*(Ts) = {u € H'/*(Ts) : ulr, = 0},

Viip(Ti) = H*(T) N V(D)

Vip(Ts) = {u € H*(Ts) : ulr, € V*(T4)} .
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Let now gp € H'/?(T's) be an arbitrary extension of gp from I'p to I's. Then we can write
our solution as
uw=gp+u®  withu® e H*(Ts).

For the sake of simplicity, we assume that gp, gp and gy are contained in the corresponding
discrete spaces. Using the notion of the Steklov-Poincaré operators and Newton potentials
(cf. Section 2.2.2), we can rewrite the model problem (2.30)—(2.32) as the following variational

problem, cf. [58, 59]: Find u(®) ¢ H})/Q(Fg) such that

> i Siur, vlr,) = (fi — i Sigplr,, vlr,) W e H*(Ts). (2.33)
€L el

Here,

o[ S forio,
T SgKt fori=0

denotes the interior or exterior Steklov-Poincaré operator on I';, and

fiom Nifi +gnlriry € H-Y2(Ty)  fori#0,
l'_ 0 fori =0,

where N; denotes the Newton potential on £2;.

The Galerkin projection of (2.33) onto the discrete space V", reads: Find ugo) € Vlh p([Ts)
such that

S (SinAiul”, Aiop) =Y (fin — Sin AiGp, Aivw) Yo € VIp(Ts). (2.34)
€T i€l

Here, A; denotes the restriction operator from the global space Vlif p(I's) to the local space
V] 5(T;). The operators

R t . int
So,h = 0 S;BEM » Sih = S;?FEM/BEM ) (2.35)

involve the approximations of S; which we have introduced in Section 2.2.3, and the linear
forms f; j, denote the corresponding discretizations of the continuous forms f;. For an in-
dividual ¢ # 0 we can use either the finite element or the boundary element approximation
scheme.

Formulation (2.34) is equivalent to the minimization problem

1 ~
, min 3 [§<Si,h A0 40y — (fi = Sin AiGp, A0V (2.36)
”2 GVl}?D(FS) €T
Using that up = gp + UELO)’ we obtain by a simple computation the equivalent constrained
minimization problem

: 1
min 3 {§<Sz‘,h Aivn, Aivp) = (fi,n, Aivn)| - (2.37)

o €VTs) ez
vnlrp=9D



21

The discrete formulations (2.36) and (2.37) are equivalent to a linear system of algebraic
equations where the unknowns are the degrees of freedom of the unknown functions ugo) €
V{5 (Tp) or uy, € V(I's). FETI/BETI methods are specific methods to solve these algebraic
eqﬁations efficiently. In particular, these methods can be implemented on parallel machines in
a straight forward manner. The analysis of one-level BETI methods for unbounded domains

is presented in Section 3, whereas Section 4 is devoted to BETI-DP methods.

3 One-level BETI methods

In this section, we give the BETT formulation according to [58, 59] and the all-floating BETI
formulation according to [71, 72] (which is basically the same as the total FETI formulation
in [23]), and extend it to the case of unbounded domains (Section 3.1). Furthermore, we
state suitable preconditioners (Section 3.2) and derive appropriate assumptions, under which
we can show their quasi-optimality (Section 3.3).

3.1 BETI formulations
3.1.1 Lagrange multipliers

Using the tearing and interconnecting technique, we derive now two different saddle point
formulations, one starting from the minimization problem (2.36), to which we refer by the
term standard formulation (cf. [49, 87]), and the other one starting from problem (2.37),
which is called the all-floating formulation (cf. [71, 72]), or in the FEM context total FETI
(cf. [23]).

The standard formulation: Our starting point is the minimization problem (2.36). For
simplicity, we assume (only in context of the standard formulation), that gp = 0. Following
[58, 59], we introduce separate unknowns up, ; € Vf} p(Iy) for A; uglo). Since the triangulation
is fixed, we drop the subscript A for a better readability and write u; instead of uy_;. We fur-
ther introduce Lagrange parameters A in order to re-enforce the continuity across subdomain

interfaces.

For each node x € I'; , NI'; , we can introduce a constraint
ui(x) = uj(z) . (3.1)

In this work, we consider non-redundant and fully redundant constraints. In the non-
redundant case we use the minimal number of necessary constraints, whereas in the fully
redundant case, the maximal number of possibile constraints is used, cf. Figure 6.

For the standard formulation of the one-level BETI method, we set

Wi=WpT),  W=][][w.
i€l



22 3 ONE-LEVEL BETI METHODS

i_t i}
. | S W S

e X

—e ) ~ —e ) . > —
Q3 Qy Q3 Qy
Figure 6: Sketch of non-redundant constraints (left) and fully redundant constraints (right)

for a subdomain edge in three dimensions, or a subdomain vertex (cross point) in two di-
mensions.

Note, that will use a different definition of W; and W in the next section dealing with the
all-floating formulation. We write!

u = (ui)iez ew.

In the following, we always regard S; ;, as operators mapping from W; to W and assume
that f; , € W;". Moreover, we define

ker S; == {w € W; : S; pw =0},

depending on W;. Throughout the whole section, we work extensively with the product space
W of typically discontinuous functions and its subspace W of functions that are continuous
across the interface I'y, see also [49, 87].

We define the space of Lagrange multipliers by
U:=RM, (3.2)

where M is the total number of constraints. We identify the dual U* with R™ and write
(u, ) = (p, Ny, for A € U, p € U*. Furthermore, we introduce a natural basis: The unit
vector in U that corresponds to the constraint u;(x) = u;j(z) for x € I' N T}, is denoted by
Az,ij- The corresponding unit vector in U* is denoted by fiz ;.

We can now define the jump operator B : W — U* by
(Bw, Agij) = Wiax(i,5)(T) = Wmin(i, ) (T) - (3.3)
Let B; : W; — U™ defined by

w;(x) fori=j,zely,NIy,
<Bi Wi, )\x,jk> = fwi(x) fori =k, x € Fi,h NIy, (3.4)
0 else,

Note, that we use the same notation for the continuous solution u € H/?(I's). However, the difference
should always be clear from the context.
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where j > k. Recall, that I'; , is the (discrete) set of nodes of the triangulation of I';. By
definition, we have (Bw, \) = > _,.7(B;w;, A) for all A\ € U. Hence, the constraints (3.1)
can be written in the compact form

Bu=0, (3.5)

to be read as an equation in U*. Note, that the operator B can simply be represented by a
signed Boolean matrix, i. e., a matrix with entries 0, 1 or —1.

The adjoints BZ-T U — W and BT :U — W* are defined by
(BIX\, w;) = (Biw;, \) YA e U, w; € Wi,
(B"A\,w)=(Bw,\) VYieUweW.
In addition, we define the operator S : W — W* by

S = diag (S; n)icz (3.6)
and the linear form f € W* by
(fow) = (finwi) YweW. (3.7)
1€

With this notation we can write the minimization problem (2.36) equivalently as the con-
strained minimization problem

min }<Su, u) — (f, u).
ueW 2
Bu=0

The corresponding saddle point problem reads as follows. Find (u, \) € W x U:

(5% )(3)-(3) 6

We define the index set of the floating subdomains,

Iﬂoat = {Z € T : ker S@h 75 {0}},
which is the set of those i € Z \ {0} with I'; N T'p = 0 for the standard formulation.
The following assumption is needed later in the convergence analysis, cf. [87].

Assumption 3.1. For the standard formulation of the one-level BETI method in three
dimensions, we assume that in the case that €; touches the Dirichlet boundary I'p, the
intersection I'; N I'p consists only of faces and edges, no isolated points.

The reason for this assumption is that in two dimensions, there is a discrete Poincaré-
Friedrichs inequality (cf. Lemma 3.14, page 44) for single-point Dirichlet conditions stating
that for an edge F € &;,

1

HfE”UH%Q(E) < C(1+log(Hp/hi)) |U’§{1/2(E) ;

if u € V]*(F) vanishes at one of the endpoints of E. In three dimensions, there is no
comparable result for such single-point Dirichlet conditions, at least not with a logarithmic
factor; see also [87, Chapter 5, Theorem 5.3 and Remark 5.4].
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The all-floating formulation: According to [71, 72], we start with the minimization
problem (2.37), and apply the same tearing and interconnecting technique as before, i.e.,
we introduce separate unknowns u; € Vlh(I‘i) for A; up and re-enforce the continuity across
interfaces by the same Lagrange multipliers as in the standard formulation. However, for
the Dirichlet boundary conditions

ui(z) = gp(x) forzel;,NTp, (3.9)

which are now localized, we introduce additional Lagrange multipliers. The corresponding
new unit vectors in the spaces U and U™ are denoted by A,; and p, i, respectively. We
extend the jump operators B; : W; — U* and B: W — U* by

(Biwi, Aa,j) = 04 wi(x)

for x € FsnnNIp.
(Bw, Ay j) = wj(x)

Together with b € U* defined by

<b, A:):,ij) =0 for z € F&h \ FD,
<b, )\gm‘) = gD(:E) for z € FS,h N FD,

the modified constraints read
Bu=5». (3.10)

Since the Dirichlet conditions are already reflected by these constraints, our unknowns wu;
are now functions to be found in

Wi = VM) .

Since ker S; ;, = span{lr} for all ¢ € Z \ {0} and because the exterior Steklov-Poincaré
operator Sy ; has always a trivial kernel,

Thoat = Z \ {0} .

which justifies the expression ’all-floating’.

Finally, the corresponding saddle point formulation reads: Find (u, A\) € W x U such that

(5 %)()-(0) oy

Note, that for both systems (3.8) and (3.11), ker S Nker B = {0}, and thus S is elliptic on
ker B. Therefore, the solution (u, ) is unique up to adding elements from ker BT to .

Remark 3.1. We see that in the all-floating formulation, all the interior operators S; j, have
the same kind of kernel. This can be a big advantage in linear elasticity, since in the standard
formulation the corresponding local kernels can have dimension from 0 up to 6.

Remark 3.2. We observe that, if I'g has a common part with the Dirichlet boundary, the
kernel of Sy ;, does not change whether we formulate the Dirichlet boundary conditions with
Lagrange multipliers, or incorporate them in the space Wj.
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The following technical assumption will be essential in Section 3.3 and its reason will be-
come clear in the proof of Lemma 3.12 in Section 3.3.6. Note, that in practice the assumption
does not really restrict our method, but is just an implementational detail.

Assumption 3.2. If Ty NTp # 0, we assume that the corresponding Dirichlet conditions
are not formulated by Lagrange multipliers, but incorporated into the space Wy := VlhD(Fo),
also in the all-floating formulation. In accordance with Assumption 3.1 (page 23), we assume
that in three dimensions the intersection of I'g and I'p does not contain isolated points but
is at least in the magnitude of a subdomain edge.

3.1.2 Dual formulations

In the following, all derivations hold for the standard and the all-floating formulation (the
choice of which effects in particular B, U, W; and Zgoat ), and both the non-redundant and the
fully redundant choice of Lagrange multipliers. Any differences will be pointed out explicitly.

We introduce parameterizations R; : R — kerS;, C W; of the local kernels and set
Z = {& = (&)ier € REI . ¢ = 0fori ¢ Thoat} and R := diag (R;)ier : Z — kerS.
Furthermore, the adjoints RiT W - Rand R" : W* — Z are defined by

)

(w, Ri &) = (R w)&;  Yw e WF, V& eR,

()

T (3.12)

(w, R§) = (R'w, &)y, YweW*, Ve Z.

For all ¢ € Zgyat, we introduce the regularizations gi,h : Wiy — W by
<§i,h v, w> = <Si,h v, w> + ﬂi(v, 1F)L2(1"i)( s 1F)L2(1"i) for v, w € W;, (313)

with 8; > 0, see also [60]. E.g., we can set 3; := o HZ-_1|I‘Z-\*1; the factor H[1|Fi|*1 can
be obtained by dilation from a domain with unit diameter. For the remaining non-floating
subdomains, we simply set gi,h = Si.n, for i € T\ Zgoat. We can now define the following
pseudo-inverses Sg’ 5 by

S; ! for i € Zgoat
Sg,h::{( ) float

h
(Sz h)_l for i g Thoat »

)

and set S := diag (gi,h)ieI and ST := diag (Sih)iez.

The following lemma summarizes some well-known properties of the Moore-Penrose pseudo
inverse in the concrete context of S’J B

Lemma 3.1. For all i € o and v € range S; p,
oot
SinS; v="uv,

and
(ST,h% Z)LZ(Fi) =0 Vz € kerS; , .

1
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Proof. On one hand, v € range S; j, implies (v, 1) = 0 and thus,
(SinSi v, 1r) = (v, 1p).
On the other hand, for w € W, with (w, 1r)r,r,) = 0, we obtain
(Sin Slhv, w) = <§1h Slh v, w) — ﬂi(Slh v, 1F)L2(Fi)(w, 1r)r,r,) = (v, w) .
Combining the last two identities, we can easily derive
<S’i,hS§’hv,w) = (v, w) Ywe W.
Furthermore, we set u = Slhv. Thus, §i7hu = v, and we can conclude that
(Si,nu, 1r) + Bi(u, 1r) pyry(Ar, 1r) oy = (v, 1r) -
The first term vanishes since 1r € ker S; ;, and the right hand side is zero because v €
range S; . Hence, we obtain that (u, 1r)r,r,) = 0 which directly implies above orthogonal-
ity.? O
We can now express each u; in terms of the Lagrange multipliers A by
wi = S!,[fin — BI A + Ri & (3.14)
for some & € Z, if the compatibility condition
fin — BZT)\ € range S; p,

is satisfied, which is equivalent to RiT (fin— BZ-T A] = 0. We substitute the local solution u;
in the second equation of (3.8) or (3.11) by formula (3.14) and introduce the abbreviations

F:=BS'B" G:=BR d:=BS'f and e:=R'f, (3.15)
where for the all-floating formulation we have to set
d:=BSf—b. (3.16)

Eventually, we arrive at the dual formulation: Find (), §) € U x Z such that

(e 0 )(e)-(7): 61

In order to eliminate the kernel correction &, we define two special projection operators.
For this purpose, we fix an operator @) : U* — U (which we will specify later), such that

2We could also use other choices of S; . For instance, if we regularize by BV o, 1) (Vi w , 1) (where
V; is the single layer potential operator on I';), we get that Sj’hv is orthogonal to ker S; 5 in the inner product

induced by Vi_1 instead of the La-product.
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{11, Qv) defines an inner product on rangeG. The projections P : U — ker G and P' :
U* — (range G)@ are now defined by

P=1-QG(G'Qa)'aT,

Pl =1-GGETQa)'GTQ. (3.18)

Here, range (P") = (range G)*@ = {u € U* : (Qu, i) V' € range G}.

Note, that GTQ G is the Galerkin projection of BT @Q B onto ker S. Since ker Snker B = {0}
and Q is SPD on range G, the operator G'Q G is SPD and so its inverse always exists.

Remark 3.3. Since G = BR is a difference operator, G'Q G is equivalent to the stiffness
matrix of a graph Laplace problem, where each floating subdomain €;, ¢ € Zgyat contributes
one degree of freedom. The weights or coefficients of this graph Laplace operator are kept
in the SPD-operator Q. Thus, an application of P or PT implicitly solves a coarse problem
with as many unknowns as there are floating subdomains.

Furthermore, according to [49, 87], we define the subspace V' C U of admissible Lagrange
increments and a space V' C U* by

V:i={\AeU:(Bz,\) =0 VzekerS}=kerG' =rangeP,
Vii={ueU*:(Bz,Qu)=0 Vz¢ckerS}= (rangeG)? =range P'.
Additionally, we set

V':=V'NrangeB. (3.19)

Remark 3.4. If @ is SPD on V' it is easily shown that the space V' can be identified with
the dual of V' and V' can be identified with the dual of the factor space V)ker BT+

We introduce the fo-projector II : V/ — V’. Then
np' =pP'l, IIF=F, G =G, Id=d, (3.20)
and it is clear that
F(A+kerB")=F\. (3.21)

Multiplying the first equation in (3.17) from the left by PT and (I — PT), we obtain
P'FA=P'd,
(I-PYFAX-G¢=(I—-Pd.

Note, that due to (3.20) and (3.21) these equations neither change if we multiply them from
the left by II nor if we add an element of ker BT to \.

Splitting A = Ao + X with X € V, we obtain for the second equation in (3.17) that

G =e.
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We see that we have now decoupled all the equations, and that the solution (), £) = (A0+X, €)
is given by

M=QG(GTQG) e, (3.22)
P'TFX=P'(d—FXp), (3.23)
E=(GTQOIGTQ(FA-d). (3.24)

Hence, if we solve (3.23) for X, we can easily compute A, £, and finally get u from for-
mula (3.14). By V = range P and V’ = range P, we see that on the subspace V/ker BT the
operator PTF = PTF P is SPD, and so equation (3.23) can be solved by a preconditioned
conjugate gradient (PCG) subspace iteration on V) e, g7.

It was proved in [33] that the condition number of the un-preconditioned FETI system
grows like O(H/h), which emphasizes the importance of preconditioners.

3.2 Preconditioners for the one-level method

We are now searching for some preconditioner M1 : U* — U for PTF on the factor space
V/ker BT 1. €., we aim for

Aminl[Alle, < (PM7T'PTEX, Ngy < Amaxl M, VA€ V) pr

with Apax/Amin < C' as small as possible. We informally write
K(PM'PTFP)<C

to be understood in the factor space modulo ker BT.

3.2.1 Weighted counting functions

A key tool for the robustness of FETI methods with respect to coefficient jumps are the
weighted counting functions, which were first introduced by Sarkis [76], and which play
also a crucial role in balancing Neumann-Neumann methods; see [87, Chapter 6] and the
references therin.

For a node z of our triangulation, let N, denote the set of indices of those subdomains
that touch that node. Since this set does not change on edges and faces, we write Ng
and Nz for the sets of indices of those subdomains that touch the edge FE and the face F,
respectively. For a fixed number v € [1/2, c0), we can now define the weighted counting
functions (57;T € V/'(T's) by

o] forx el
= o ih
81 (z) := keZN k (3.25)
0 fOI‘JJGFS’h\Fi’h.

These functions provide a the following partition of unity on I'g j:

Z(sj(l‘)El VﬁEF&h.
1€
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Lemma 3.2. The estimate
a; (5;(30))2 < min(ay, o) Veel; p,NT;p (3.26)
holds for any choice of the exponent vy € [1/2, c0).
Proof. We have to prove that
a; O,

’ 5 < min (o, aj) )

(%)

for each x € I'; , N T'j . The estimate is trivial if o; < ;. In the other case we note that
the function s — 51727 is monotonically decreasing for v € [1/2, o0), and so we have

2y 2y
(a7 o
J i 1-2v 2~ 12y 2y )
< 5 O o <1 a; o < aj.
keENL keNL

3.2.2 Non-redundant Lagrange multipliers

For the case of non-redundant multipliers the following preconditioner was first introduced
and analyzed in [49] for the FETI method, and in [58] for the BETI method, respectively.
Let us define

M= (BD'BHY'BD'sD'B(BD'BT)™! (3.27)
with D := diag (D;)iez : W — W*, and D; : W; — W/ defined by
(D ®jw, w) = (Djw, w)e, ,
D; := diag (di z)zer, ,, ;

. §l(x) zelip\Tp,
L 1 zel;,NIp.

Here,
ORI W wew= Y wjig;
T eFi,h

denotes the usual FE isomorphism, NV, = {j € 7 : # € T';} is the index set of subdomains
touching the node z, and 7 is an arbitrary but fixed real exponent with v > 1/2. Due to
their diagonal representation given above, it is clear that D; Land D! always exist. Note,
that I'p is regarded as a closed set, and that for nodes = lying on subdomain faces included
in the Neumann boundary I'y also d; , = 1.

Remark 3.5. In the definition (3.27) of the preconditioner M ~!, the local operators Si,n ap-
pearing in S may be replaced by any other preconditioners for the local operators S; 5, Which
are spectrally equivalent to S; . There are many preconditioners from the standard finite
element literature, cf., e.g., [52, 87]. Another possible choice is the discrete hypersingular
operator D; p, see [54, 58, 59].
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In the following, we state some lemmas in order to get a certain characterization of our
preconditioner at the end of Section 3.2 in Corollary 3.6. This goes along the theory in [87]
and is strongly related to the theory of Neumann-Neumann methods.

Lemma 3.3. For the non-redundant case, the projection operator Pp : W — W defined by
Pp:=D'B"(BD'B")"'B (3.28)

satisfies
BPp=B8B and I—-Pp: W —=W,

1. e., the finite element function w — Pp w is continuous across sudomain interfaces for all
w € W. Furthermore, w — Ppw satisfies the homogeneous Dirichlet boundary conditions,
and Pp w vanishes at nodes on the Neumann boundary which do not belong to the interface.

Proof. From the definition of Pp we see that B Pp = B and B(I — Pp) = 0. Therefore, any
function w— Pp w is continuous across subdomain interfaces. For the all-floating formulation,
we obtain already from B(I — Pp) = 0 that the function w — Pp w satisfies the homogeneous
Dirichlet boundary conditions. For the standard formulation, we can observe that B' does
not contribute to the Dirichlet nodes, and neither does Pp. Hence, (w — Pp w);|r, = wilr,
for all ¢ € 7, and due to our assumption w; € W; already satisfies the homogeneous Dirichlet
boundary conditions. For both formulations, B' does not contribute to the nodes on the
Neumann boundary that do not belong to the interface, and so Pp w vanishes there too. [

Lemma 3.4. With the projection Ep : W — w defined by

(Bpw)(@) gf (5;(m) wij(x)  forx el \I'p,
DW)i\x) = JENz
0 forzel; ,NI'p,

the identity
Pp=1-Fp

holds.

Proof. The proof for the standard formulation can be found in [49, 87]. Note, that on nodes
z € I'; , NT'y that do not belong to the interface I'y, N, consists only of one index, namely
1. Since Pp w gives no contribution to these nodes, the formula Pp = I — Ep remains valid.
For the all-floating formulation, we additionally need to consider the nodes on I'; , N I'p.
From the previous lemma we know that (w — Pp w);|r, = 0. By the definition of Ep also
(Epw)ilr, = 0. Thus, I — Pp = Ep. O

3.2.3 Fully redundant Lagrange multipliers

For the fully redundant case, the following preconditioner is chosen, which was originally
proposed for the FETI method in [75] and analyzed in [49],

M~' = Bpr S B}, (3.29)
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with Bpr := > Bgl, where the operator Bgl : W — U and its adjoint Bg)r :U* — W; are
i€l
defined by

5]T€T(x) fork<j=1i,z=uy,
J

[(Bgl)mx’jk](y) = —0i(x) fori=k<j ax=y,

0 else
forz € T, \T'p and j € N, and

\T, 1 fori=j,z=uy,
B ) ={ 5 o

for x € I'; , NI'p. Of course, as in the non-redundant case, the operator S appearing in the
definition (3.29) of M ~! can be replaced by any spectral equivalent operator, cf. Remark 3.5.

Lemma 3.5. For the redundant case we have
B).B=Pp. (3.30)

Proof. Using the definition of B (cf. (3.3)) and Bpr and due to the fact that we have fully
redundant constraints, we obtain the following formula for the all-floating formulation:

(BS) Bw= (BT [ S (Winax(i.)) (@) — Wmingi, (7)) Haij +

= xEFLhﬂF[

JEN

+ Z wi(x)ux,i]7

xEFLhﬂFD

for all w € W. For the standard formulation, the terms corresponding to j;; must be left
out. Hence,

A S 8@ (wiz) — wj(x) forz el , \I'p,
[(BgZ)TB w](z) = JENs ! ( ()

wi(z) forxel; ,Ul'p.
This formula also holds for the standard formulation, since w;|r,, = 0, and it proves that
BJ,.B=1—FEp = Pp, cf. Lemma 3.4. O

3.2.4 A unified characterization of all BETI formulations

Corollary 3.6. For all BETI formulations, no matter if non-redundant or fully redundant
Lagrange multipliers, standard or all-floating formulation

B'"M™'B=P,SPp

holds. In other words, the projection Pp = I — Ep characterizes all the preconditioners of
the various formulations.
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FETI/BETI-PCG-Algorithm
e=R'f
d=BS'f
A =Qa@ETQa) e
r® = PT(d— F )
500 = 20 — ppr—1,00
By = <f(0), z(0)>
n=>0
while (8, < fo-€ and 7 < Npax)
t 2 = pTF g
ay, = @(n), S(n)>
a = ﬁn/an
A+ — A\() 4 g(n)
P+ — () _ g ()

Lt — p -t (1)

ﬂn—&—l — <£n+17 z(n+1)>
ﬂ = ﬁnJrl/Bn

s(n+1) e Z(n+1) _|_ /Bs(n)
n=n+1

}
7=(GTQG)'GTQ (FA™ — q)
u=SH(f—BTAM) + Ry

3 ONE-LEVEL BETI METHODS

Figure 7: The variables in the spaces U and U* are emphasized in the following way: Bold
variables (e.g., s ) correspond to unknowns in V' or Ao + V. The underlined variables
(e.g., g(”)) correspond to unknowns in V/ = V' Nrange B. The key observations is that all
operators applied to the bold variables (i.e., F and BT) are invariant if we add elements
from ker BT, and any inner product of the form (z(™, s() is invariant if we add terms
from ker BT to s(™ since (™ € range B. Furthermore, all terms assigned to the underlined

variables, such as (™ really stay in %

V' Nrange B.
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Figure 7 displays the entire FETI/BETTI algorithm, cf. also [58, 59, 87].

Remark 3.6. The present method contains a coarse solver in the projections P, P'T. The
name one-level method refers to this specific kind of coarse solver, not to the entire algorithm.
On the contrary, two-level FETI methods were designed for biharmonic and shell problems
[29, 32] and, as we have already mentioned in the introduction, in the case of dual-primal
methods (FETI-DP, BETI-DP), a completely different coarse solver shows up.

Remark 3.7. The BETI-Algorithm can easily be parallelized. Then the bold variables (see
Figure 7) correspond to accumulated vectors, whereas the underlined variables correspond
to distributed vectors. The only communication is necessary for the evaluation of the inner
products, the preconditioner, the projection and the operations involving the coarse solver

(GTRG)™.

3.3 Condition number estimates for one-level BETI preconditioners

In this section, we give the condition number estimates for the preconditioners introduced
in the last subsection. First, in Section 3.3.1 we state some basic results and specify the
operator () which appears in the projections P and P'. Secondly, we need to introduce
an extension indicator in Section 3.3.2 before we state our main result, Theorem 3.1, and
related material in Section 3.3.3. The main proof relies first on an estimate concerning the
extension indicator which is formulated in Lemma 3.11 and secondly on a special stability
result stated in Lemma 3.12. In Section 3.3.4 we elaborate technical tools which we need for
the proofs of Lemma 3.11 and Lemma 3.12 which are finally presented in Section 3.3.5 and
Section 3.3.6.

3.3.1 Basic results and the operator )

We define the energy semi-norms

]wi|5i’h = <S¢7hwi, wi>1/2 for w; € Wi,
2
lw|s = (Z]w%lh) for w e W,
i€l

and the subspaces
(ker S p)* := {w € W; : (w, 2)pyry) =0 Vz €ker S}
(ker S)* :={w € W : w; € (ker S; 5)* Vi€ I}.
Note, that | - |s, , is a norm on (ker S;p)* and |- |s is a norm on (ker S)*.
First, we prove that the preconditioner M ~! defined in Section 3.2 is SPD on V'3

Lemma 3.7. If Q is SPD on range G, then M~ is SPD on V', i.e.,

(M~ ) >0 VueV'\{0}.

3In the standard literature, e.g., in [49, 87], the theory is only proved for the diagonal choice of Q. For
Q = M ™! the definiteness is not shown explicitly. The above lemma shall fix this gap.
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Proof. From the definitions (3.27) and (3.29), we see that M ~! is symmetric and positive
semi-definite, and so M~! is symmetric and positive semi-definite on V’'. To show the
definiteness we assume that (p, M ~'u) = 0 for some u € V’. Since i € range B, we can find
aw € W with Bw = pu. Setting w = Ppw we also have Bw = p, cf. Lemma 3.3, and since
Pp is a projection we have Pp w = w. Applying Corollary 3.6 we obtain that

0= (u, M~\p) = (B&, M™\B @) = |Pp a3 = a3,
We conclude that @ € ker S. From the definition of V' (cf. (3.19)) we know that
(BT,QB ) = (BT, Qu) =0

because p € V. Finally, since @ is SPD on range G which is the image of ker S under B, we
obtain that Bw = 0. Therefore, also ;1 = 0 which proves the definiteness. O

Lemma 3.7 justifies to define an operator M : V). g7 — V' as the inverse of IITP M~ :

vV — V) ker BT s see Remark 3.4. Following the proof by Klawonn and Widlund, we show that
for some Amin, Amax > 0,

>\min<M )\7 )\> < <F >\a )\> < >‘maX<M )‘a >‘> VA€ ‘//kerBT . (331)

Then Amax/Amin is an upper bound for the condition number x(P M~'PTF) on V) ker BT-
First, we need several technical lemmas.
Throughout this work, we agree that writing sup % implicitly excludes those x from X
rzeX
with a(z) = b(z) = 0.

Lemma 3.8. Let QQ be SPD on V'. Then the following identities hold:

Bw, \)? Bw, \)?
(FA N = sup BUANT g BuNT gy (3.32)
weWw |w‘S weker S+ ‘w’S
(1, A)?
(MM X =sup ——2L — YAEV 0pT, (3.33)
M€\7’ <:U’7 M 1/1'> [her B
(Bw, M'Bw) = |Ppw|} NYweW. (3.34)

Proof. The proof has been presented in [49, 87]. By the definition of ST, S and Lemma A.2
we get for A € V:
(BTX, w)?

(FA N =(BTA, STBTA) = (BTA, S7'BTA) = sup ~—
wew (S w, w)

S (Buw, L (Bw
weW <Sw7 w) + ‘EIZ ﬁl(wz ) 1F)%2(Fi) weW |w‘L2g
1 float

In the last step we have used that §; > 0 and that (w;, 1r)p,r,) = 0 for w; € (ker Sin)t
Note, that sup,ecp (Bw, \)?/|w|% is well-defined due to our convention on suprema, since
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|lwls = 0 implies (Bw, A\) = 0 for A € V. For w € W, wp € ker S and A\ € V, one easily
shows the shift invariances

(B (w+wp), \) = (Bw, \) and |w 4+ wols = |w|s, (3.35)

and altogether, this proves (3.32). The second identity, (3.33), follows from the definition of
M and the fact that the dual of V), g7 is isomorphic to V', see also the remark on page 27.
The third formula (3.34) follows directly from Corollary 3.6. O

Lemma 3.9. Let Q be SPD on range G and symmetric positive semi-definite on U*. Then,
for any w € W, there exists a unique z, € ker S such that B(w + z,) € V'. Moreover,

fo—argmin [B(w+2)lg,  and  [Bzullg < [Bullg,
z€ker S

where ||p|q := (1, Q u)'/?. The mapping w — 2, is linear.

Proof. See [49, 87]. There, z, is explicitly constructed by
2w =—-R(G'QG)'GTQBw,

from where we see that z,, depends linearly on w. O

Up to now, we have not specified our operator () : U* — U which appears in the projections
P, P". For the standard case, Klawonn and Widlund (cf. [49, 87]) propose either setting
Q = M~ or a special diagonal choice of @ which we generalize for the all-floating case in
the following.

The choice Q = M. In this case, it remains to show that M ~! is SPD on range G, such
that the projections P, P' are well-defined and that the assumptions of Lemma 3.7 and
Lemma 3.9 are fulfilled. Note, that with Lemma 3.7, ) is automatically SPD on V', and
thus the assumption of Lemma 3.8 is satisfied.

Lemma 3.10. M~ is symmetric positive definite on range G, i. e.,

(Bz, M™'Bz)>0 for z € ker S'\ {0}.

Proof. We have already seen that M~! is symmetric and positive semi-definite. Assume
that (Bz, M~1Bz) = 0 holds for some z € ker S. Due to Corollary 3.6, |Pp z|% = 0, and
so Ppz=2— Epz € kerS. Consequently, Ep z € ker .S which means that each component
of Ep z is constant on I';. However, Ep z is continuous across subdomain interfaces and
satisfies the homogeneous Dirichlet boundary conditions (if present). Additionally, if 0 € Z,
we know that zp = 0. Since two arbitrary subdomains can be connected via a path through
subdomain faces, an elementary argument shows that z = 0. From this we finally conclude
that B z = 0 which shows the definiteness. O

Remark 3.8. The choice Q = M~ is of course expensive because it means for every appli-
cation of P, PT one more application of M~!; additionally the application of (GTQG)™"
becomes more complicated. The following choice is much cheaper from the computational
point of view, although it turns out that a more careful analysis is required.
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A diagonal choice of ). A second possibility is to choose @ diagonal with respect to
the basis fizj, pz; which we have introduced in Section 3.1.1. This means, () is uniquely
defined by specifying
(Bajijs Q taij) =2 Qlta,ij] forz € (I'ynNLjn)\I'p,
(Bair Q pai) =t Qlpizi]  forz el p,NTp.

In three dimensions, we set for € (I'; , N T'; ) NIy,

. He\\ h?
min (o, ozj)(l + log (hT)) Vi forz e Fe F;NF;,
Q[/«L:v,ij] = min(ai, Ozj)hi forxe Ee€&n gj R (3-36)
min(ay, a;)h; forx=VeV;NnYV;,

whereas in two dimensions we set

Qlptzij] = { min (o, aj)(l + log (HE))I% foree E€&NEy,

h;

3.37
min(a;, o;) fore=VeV,NnV;. (3:37)

For the all-floating formulation, we define the additional entries for x € I'; , N I'p by

ai (L +log (He)) )L forzc Fe 7,
Qluzil = i hy forze E €&, (3.38)
o; h; forx =V eV,

in three dimensions, and

; (1+log(f}{f))£; forx e E€&;,
o forx=V e€V;.

Qlua,i] = { (3.39)
in two dimensions. Note, that by Assumption 3.2 (page 25) we have no Lagrange multi-
pliers of the form p; g, i.e., no Lagrange multipliers on I'g that enforce Dirichlet boundary
conditions, even in the all-floating formulation.

For the case of non-redundant Lagrange multipliers, we need an additional restriction,
namely that the constraints are chosen according to the ’fork’ distribution depicted in Fig-
ure 6 (page 22), where the distinguished node lies on the boundary of the subdomain with
the locally largest coefficient, cf. [49, 87].

3.3.2 The extension indicator

The following two definitions and the following lemma are needed to obtain good condition
number estimates for the one-level BETT method in the case of certain geometric configura-
tions, in particular if interior Dirichlet boundary conditions are present.

Definition 3.1. The extension indicator v,({Q;}, To, I'p), depending on the domain de-

composition {Q;}iez, on the geometry of the boundary Ty, the Dirichlet boundary T'p and
the discretization (indicated by h), is defined by

’Hint uh‘Q ‘

({2}, Lo, I'p) := sup . Lo ) : (3.40)

[Hmt | + g [l
up, € V() hIH Q) T dlam To 11Ty (1)
=0

Up, ’F()ﬂFD
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9

Figure 8: Two ring-shaped configurations of Qi,¢, I'g and I'p. Left: n ~ Hy. Right: n < Hy.

Here, H™ denotes the unrestricted discrete harmonic extension from Ty to the open, bounded

domain Qi defined by
Qg = U ﬁz

ie7\{0}

I e., for uy € V(Ty) .
HIE gy, = N argr]?in ’Hh@ll(ﬂim) .
U}LG ‘/1 (Qint)
Up|ry = up
The operator Hg}tD denotes the minimal discrete harmonic extension from Iy to Qi that
satisfies the homogeneous Dirichlet boundary conditions on I'p \ T'g, . e.,

Hbr}tD up, = argmin ‘ahﬁfl(ﬁint) :
ﬂ]}ve ‘/]_h<Qint)
Un|ry = up

Definition 3.2. The shape parameter 1 > 0 of Qint is defined as the largest number such
that the boundary layer
Qin‘c,n = {ZL‘ € Qint : dist (Z‘, FO) < "7},

can be decomposed into shape-regular patches {w;}je s (or covered by them such that | J;c ; wj C
Qint ), where diamw; = O(n) and measq_1(dw; NTo) = O(n1) for all j € T, see also Fig-
ure 8 and Figure 9.

Lemma 3.11. Let wg € Vi p(I'o) be an arbitrary discrete function on the boundary I'g
fulfilling the Dirichlet boundary conditions on o N T'p. Then the following estimates hold.

(i) If Tp \ Ty is empty we have
({92}, To, I'p) =1

(1) If dist (Tp \ Lo, I'p) > 0, we have

Hy
2}, o, I'p) =2 — :
w({€:}, Lo, I'p) dist (I'p \ To, I'o)
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Figure 9: A configuration where I'p touches I'yg. Right: Construction of the patches w;
according to Definition 3.2.

(iii) Otherwise, if I'p \ T touches 'y (according to Assumption 3.2, page 25),

({2}, To, I'p) = }1170<1 +log <%>>2

holds, with the shape parameter n > 0 due to Definition 3.2.

Proof. We postpone the proof to Section 3.3.4 O

Remark 3.9. In general, estimate (ii) in Lemma 3.11 is sharp. For the two-dimensional
ring-shaped domain depicted in Figure 8, right, one can easily show that for wy = 1,

: Hy 1
IH'D wolin ) = W FOH@UOH%Q(FOy

The same result can be obtain for the corresponding three-dimensional geometry (a cube
with a smaller cube cut out).

Remark 3.10. For certain geometries (in particular since there are no constraints from the
Neumann boundary I'y on the extension HST“D wp), there might exist a larger n > 0 than
the one in Definition 3.2 fulfilling the estimate in Lemma 3.11. On the other hand, we see

from Assumption 2.2 that n < minpcr, Hp.

3.3.3 Main result

Before the main theorem, we state a stability estimate which is crucial in all FETI-type
condition number estimates (cf. [87]). For the specific case of the unbounded domain we
need a further regularity assumption on €.

Assumption 3.3. The domain Qi satisfies an exterior cone condition. More precisely, we
can add a layer of auxiliary subdomains around Qi that together with the subdomains €);,
1 # 0 form a shape-reqular coarse triangulation.

Lemma 3.12. Assume that oy > «; for alli € T and that Assumptions 3.1, 8.2 and 3.3 hold.
Furthermore, in two dimensions we require diamT'g = O(1). Additionally, let Q = M~ or
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let Q be given by the diagonal choice above. Then, for any w € (ker S)* and for the unique
zw given by Lemma 3.9, we have

|Pp(w+ 20)[§ < C({Q}, To, Tp) (1 + log(H/h))? w5 .

Note, that H/h is the maximal ratio of H;i;j/hi, and not H;/h;. The extension indicator
({4}, To, T'p) can be bounded due to Lemma 3.11.
Additionally, the estimate
Po(w+ 20)[% < C max 20 (1 + log(H/h))? [w]2
- FeFy HF ’

holds, even without the assumption ag > .

Proof. We postpone the proof of this lemma to Section 3.3.6. O

Theorem 3.1. Assume that the assumptions of Lemma 8.12 are fulfilled. Then the BETI
preconditioners M~ given in Section 3.2 satisfy the condition number estimates

K(PM~'PTF P) < Cyy({}, To, T'p) (14 log(H/h))?,

under the assumption oy > «;, and

K(PM'PTFP)<C max ]{ﬁ (1+1log(H/h))?,
without this assumption. Both estimates are to be understood in the factor space modulo
ker BT. Note, that importantly H/h is the mazimal ratio of the interface diameters H;; and
the local mesh size h;, and not max;cr H;/h;. The constant C' is independent of the mesh
parameters h;, the domain diameters H;, the interface diameters H;j, the exponent v and
the coefficients oy, and depends only on the shapes of the subdomains.

Proof. The proof is based on the results stated in Lemma 3.8 and Lemma 3.12 and follows
exactly the line of the corresponding proofs in [58, 49, 87]. We give bounds for the eigenvalues
in (3.31).

Lower bound. We show
(X, Ay > (M A N Ve V/kerBT . (3.41)

Let us fix p € % arbitrary. Since range B = U™ we can find a w € W such that Bw = p.
For @ := Pp w, we obtain u = B®w as well due to Lemma 3.3. Using formulas (3.32) and
(3.34) from Lemma 3.8, we conclude that, VA € V), g,

632 (Bw, \)? _ (N ean (A (A
@2  |[Ppalk ~ (Bw,M~Bw) (u, M~lp)’

(F A\

Since p € V' was arbitrary, we can apply formula (3.33) and finally obtain (3.41).
Upper bound. We show

(FA M) <C(+1og(H/R)P(MA X  VAEV)0pT- (3.42)
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By Lemma 3.9, for any w € (ker S)* there exists a unique z,, € ker S such that B(w + z,) €
V’. We fix now an arbitrary A € V), gr. Apparently, (B 2y, A\) = 0. Using Lemma 3.8
(formulas (3.32) and (3.33)), Lemma 3.12 and Corollary 3.6 we obtain

(1, N)?
(M X, \) = sup —————

e (s M=)
> sup <B (UJ—I—Zw), )‘>2
B we (ker §)+ <B(w + Zw)y M_lB(w + Zw))

(Bw, \)?

= sup ————%

we (ker S)+ |PD(w + Zw)|S
> ! sup B A
S (1 + log (%))2 we (ker S)L |w’?9’

1
(FAN).

e (s ()’

In the third line we have used and the fact that A € V// /i, 7. Moreover, C* represents the
two possible terms in the estimates of Pp, see Lemma 3.12. 0

Remark 3.11. The assumption «g > «; is, e.g., fulfilled in magnetostatic computations,
where the reluctivity coefficient in the exterior space is usually that of free space, 1/ug, and
all other material coefficients equal 1/(uopu,) for some p, > 1.

Two the main ingredients in the proof of Theorem 3.1 are on one hand Lemma 3.11
concerning the extension indicator and on the other hand the estimate stated in Lemma 3.12.
Some technical tools for both proofs shall be elaborated in the sequel.

3.3.4 Technical tools

In this section we provide technical tools which we need for the proof of Lemma 3.12. The
first class of tools concerning discrete Sobolev type inequalities is an extension of the results
summarized in [87, Chapter 4].

Definition 3.3. For V e V;, E € &;, F € F;, we define Oy, 0, Or € Vlh(l“i) by

1 =V
Ov(z) := { 0 else

1 rzeFl
Op(x) = { 0 else

1 r e F
Or(z) = { 0 else

where v € I'; j,.

By I" we denote the nodal interpolator operator mapping the continuous functions on T;
onto VMT;). We mention that I" is stable in the H'2-norm for quadratic functions. For
details see, e.g., [87, Chapter / and Appendiz B].



3.3 Condition number estimates for one-level BETI preconditioners 41

Figure 10: Left: The auxiliary domain QcC Qo with its non-overlapping decomposition.
Right: A configuration of (g with a small geometric angle.

The functions in Definition 3.3 induce the following partition of unity on I';,

Z Oy (x) + Z Op(x) + Z Op(x) =1 Veely.

Vey; FEe&; FeF;

Hence, for any u € V//(T';), we have

uw=>Y I"Oyu)+ > I"Ogu)+ > I"0pu). (3.43)

Vev; Eeg; FeF;

Definition 3.4. In three dimensions, we define for each vertex V € V; its corresponding

vertex patch wg), regarded as an open set, by

FeF; VEF

and for each subdomain edge E € &; its edge patch wg), regarded as an open set, by

W= |y F.
FE]'—»;,ECF

For a simplified notation, we define the face patch of a face as the face itself, i. e., wg) =F

for F € F;. The analogous definitions in two dimensions should be obvious.

In the following, we introduce special discrete H 1/2_ and Héé2—norms on the subdomain
boundaries, faces, and edge and vertex patches. First, we need to construct some auxiliary
subdomains in order to cope with the distinguished case of the unbounded domain €.

We consider a bounded domain Q Qo with

{z € Qq: dist (z, Ty) < Hp(x)} € Q C {z € Qp : dist (z, [y) < 2Hp(z)},
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where Hp(r) = diam argmin g, dist (x, F') denotes the diameter of the face on I'y that is

next to . The domain £ should be chosen in such a way, that it can be decomposed into
shape-regular non-overlapping subdomains €2;,

=Ua,
jeT

where the subdomains (Alj should satisfy the requirements of Assumption 2.2. Note, that this
construction is always possible if Assumption 3.3 holds, whereas it would not be possible in
the case of very small angles as depicted in Figure 10, right. Hence, we exclude these cases

in our considerations.?

Moreover, the subdomain faces, edges and vertices on I'y are again subdomain faces, edges
and vertices of the decomposition of 2. Thus, we can associate to each face ' € Fy an index
Jr such that €;,. touches F'; see also Figure 10, left.

We denote by 5 the subset of edges in & that touch Qj, and analogously by V the set
of vertices in Vy touching Q Finally, we introduce quasi-uniform triangulations on Q with

the mesh size ho such that the grids match on I'g and on the interfaces between the domams
Q.

Definition 3.5. Let F' be the face shared by €; and §2;. For a function u € VI (F) vanishing
on OF, we define the following H&f—norm,

min (‘U|H342(F,Qi)’ |u|Héé2(F,Qj)) fori,j#0,
ful oz = 4 min ([l gegg il g ) fori=0,
Hgg () Hgq (F»ij) Hyg (Fij)
min <‘U‘Héé2(F,Qi)7 ‘u’HééZ(F,ﬁjF)> fOT‘j = 0,

where
‘U|H362(F,D) := min {‘U’Hl('D) v E Vlh(D), Q}‘F = u, U|8D\F = 0} .

Apparently, |u| 12 is only well-defined if ulsgp = 0. For faces on 02 we define the

(FD)
HééZ-norm as the Hl-norm of the minimal extension to the adjacent subdomain, or auziliary
subdomain. Additionally, we define the corresponding norms on vertex and edge patches,

‘u’HééQ(w‘(/l)) = mln {|U‘H1(Qz) U E V]_h(Ql)v ’U‘wg/i) — u’ v’rl\ng) — 0} ,
|U’Héé2(wg')) := min {|U‘H1(Qi) v € Vlh(Qi), U‘w? =u, U’Fi\wg) _ 0} 7
for i #£ 0 and
= 1 - . hidS o _
[ul a2 0y += min {|U\H1(Qv) 0 € V(@) vl o = w, vl \ 0 = 0} :

[ul a2 o)) = min {|U\H1(§E) v € Vi), vl 0 = u, vl 00 = 0} :

©

“In such cases also the constants c; @

) and ¢y’ would probably reflect this bad behaviour anyway.
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with the open, simply connected domains ﬁv, (AZE defined by

U, e U

j:VEﬁj j:Eng

=
N

)
)|

7

Furthermore, we define the full HY/2-norms and HY/%-semi-norms employing the same def-
initions, but dropping the zero boundary conditions and (only for the full norms) adding
properly scaled Lo-terms, e. g., for i, j #0,

g2y = min (ell vz e, Iz ea))

where
. 1 1/2
”U’HHl/Q(F,'D) = min { ("Uﬁ_ll(p) + WHUH%Q(D)> V€ Vlh(D)7 U|F = u} .

The analogue definitions in two dimensions should be obvious.

Lemma 3.13. Let the discrete norms |- |,1/2(F) etc. be defined according to Definition 3.5.
00

In three dimensions, assume thati € T,V € V;, B € & and F € F;, such that V is one of
the end points of E, and E C OF. Then there exists a constant C' > 0 depending only on
the shapes of those domains €; and §; that touch V', E, or F', such that for all u € Vlh(I‘i),

(@) (O ) 2y < C (L4 10g(HEp/hi))? [l a iy
(i2) 16y ) Gpazn o, < © At Tog(Hr /o)) ullz o)
(i \9F|2 () <C(l+log(Hp/h;))Hp,

0 . <CH
Oligeupp) < O Hes
‘HVP HY? () < Chy,
[ullZ, ) < C (1 +log(Hr/h; ))HU||H1/2(F

2

In (i7), “Ov/” means that we can either use Oy or Op. In two dimensions, the analogous

estimates
(vii) 1050 s ) < C 1+ log(Hi/h)? [ulurs s
(viii) 1" (6v U)@Oléz(ng)) < C(1+log(Hp/h:)) lullf/z
(iz) ’9E‘2 HI(E) < C(1+log(Hgp/hi)),

hold. The bounds are known to be sharp (cf., e.g., [12]).

Proof. We give the proof in three dimensions, using the face and edge estimates stated in
[87, Chapter 4].
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First, we recall the definition of our discrete H'/2-norm on F. For simplicity, we assume
that F' is shared by ; and Q; with ¢, j # 0, and thus Hr ~ H; ~ H; by Assumption 2.2.
Let @; € V(Q;), @; € V"(Q;) denote the minimizers such that

- 1~
Hu‘|121[1/2(F7Qk) = |uk|12L11(Qk) + Fg”“k”i(m)
and uy|p = ulp for k =1, j.
Face terms — (i) and (iii): By [87, Lemma 4.24], we obtain for k =1, j

~ 1 -
11" (0p u)|2&é2(ﬂgk> < (14 1log(Hr/hi))? [|Uk|?{1mk) + @HWHZLQ(Q@ :

By Definition 3.5 we get (i). [87, Lemma 4.25] yields
2
|0F‘H362(F79k) = (1 + IOg(HF/hk)) HF y
which implies (iii).

Edge terms — (ii), (iv) and (vi): [87, Lemma 4.16] states
2 ~ 12 Lo~ 2
||UHL2(E) = (1 +log(Hp/hk)) |uk|H1(Qk) + anukHLg(Qk) )
which implies (vi). Furthermore, [87, Lemma 4.19] gives
|1"(05 U)\Zégz(wg'),m) <" (0p W), 8y = Null7, )
~ |
= (1+log(Hp/hk)) [’Uk’%ﬂ(gk) + Fz!\ukllig(nk) :
for k =14, j. This gives (ii). From the first line of the last estimate we immediately obtain
|9E’§{362(wg>) =1,k = He

which is (iv).
Vertex terms — (i) and (v): Using our triangulation, we can estimate | 1" (0y “)‘21/2( ) o)
00 \Wy '3k
from above by |u(V) gogc) %il(Qk) ~ hpu(V)?, for k = i, j, where gogc) is the finite element
hat function on the triangulation 75(€) corresponding to the vertex V. This proves (v)
by setting u = 1. For (ii), apparently, the last term can be bounded by the square of the
Lo-norm of u on the edge F, and we can proceed as in the estimates for the edge terms.

The estimates for vertices, edges and faces touching 2, the proof works analogously, except
one has to use the auxiliary subdomains €2; in Definition 3.5. The essential point is, that
the domains €); have comparable diameters to those of the faces on I'y. O

Lemma 3.14 (discrete Poincaré-Friedrichs inequality). In three dimensions, for i € I, we
fix a face F' € F; and a function u € Vlh(F) Assume that for i # 0, u vanishes on a
subdomain edge E € &;, and for i = 0, that v vanishes on an edge E C OF. Then,

1
ol ) < € (L4 Nog(H i /1) [l e
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In two dimensions, we fix an edge E € &;. Then,
1
?E”U"%Q(E) < C(1+log(Hp/hi)) ‘U’?{W(E) )

if u € V*(E) vanishes at a vertex V€ V; fori#0 and V € OF fori = 0.

Proof. The three-dimensional result follows immediately from [87, Lemma 4.21]. In two
dimensions, we have that HEIHUH%Q ;) = Hu||%oo () and the desired estimate follows from
[87, Lemma 4.15]. O

The next lemma gives an estimate for the difference of mean values of H!-functions, and
will be needed for the coarse-space contributions of the one-level BETI preconditioners.

Lemma 3.15. Let §2;, Q; be two neighboring subdomains with comparable diameters H; ~ H;
and volumes || ~ |Q;| ~ HZ, and let U be an open, simply connected domain with a
Lipschitz boundary, such that ; UQ; C U, and diamU ~ H;, and [U| ~ |Q;|. Then, for
some Cz > 0 depending only on the shape of U,

min(H;, H;)4 2|z — 2> < C’Z|u|§{1(u) Vu € H'(U),

1 / 1
zi = — [ u(z)dz, z-—/u(az)daz.
|€2] T19l
O Q;

Proof. We use the Bramble-Hilbert lemma [5]. First, we assume that diami = O(1). We
define the linear functional ¢ : H' (i) — R by

1 1
o(u) == ‘QZ’Q/U(QS‘)CZZL‘— ‘Q]’Q/u(a:)dx

Obviously, ¢ vanishes for the constant functions in /. Hence, there exists a constant (AZ'Z
such that

where

[p(u)] < azlu\Hl(u) :

The desired estimate involving the factor min(H;, H;)%=2 can be obtained by delation from
a domain of unit diameter. O

The following lemma states how discrete functions can be split into face terms and be
composed from face, edge and vertex terms, with respect to the S; j, energy forms.

Lemma 3.16. Let the discrete HY/?- and H%Q—norm be defined according to Definition 3.5.
Then the following stability estimates hold.

(i) For alli € T and u € V]*(T;) we have

|u|k28'2 h <C Z (67 ’Ih(HV/E/F U)|iI1/2( (1) )’
’ VeV, EcE;, FEF; 00 Wy/E/F

where in two dimensions, we have to drop the face terms.’

5The notation Ov/e,r is a short hand for writing three sums, one over vertices, one over edges and the
thrid over faces.
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(ii) For alli € T and w € V*(T;) we have

3" ailwlsqr < Calull,,
FeF;

where in two dimensions the faces must be replaced by edges.
The constants C1 and Cy depend only on the shape of ;.

Proof. Part (i): First, we recall, that by Lemma 2.3,

uld,, <aoluly, =a0 min  [olFg,
veHlloc(Qo)
U|F0:u
‘U|%i"L S o min ‘vﬁfl(ﬂz) .
’UEV{L(QZ‘)
v|p, =u

Forall V €V, E €&, F € F;, let vy, vg, vr € V{*(©;) be the minimizers in Definition 3.5
such that

|~ Ih i .
vyl e = 15 Ovyr Wl e

In order to justify above formula we need a “mirror” argument showing that the H'-norms of
the extensions of a function on a face to each of the two adjacent subdomains are equivalent.
This can be done with the help of an extension Lemma and the Scott-Zhang interpolation
operator [79].

Note, that for i = 0, the support of vp is contained in ﬁjF and the support of vy and vg
in Qy and Qp, respectively, see also Definition 3.5. We define v € V{*(Q) by

U= ZUV+ZUE+ ZUF.

Vey; Eec&; FeF;

Clearly, v|r, = u, and we can conclude that ]u|§l L < aim%{l(n). Since the supports of the
functions vy, vy, v have a finite overlap in €; (in particular for ¢ = 0), we finally obtain by
a coloring argument (cf., e. g., [87, Chapter 2]) that

|u‘%i,h <oy Cl{ Z |UV‘%{1(Qi) + Z |UE|?_11(QZ) + Z ’/UF’%II(QZ)}j
Vey; EeE; FeF;

which proves the desired statement.

Part (ii): First we deal with the case i # 0. We denote by w € V{*(£;) the minimizer with
w|r, = w and

P 2
‘w|H1(Qi) = |w‘5§f‘%EM . (3.44)

Note, that S; ; may either be «; S;nEQEM or a; St (cf. Section 2.5). In the second case,

2y
Lemma 2.3 yields

(%)
i) C

2
& [l 5ing 0

‘w@inﬁEM = Oj(}) ’w%’ =
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Furthermore, since the cardinality of F; is small for ¢ # 0, we obtain from the Cauchy-
Schwarz inequality and (3.44) that

2 ~2 2
Z ai‘w|H1/2(F) = o ‘w|H1(Qz‘) = o |w|Szi'nlt?EM )
FeF; 7

Putting the last two estimates together yields the desired statement.

For i = 0, we denote by w € V{*(Q§) the minimizer such that
~ 12 o2
[0l ag) = lgg
Then we obtain by a finite summation argument that

Z a0|'UJ|§_11/2(F) j Z ap |ﬁ}/’12ql(ﬂ]) j @0 |r&7|%{1(98) j |w‘§(i)ntFEM
FeFo JeI\{0}
foﬂ}—j#@

Finally, we know by Lemma 2.3 that
(0)

2 (0) K 2
[wlgme o < O oy Wl -
0

Next, we focus the missing proof of Lemma 3.11 concerning the extension indicator.

3.3.5 Proof of Lemma 3.11

First, we repeat the statement of Lemma 3.11. Let wy € Vi p(I'0) be an arbitrary discrete
function on the boundary I'g fulfilling the Dirichlet boundary conditions on I'o N I'p. Then
the following estimates hold.

(i) I T'p \ g is empty we have
({2}, To, I'p) =1

(i) If dist (I'p \ T'o, I'p) > 0, we have

Hy

Qi 7F 7F j 1 )
({2}, To, I'p) dist (I'p \ T'o, T'o)

(iii) Otherwise, if I'p \ T'y touches I'y (according to Assumption 3.2, page 25),

({8}, To, Tp) = ZO (1+10g (%))2

holds, with the shape parameter n > 0 due to Definition 3.2.
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The proof borrows several techniques from [87, Chapter 3] (see in particular Lemma 3.10),
and recent works by Graham, Lechner and Scheichl [37], and Scheichl and Vainikko [78].

Part (i) is trivial.

Part (ii): First, we observe that for the choice n := dist (I'p \ g, T'g) > 0 we can find
a finite covering of the domain (), , by shape-regular patches of diameter 7, similar to
Definition 3.2. Let {w;}je7 denote this covering and define u € V*(Qint) by u = H™ w.

For the given 7, we can find a cutoff function y € Vlh(Qim) such that
(a) X(:E) € [07 1] Vx € Qinta
(b) Xx|r, = 1 and x vanishes entirely on Qi \ Qint,r, in particular X]pD\po =0,

(©) VXl Lo (@) = 1/dist (I'p \ Lo, To) =~ 1/7.

These properties can, e. g., be obtained by the following definition of x: For the finite element
nodes = € iy, We set

[ 1—=dist(x,To)/n for dist (x, I'g) <7,
X(@) = { 0 else,

which uniquely defines . Properties (a) and (b) are easy to see. For (c) we observe that for
a finite element T,
3 X(V) = x(V')]

<
19Xy = e

VAV eVr |
where Vr is the set of vertices of the element T'. It is not hard to see that for above definition
of x,
X(V) = x(V)l _ 1
V=V n
Since the number of vertices of an element 7' is uniformly bounded by a small number we
immediately get (c).

<

Recall that I" denotes the nodal interpolator which is continuous in the H!'-norm for
quadratic functions (cf. Definition 3.3). We define u € V{*(Qn) by

= I"(xu)
and obtain
3D woli @) < 11,0 = (Wi g0 = T (W)l o

2
< [ V@ u@) P e

int,n

int, n)

= / V(@) [u(@)]® + [x (@) [Vu(e)® da

int,n

<NV o) 12 5 (02 + [l 0

int,n int, 7])

<3 {5l + il -

2
JjeT il
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By Friedrichs’ inequality (see, e.g., [87, Corollary A.15] or [69]), we have that

1 2 2 1 2
? ||UHL2(MJ) j ‘U|H1(w‘7) + ; ||u”L2(aw]'ﬂF0) :

Finally, by a finite summation argument and the fact that Hy > 1 we get

\Hmt woﬁfl(glt = fu |th+ ||U||L2(r0)
Hy
< {\woww o+ 77 ool }
Hy 1
= — S 9 E 7 }a
== s o, wo) + el

since u|r, = wo.

Part (i4): If I'p\T'g touches I'g, some of the patches w; own a vertex (in two dimensions) or
an edge (in three dimensions) that belongs to I'p NI’y and we cannot use the cutoff function
x anymore. Instead, we use the estimates of Lemma 3.13 which contribute a logarithmic
factor. Define for each j € J

ﬂ]w]. := argmin{v € Vlh(wj) :v|r, =0, ’u|3wj,h\pD =u}.
Apparently, u|r, = wo, and thus, we obtain
i 2 ~2
8D wol3 () = D ling,
€T

< Z ( —|—log< )) {IU\H1 wn T = ”UHL2 awmro)}

(e () e )

where the estimate in the second line can be obtained by Lemma 3.13 (see also the proof of
Lemma 3.16) and once again Friedrichs’ inequality.

Remark 3.12. First, in Definition 3.2 and in the proof of Lemma 3.11 we have implicitly
assumed that the triangulations 7, (€2;) are conforming with the patches w;, which should be
in fact coarse elements. This may result in many requirements on the mesh which might be
difficult to fulfill. One way out are recent results on substructuring and overlapping methods
assuming less regular subdomain boundaries, see [22, 47]. Note further, that Lemma 3.11 is
a non-constructive result on extensions. For the construction of explicit extensions we refer
to the works by Nepomnyaschikh et. al. [39, 65, 67, 68].

We are now ready to tackle the proof of Lemma 3.12.

3.3.6 Proof of Lemma 3.12

Our goal is to provide the stability estimate

]PD(w—i—zw)\% < C(l—l—log(H/h))ﬂw[% Yw € (kerS)l
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with the unique z, € ker S from Lemma 3.9. We give the proof in three dimensions. The
two-dimensional case is in fact simpler and can be derived from the following proof in a
straight forward manner.

First, recall that w € W = HiEI W;. We write w = w + ITgw where Tl w is the projection
that sets all components of w to zero except for its component wq corresponding to I'g, thus
wo = 0 and w; = w; for ¢ # 0. Since the mapping w +— z,, is linear (see Lemma 3.9), we get

|Pp(w+ 20)[3 = |Pp(0 + 25)[% + |Pp(Iow + 2110 w)) |3 - (3.45)

If we have no unbounded domain in our formulation the second term has of course to be
dropped. By Lemma 3.3, we have Pp = I — Ep. This yields

|Pp(w + z0)[§ = |0[5 + | Ep @I% + | Pp 2513 + [P (o w + 211y w))[§ - (3.46)

We treat above terms separately:

Claim 1: |Ep w|% =< (1 + log(H/h))?w|%, for all w € (ker S)* with wy = 0.

Claim 2: |Pp zg|% < (14 log(H/h))?|w|%, for all w € (ker ) with wy = 0.

Claim 3: |Pp(How + z1mgw) |3 =< wh({Qi} I'p, To) (1 +log(H/h))? \wg\%o,h.

Claim 4: |Pp(Iow + zmmyw)|% = ?1‘33‘ 0 (1 4 log(H/h))? ]wo\%oyh, even if the assumption
ag < «; does not hold.

Estimate (3.46) and Claim 1-4 imply the desired estimates of Lemma 3.12, i.e.,

|Pp(w + zu) [ < ({3}, Tp, To) (1 + log(H/h))? |w]%,

Hy
P 2 < max —> (1 + log(H 2
|Pp(w + zw)[% max o (1+log(H/h))*wl%

for all w € (ker S)*. In the following, we give the proofs of Claim 1-4.

Claim 1: We prove
|Ep@|% < (1+1og(H/h)*|w|%  for all @ € (ker )" with wg = 0.

Since wy = 0, we are in the situation of standard FETI proof, provided by Klawonn and
Widlund [49, 87]. In the following we display the whole proof, extended to the BEM case
(cf. Langer and Steinbach [58, 59]) and also to the all-floating formulation.

From the definition of Ep we know in particular that Epw satisfies the homogeneous
Dirichlet boundary conditions. In the following, we use the notation Vil , EZ-I and .7-"1-1 for the
set of vertices, edges and faces on the interface I'; N I'y, respectively. The sub- or superscript
I stands for interface. Moreover, we denote the sets of vertices, edges and faces on the
Dirichlet boundary I'; N I'p by VD EP and FP, respectively, and the set of non-coupling
faces on the Neumann boundary by ]—;N Hence, e.g., F; = ]-"Z-I U ]-"Z-N U .7-"Z~D . Finally, we use
the same notation also for global sets: The set VI denotes the set of all subdomain vertices
on the interface, EP the set of all Dirichlet edges, and so forth.
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Using the partition of unity provided in Definition 3.3, we obtain that for any ¢ € Z,

2 2
~\ 12 hy st ~ h ~
|(EDw)i|Si,h§‘ S | S0 (53'9V/E/ij)‘s,-h+‘ S 1M6p @) - (34D
vev! JENV/E/F ' FeFrN ’
Eeg]
FeF}

We apply Lemma 3.16, part (i) and observe that the cardinality of NV/ g/r 1s small, which
justifies the use of the Cauchy-Schwarz inequality. We can obtain

~ 2
((Epayld, = > > (Ollver) o
vev! JENv/BF
Eeg]
Fer!

2
Ih(ev/E/F w]) H1/2 (348)

00 (WWE/F)

gmin(ai,cx]-)

In the last step, we have used that 6; is constant on a vertex, edge or face. Thus, we have been
able to apply Lemma 3.2. By Lemma 3.13, we can bound the H&f—norm of Ih(GV/E/F wj)

on the patches w‘(}} B/F from above in the following way.

e For j =0, we have w; = 0 and there is nothing to estimate.
o If j € Zgoat we obtain by Lemma 3.13, (i) and (ii) that
< (1 4+ Jog(H /i) @512 20

< (14 log(Hp/hi))? ‘wjﬁ{l/Q(F) ,

where F' € F; and E € &; are chosen such that £ C OF, and that V is one of the
endpoints of E. In the last step we have used that the fact that w; € (ker Sj)T implies
frj wj(z) ds; = 0, and applied Poincaré’s inequality on the domain ;, which states
that

’ ( V/E/F J>‘Hé(<2(w§/}E/F)

1

1
2 2
EHUHLQ(QJ-) = fulgq,) + Vil (/

2
u(x) dsx> Yu € HY(Q;),
i L

cf. [87, Lemmas A.13, A.17 and A.18]; see also Definition 3.5 for our definition of the
H . ||H1/2(F)—IIOI'H1.

o If €}, is non-floating, we set

1 / ~
Wi = —— wi(x) dsy
J |Fj| r, ]( )

(which implies fFj wj(zx) —w;dsy = 0), and Lemma 3.13, (i)—(v) yields

1Oy )

<O (@ =5)) s o+ W51 1T Oy

V/E/F 0 ()

v/e/r) (3.49)
= (1 +log(Hp/h))? @; = Wil G2y + (1 + log(Hp/hi)) Hp[w;]?,

~ 1 -
< (1 +log(Hr/hi))? ‘wj’?'-[l/Q(F) + (1 +log(Hp/hi)) FF"wj‘|%2(rj) :
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In the last step we have used Poincaré’s inequality and the Cauchy-Schwarz inequality,
which shows that

— 12 ~ 112 =2 .12
[@;|” < 1/|05 lwjlz, 0,y = Hp” 0517, r;) -
Since €); touches the Dirichlet boundary I'p, we can bound the Lo-term on the right

hand side from above using the discrete Poincaré-Friedrichs inequality (Lemma 3.14),
which contributes another logarithmic factor and leads to the overall bound

IOy 57 @)1 12, ) < (14 log(H/R))* ;|51 -
Hy)* (w ) (F)

V/E/F
Knowing that Hp/h; < H/h (cf. formula (2.29)), we have

‘Ih(eV/E/F wj)’ilé/z( @ = (1 +log(H/h))? Wjﬁ{lﬂ(F) Vj € Nvig/r . (3.50)

o \Wy/E/F

The second term in (3.47) involving the contributions on the Neumann boundary is treated
analogously.

Combining estimates (3.48) and (3.50), and observing that the number of faces of ; is a
small for j # 0, we obtain by Lemma 3.16 part (ii) that

Yo Ep@)ifs,, = (U +log(H/MR) D> > aj |l

i€l jeI\{0} Fe}'jfu]?JN

< (L+log(H/M)* Y |wyle,
J€T\{0}
= (1 + log(H/h))* w3 ,

since wg = 0. This finishes the proof of Claim 1.

Claim 2: We prove
|Pp zz|% < (1 +log(H/R))*|w|%  for all @ € (ker ) with @y = 0.

Also in this situation, we can basically use the techniques described in [49, 87] taking into
account that wy = 0, and modify some of the arguments for the all-floating formulation.

For Q = M~!, we see from Corollary 3.6 and from Lemma 3.9 that
1Pp 2glé = | Bzallg < [|Bwllg = |Ppalé <@g + [Epwls.
Claim 1 immediately yields

|Pp 2g]% < (1 + log(H/h))? w3 .
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For the diagonal choice of () given in Section 3.3.1, we have

7
Pozals=>_| > > th(HV/E/F (zw,i = 23,5)) +

€L yeyl JENVIEIF keN g e

Eegl
Ferf
2
h
+ > I"(0vpr2a,)
S;
vevP "
EeepP
FeFrpP

Subce g is non-floating, the 0-component of zz vanishes. Therefore we can bound above
expression by

Z{ Z Z min(a;, o) [I" (0v) 5/ (25, — 2@,3’))‘21/2( W oy

: . 00 Yy/g/F
1€T VEV{ JENV/E/F

Eegf
FerF]
+ Z ’Ih(QV/E/F Zﬁ],i)|ill/2( (i) } 5
00 “’V/E/F)
vevp
EegP
FeFp

where we have used Lemma 3.16, part (i) and the Cauchy-Schwarz inequality. For the
standard formulation, all the Dirichlet terms in the second sum vanish, since I'; N T'p # ()
implies that €); is non-floating and thus zgz ; = 0.

e Using Lemma 3.13, (iii), the contribution from a face F' = Fj; on the interface can be
bounded by
Hp
) Hrlzg,i — 20,4
(2
The difference zg ; — 23, ; is now interpreted as the component of B wg corresponding
to fzi; with x being a node on F. Since there are O((Hp/h;)?) such nodes and
Q[uz,i;] = min(ay, a;)(1 +log(Hp/hi)) h?/Hp, above term is equivalent to

C min(oy, o) (1 + log (

Z Qla,ij] (B 2@, Aayis)” -

.Z‘EF—L'J‘QFL h

e Lemma 3.13, (iv) yields that contribution from an edge E = Ej; on the interface can
be bounded by

C min(oy, o) Hg |2g,; — 2@7j|2 (3.51)

Assume first, that €); and 2; are connected by a Lagrange multiplier. Then the
difference can be read again as any component of B zg corresponding to some fiz ;;
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with the node x lying on E. Since there are O(Hg/h;) such nodes on the edge and
Qta,ij] = min(ay, aj)h;, above expression is equivalent to

> Qlutwis) (Bzg, Aeis)®

:L'EEZ']'OFL h

If we have non-redundant Lagrange multipliers, and §2; and €2; are not directly con-
nected, but both connected to the subdomain §2; with the locally largest coefficient,
the edge contribution (3.51) is bounded by

: 2 : 2
C{mm(ai, Ozk> HE’Z@J—Z@’]{’ —|—m1n(ak, Oéj) HE‘Z@JC —ij‘ },
and we can proceed as before, since ' = Ey, = Ej;.

e Interface vertex terms are treated similarly to the edge terms.
For the all-floating formulation we additionally have contributions from I'; N I'p for i # 0:

e The contribution from a face F € .7:Z-D can be bounded by
CO&Z‘ (1 + log(HF/hi)) HF ‘Zﬁ,z’|2 .

We observe that zg ; equals each component of B zg corresponding to p,; with the
node z lying on the face F. Since there are O((Hp/h;)?) such nodes on the face and
Q[uzi] = a;(1 +log(Hp/hi)) h?/Hp, above expression is equivalent to

> Qluadl(Bzg, Aei)

J?EFPIFZ"}L

e Edge and vertex terms on the Dirichlet boundary are treated similarly, and we obtain
that they can be bounded by

> Qluail(Bzg, Aei)?, Qluv,i(B 2@, Avai)?
xEEﬂFi,h

respectively (see the definition of @, page 36).
All in all, we have shown that for both formulations, |Ppzz/% < ||B zw||22 and due to

Lemma 3.9,
1B 2zzl5 < 1Bl -

Now, we group the contributions of ||B @H?Q to faces, edges and vertices on subdomain
interfaces and on the Dirichlet boundary. We observe the following:

e A subdomain face F' = Fj; contributes

2
min(oy, o) (1 + log(Hp/hs)) ;le Z (@Z(fv) — {Dj(x))Z
xeFNLy g

_ 1
~ min(a;, o;) (1 +log(Hp/h;)) Fp"wi - ij%Q(F)

< (1 +log(Hp /i) { @il @illF ) + 5113,y -
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Since wy = 0, we can use the same argument as in the proof of Claim 1 (see page 51)
and bound the Ly-norms by the H'/2-semi-norms: If j = 0 there is nothing to estimate.
For j € Znoat we can use the Poincaré inequality, and for non-floating €2; we use the
discrete Poincaré-Friedrichs inequality (Lemma 3.14). In each case, we obtain the
upper bound

(1+log(H/h))? {O‘Z"@i@wm + O‘j’@ﬁfl/?(F)} '

e A subdomain edge E = Ej; contributes

: . N2 : -
min(oy, o) hy Z (w(z) — w;)” ~ min(q, a;) ||w; — w]-H%Z(E)
wEEmFLh
= ai @il m) + j 1T117, 5
< (1 +108(H/) {0 15021720y + 5 15537200, )

where F; € F;, F; € F; such that £ € 0F; U 0F;. Again, we have used Lemma 3.13,
(vi) and the fact that wp = 0. With the same argument as for the face contributions
we arrive at the upper bound

(1 Log(H/ 1) { a2y gy + 0515 212 | -
e A subdomain vertex V' = V;; contributes
min(ay, o) hi(0;(V) — @;(V))?,

which can be easily be bounded by the sum of the squared Lo-norms of w; and w; on
adjacent edges and further estimated as above.

Additionally, we have to consider the contributions from the Lagrange parameters due to the
all-floating formulation. Note, that Assumption 3.2 holds, i.e., there are no such Lagrange
parameters acting on I'y.

e For i # 0, a face ' € 7P on the Dirichlet boundary contributes
Hp\\ h? - Hp 1 -
xEFﬂFiyh

and can be treated as above.

e For i # 0, the edge contribution from F € &P,

aihi Y |@i(@) | = i ||@ill7, o »
z€ENTy
and the vertex contribution from V € VP,
ai hi |wy(V)]? 2 ail| @il 2, ) »
where V € OF, can be estimated as above.
Putting all separate estimates together, we finally obtain by Lemma 3.16, part (ii) that
|Pp 2glé = (1+log(H/h))? [wl%,
which finishes the proof of Claim 2.
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Claim 3 — Case Q = M~': We prove
|Pp (o w + 21y w))[§ < ({2}, T, To) (1 +log(H/h))? |wol, , -
for any w € W, under the assumption that @Q = M.
Again, Corollary 3.6 and Lemma 3.9 imply
|Pp (o w + 2(114w))[§ = 1B (o w + 211, w)) 17

. : 3.52)
Jin [|B (How + 2)llg = min [Pp(Mow +2)ls

We bound this expression by constructing a special z € ker S. By definition, the function
IIpw € W has only one non-trivial component, namely wg. In the following, we use the
special extension

ngtD wo = argmin {|U\H1(th) cv € VI (Qim), vlr, = wo, v|rp = 0}.

By Lemma 3.11 and Lemma 2.3, we obtain
int 2 int 2 1 2
Ho.p wolii (o) < ({2}, To, T'p) {|H wol i (ay,) FOHUJOHLQ(FO)}

in 1 3.53
<y,({€}, To, I'p) {(So “wo, wo) + FOHTUOH%Q(FO)} (3:53)
=, ({}, To, Tp) (S5 BEM wo, wo) -
We are now able to define z € ker S in the following way,
ﬁg{(?{g% wo)(z) dx for i € Zgoat ,
0 for i € 7\ Zgoat -

(3.54)

Continuing our estimate (3.52) we get
|Po(Mow + 21y w)IE < [(Pp(Mow +2))olg, , + D [(PoMow +2))ilE,, . (3.55)
ieT\{0}

We denote the set of vertices, edges and faces on I'; N I'p by ViD , EiD and ]:iD , respectively.
Since Pp vanishes on the Neumann boundary (cf. Lemma 3.3) we only need to consider the
contributions from the subdomain interfaces and the Dirichlet boundary.

The first summand in (3.55) is treated as follows: By the same technique as in the proofs
of Claim 1 and Claim 2, and using Lemma 3.2, we can conclude that

|(Pp(Iow + Z))O%M
9

< XY MO we-%) + > IMOvmewo) .

vevl 1€Nv/e/E vevp
Eegd Eegl
FeFl Fery

A

2 ~ 1\ (2
> > a0 ) [ Ovyere (wo = Z) [0, )
vevl JENV/E/F
Eegl
Fer!
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We have used that wg vanishes on I'gNI'p due to Assumption 3.2, see page 25. For j € Tqoat,
we obtain immediately

[ 1" (05 r (wo — Z;) )\Hlm © = (L+1og(Ho,;/ho))? g wolf o) -

Wy pF) T

If ©; is non-floating, we have z; = 0. With the mean value

. t
Zj. ’Q ‘/ anDwo

we can use the same trick as in estimate (3.49) on page 51 and obtain that

. 2
[ 1" 0y F (wo _Zj))}Hgﬁ g r)

< (14 log(Ho,j/ho))? |H6ntD wp — gj‘%{l(ﬂj) + (14 log(Ho,j/ho)) Ho,; |%|*
<1 —i—log(Ho,j/hO)) ‘Hmt wO‘Hl(Qj)’

where in the last step, we have used the Cauchy-Schwarz inequality, the discrete Poincaré-
Friedrichs inequality, and the fact that Hmt wq satisfies the homogeneous Dirichlet boundary
conditions on I'g N I'p. Summarizing, we ‘have shown

(Po(Tow +2))ol%, , = Y (1 +log(Ho,j/ho))* a0 [Hgp wol )
Fo ;€ %o (3.56)

=< (1 +1log(H/h))? ag |H%)I,ltD wOﬁql(Q

int) :

Now we treat the remaining summands on the right hand side of formula (3.55): For i €
7 \ {0}, we obtain by the same technique described above that

‘(PD(H()ZU + A)) ’S A = Z Qg {I (QV/E/F Zl)‘Hlp(wv/E/F) -
vevP
Eegp
FeFp
' . N ) (3.57)
+ > > min(as o) [ (Ovymye G — Mow +2))) [ -
vev! JENV/B/F
Eeg]
FerF]

Using Lemma 3.13, the contributions on the Dirichlet boundary of non-floating subdomains
can be estimated from above by

|1 (60 %) [3372 ) = (14 log(H /1) H |51,
‘ (Qv/EZz)‘Hl/Q S}E) -<Hz|Zl’2

Due to the definition of z;, we obtain for i € Zgoat,

Hrz@|2<H(,§‘ [ 0t w)wyar)

= mHHme wol 7,0,y = (1+log(H/h)) [HE'D wol 71 (q,) »
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where we have used the Cauchy Schwarz inequality and the fact that the function Hm 0.0 Wo
satisfies the Dirichlet boundary conditions on I'; NT'p # (. If I'; N T'p is just a subdomain
edge, we still can apply a discrete Poincaré-Friedrichs inequality (cf. Lemma 3.14), which
contributes the logarithmic term in the estimate above. Eventually, by a finite summation
argument and the assumption that «; < g, we have

S i | P By ) gm ) = (1 los(H/R)? a0 IRy ol

i V/E/F)
Vey!
EegpP
FeFP

Next, we treate the interface terms in estimate (3.57). For j = 0, the contributions on the
subdomain interfaces read

. _ 2
min(a;, ap) |Ih (QV/E/F (zi — (Tlyw — 2)o)) ‘Héf @) g )

< ap |Ih(9V/E/F (zi — )‘H&f( V/E/F)

where F' is the face shared by €y and €2;. These terms have already been treated in the
estimates for the first summand in (3.55). For j # 0, we have

—(Mow+2); =z — .
Lemma 3.13 yields

[ Ovyre Gi = 5) (ot o = (U Tos(H/R)) H 5 = 55 (3.58)

If both ¢ and j are indices of non-floating subdomains, we can employ Lemma 3.15 and
bound the term Hp |z; — z]| by a constant times the H1 -norm of Hmt wp on a domain U;;
which satisfies Q; N Q; C Ui C Qine. If, €.8., i € Tjoar and j & Iﬁoat (thus zj = 0), we can
insert z; := 1/|€] fQj (antD wop)(z) dx and obtain, by the same arguments and Lemma 3.14,
that

Hp |Z* < Hp % — Z” + Hp [%* < (1 +log(H/h)) [Hg'D wol F1 gy,

holds. Since we have only a finite overlap of the domains ¢, we finally obtain the following
estimate for the remaining summands in formula (3.55),

S (Po(Mow+2))if%,, < (1+log(H/M) ao My wolg, ) - (3:59)
i€T\{0}

Combining the estimate (3.53) on page 56 with (3.56) and (3.59), we obtain
|Pp(low + 21y w))[§ < ({2}, T, To) (1 + log(H/h))? ao (S5 EEm wo, wo) |

which is the desired estimate of Claim 3 for the case that Q = M.



3.3 Condition number estimates for one-level BETI preconditioners 59

Claim 3 — diagonal (): We prove
|Pp(Mo w + 215 w)) | =2 ({2}, Tp, To) (1 +log(H/h))? [wol, ,

for any w € W, under the assumption that @ is chosen diagonal according to Section 3.3.1.

First, we can use the coarse space element z; € ker S defined in equation (3.54) and obtain
by a simple triangle inequality that

[Po (Mo w + 211y |3 < 2 {IPp(Tow + 2 + | Po(Z = 21,/ |

The first term can be bounded using the proof of Claim 3 for the case Q@ = M~'. For the
second term, we observe that z — 21y, ), as an element in ker S, is constant on the floating
subdomains. Using the same arguments as in the proofs of Claim 2, and Lemma 3.9, we get

1Pp(Z = 2y w))[$ = 1B

(Z - zaw)lo

< |IB (How + 2)[15 + 1B Mo w + 2(114)) 1o
:|\B(How+7IIQ+ gun ||B(H0w+z)\|Q
< |IB (How + %)

The last term splits into contributions corresponding to subdomain vertices, edges and faces
on I'y and I'p. We distinguish the following cases:

e The contribution from a face F' shared by ¢ and 2; is treated as follows,

Z min(ag, a;) (1 + log(Hr/hg)) L%

26 15— wo(e)l
SIEEFﬁFi7 h

= a0 (1+ log(H/h)) - I = ol
If ¢ € Tqoat, the Poincaré inequality yields the overall bound
ao (1 +log(H/h)) [Hy'p w3 o) »
whereas for ¢ &€ Zgoat, 2; = 0. Thus, Lemma 3.14 yields the bound
ao (1 +log(H/h))* [He'p wolip o) -

e Next, we treat the contribution from a face F' shared by ; and €;, with ¢, j # 0:

. 2
> min(a, aj) (14 log(Hyj/hi)) e z[?
CEGFQFL}L F

< ag (1 +log(Hp/hi)) Hr |7 — 3|
=< ao (1+log(H/h))? [Hgp wol F1 gy, -

where we have used the fact that the face contains O((H;;/h;)?) nodes, and the same
argumentation as in the paragraph after equation (3.58), page 58.
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An edge E shared by Qg and §2; contributes

> min(ag, ai) ho [Z — wo(x)[* = ao |7 — wol},x)
xGEﬂFi’h

< ag (1 +log(H/h))? [Hg' wol3 q, -
An edge E shared by €2; and €2, with ¢, j # 0 contributes ag Hg |Z; — Ej\?, which can
be treated analogously as before.
A vertex V' € I'g; contributes
aohi |z —wo(V)* = ao |7 — UJOH%Q(E)

and can be treated analogously to the edge case.
The contribution from a vertex V' € I';; with 7, j # 0 reads

ao hi |7 — Zi|* < ap Hg |7 — %]
which is again analogue to the edge case.

In the all-floating formulation, faces F', edges F and vertices V on I'; NI'p with j # 0
contribute

a; (14 log(Hr/hj)) Hp|Z,
Q; HE|5]'|27
Qj hi‘zj‘zv

respectively, see also Assumption 3.2. Using the same arguments as before, each of the
three terms can be bounded by

tj (14 og(H/h)) [Hi wol%s . -

Putting the separate estimates together, we obtain by a finite summation argument that

1Pp(Z = 2y w))§ = 1B (How +2)|G < (1 +log(H/h))? a0 [H'p wol (g, -

From this point on, we can proceed exactly as in the proof of Claim 3 for the case Q = M1,
and get the desired result of Claim 3 for the diagonal choice of Q.

Claim 4: We prove

Hy
| Pp(Tlyw + z119w)[$ < max (1 +log(H/h))*|wol%, , »

for any w € W, even if the assumption ag < a; does not hold. In the case of Q = M~ we
know from equation (3.52 ) that

| Pp(Tow + 2r140)[§ = min_[Pp(Mow + 2)[3 .
z€ker S



3.3 Condition number estimates for one-level BETI preconditioners 61

Again, we choose a special such z, namely z = 0. Following the line of the proof of Claim 3,
we obtain

| Pp(Iow + z11,u)[$] < |Pp Mowl3

1
< Z (1 + log(H/h))2 () {’w0’2H1/2(F) + Hf HwOH%Q(F)}
FeFo "
2 . 2 . i (3.60)
< (1—|—log(H/h)) %%an{’wo‘sém +FO||7U0HL2(F0)}

Hy
< (1 + log(H/h))? max o wol%,., -

see also the introduction, page 5. A careful inspection reveals that we do not need the
assumption ag > ay.

For the diagonal choice of @), the triangle inequality yields
|Pp(How + 211gu)[§] < |Pp Mowl[§ + | Pp zrigul -

We have already estimated the first term in (3.60). For the second term, we follow the line
of the proof of Claim 2. Here, Assumption 3.2 (page 25) becomes again important. Finally,
we obtain

1
|Pp zmgwl® X (1+log(H/R))? g {Jwol3;:2 @+ 7 HonLZ b

FeFo

which can be absorbed again in estimate (3.60).

This finishes the proof of Claim 4.

Remark 3.13. In Claim 4, we have not made use of the extension indicator. Hence, we can
drop the additional assumptions which we need for Lemma 3.11.

Remark 3.14. The estimate of Claim 4 gets worse if the ratio maxper, Ho/HF increases.
Slightly modifying the proof of Claim 3, one can show the sub-optimal bound
u

1+ log(H/h))? =
C (1 +log(H/h)) max

of the total condition number, also without using the extension indicator.

Since we have proved Claim 1-4 this finishes also the proof of Lemma 3.12, which means we
have completed our argumentation to show the main result of this section, i.e., Theorem 3.1.

We see, that the analysis of one-level BETI methods for unbounded domains is quite
involved, and the conditions on the geometry and the coefficients which lead to the optimal
bounds seem rather artificial. The situation is completely different for dual-primal BETI
methods which we discuss in the Section 4.
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9 9

Mo

Figure 11: Sketch of the geometries for Table 2 (left) and Table 3 (right).

3.4 Numerical results

In this subsection, we show some results on one-level BETI methods for two-dimensional
unbounded domains. Here, we restrict ourselves to the standard formulation with redundant
Lagrange multipliers, and the cheap, diagonal choice of the operator @), see Section 3.3.1 In
particular we study the three cases that appear in Lemma 3.11. In Table 1-3, we display
the number of PCG iterations for various ratios H/h and Ho/Hp or Hy/n.

%g I=2 8 16 32 64
3 7 10 11 12 13
6 9 9 11 13 15 17
12 9 10 12 14 16 18
24 9 10 12 15 17 20
48 9 11 13 15 18 -

Table 1: Number of PCG iterations of the one-level BETT method for a unit square without
any interior boundary conditions. Moving right means h-refinement, moving down means
increasing the number of subdomains.

In most of the examples the estimates that we worked out are not or only partially reflected.
Actually, the condition numbers are much better than expected. This may have two reasons:

e The estimates could be not sharp. Note, that there could, e. g., be a more clever way
of choosing z, see the proofs of Claim 3 and 4.

e The examples we computed are still in the preasymptotic range.
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Numerical results

Hy _
o —
H H _
Tl r=2 4 8 16 32 64
6 9 11 13 14 16 19
12 11 12 14 17 21 24
24 11 13 15 18 21 25
438 12 14 16 19 23
96 13 15 17 20 - -
Ho — 94
n
H H _
Tl p=2 4 8 16 32
24 12 14 16 18 22
48 14 16 21 23 27
96 15 19 22 25 -
192 17 21 24 - -
Hy _
o =9
| E=2 4 8 16
96 17 22 28 32
192 24 29 34 -
384 27 30 - -

63

Table 2: Number of PCG iterations of the one-level BETI method for a unit square with
Dirichlet conditions on a “hole” (cf. Fig. 11, left) with distance n from I'y. Moving right

means h-refinement, moving down means increasing the number of subdomains.

Ho =94

n

2| ¥= 4 8 16 32 64
6 11 13 14 16 17 20

12 12 14 17 19 22 25

24 13 15 18 20 24 27

48 13 16 19 21 24 -~

96 13 16 19 22 -~

Ml Hg=2 4 8 16 32 64
6 14 16 19 22 25 27
12 16 20 24 27 31

24 17 21 26 29 — -

Table 3: Number of PCG iterations of the one-level BETI method for a unit square with
Dirichlet conditions on a square outline touching I'g, see Fig. 11, right. Moving right means

h-refinement, moving down means increasing the number of subdomains.
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4 BETI-DP methods

Dual-primal FETI (FETI-DP) methods were first introduced by Farhat, Lesoinne, LeTallec,
Pierson and Rixen [30] and analyzed in two dimensions by Mandel and Tezaur [64]. Al-
gorithms for the three-dimensional case were contributed by Farhat, Lesoinne and Pierson
[31], see also Pierson’s dissertation [73]. Finally, a rigorous analysis was given by Klawonn,
Widlund and Dryja [50]. See also the works by Brenner et al. [11, 12, 14] for sharp estimates.
A comprehensive description of the theory for FETI-DP methods can again be found in the
monograph by Toselli and Widlund [87].

The dual-primal BETI (BETI-DP) methods were first introduced by Langer, Pohoata and
Steinbach [57]. In this section, we give a full analysis on BETI-DP methods for the case of
unbounded domains.

4.1 BETI-DP formulations

For the sake of simplicity, we treat only the case of fully redundant Lagrange multipliers,
and without loss of generality we assume homogeneous Dirichlet boundary conditions, i.e.,
gp = 0.

As in Section 3, we start from the minimization problem

1
min =(Sin Aiun, Aiup) — (fin, Aiup)| - 4.1
We%ﬂs);u )~ U ) (4.1)

We recall the definition of W := IL;ezW,; and W; = 1}’1 p(I';), and consider the Steklov-
Poincaré operators S; , : Wy — W} and S = diag (S; p)icz : W — W™,

As in all dual-primal methods, we work with subspaces W C W for which sufficiently
many constraints are enforced such that the block operator S is SPD on W. Such spaces
are constructed as follows. We choose a primal space Wi C Vlh p(T's) and a dual subspace
WA C W such that L -

W =Wnp®Wa.
Note, that for simplicity we identify continuous functions from V{*(I's) with the correspond-

ing ones in the product space W. We denote the i-th component of the product space WA
by Wa,i. According to [50] and [57] we display three choices of the space W:

Algorithm A. The primal subspace Wn is spanned by the nodal vertex basis functions
Oy € foD(FS), where Ve V!, i.e., V runs over all the subdomain vertices on the interface.

The local subspace WAJ is defined as the subspace of W; with its elements vanishing on the
subdomain vertices, 1. e.,

Wai = {w; € Wi :w;(V) =0V € VI}.
Thus, W is the subspace of W' of functions being continuous at the subdomain vertices.

Algorithm B. The primal subspace /WH is spanned by the nodal verter basis functions
Oy € Vl’fD(FS), V e VI, and the cutoff functions 0, O € Vf}D(FS), where E € £, F € FI.



4.1 BETI-DP formulations 65

The local subspace /VIV/AJ is defined as the subspace of W; where the values at the subdomain
vertices vanish, together with the averages

1 / 1 /
——E F
w; - = — | w;(x)dsg, w; = — [ w;i(x)ds,,

1. €.,
Waii={w; e Wi:w(V)=0vV eV, wf =0VEe&, wi" =0VF e F/}.

Thus, W s the subspace of W of functions being continuous at the subdomain vertices and
with continuous edge and face averages.

Algorithm C. The primal subspace /WH is spanned by the nodal vertex basis functions
Oy € V{fD(Fg), V € VI, and the cutoff functions 0 € VI}Z’D(FS), where E € E1. The local

subspace WAJ 1s defined as the subspace of W; where the values at the subdomain vertices
vanish, together with the edge averages, i. e.,

Waii={w e Wi:w,(V)=0VV eV, w¥ =0VE € &}.

Thus, W is the subspace of W of functions being continuous at the subdomain vertices and
with continuous edge averages.

There are even more choices possible, see, e. g., [50, Algorithm D]. Note, that Algorithm A
works only well in two dimensions, see also [30, 64] for some numerical experiments on FETI-
DP. Its poor behavior in three dimensions relates to the fact that there is no more a discrete
Poincaré-Friedrichs inequality (cf. Lemma 3.14) for functions vanishing at single vertices, at
least not with a logarithmic factor.

We now formulate the BETI-DP algorithms. Depending on the choice of the space WA,
we define the Schur complement S : Wa — (Wa)* by

S := SA — San S;'Sma

where the block operators Sa : (WA — (WA)*, STiA : /WH — (WA)*, SAT : WA — (/WH)*
and Sty : Wi — (Wnp)* satisfy the relations

(Sava, wa) = (Sva, wa) Yoa, wa € Wa,
(Sammva, wi) = (Sna wir, va) = (Sva, wi) Voa € Wa, Yy € Wi,

<SH U1, wn> = (SUH, wn> V’UH, wr € /WH.
Note, that Si is SPD and S fulfill the minimizing property

(Swa, wa) = min (S(wa + wn), wa + wr)
wn eWn

Furthermore, we define the reduced right hand side

fi=fa—San Syt f e (Wa)*,
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where fa, frr are the projections of f onto the corresponding subspaces. The continuity
constraints on the interface are incorporated using fully redundant Lagrange multipliers,
but—in contrast to one-level methods—only for the degrees of freedom in Wa. E.g., for
Algorithm A there are no Lagrange multipliers corresponding to subdomain vertices. We
denote the space of these Lagrange multipliers by Ua and define the corresponding jump
operator Ba : Wa — UJX analogously to Section 3. With these definitions, we arrive at the
following minimization problem, which is equivalent to (4.1),

. 1 ~ ~
min_ ) b(sum un) = (f,ua)| - (4.2)
un € Wa ez
Baua =0

Suppose we have the solution ua. Then the overall solution u € W is given by u = ua + un
with upg = Sﬁl( fi1 — Stuaua). Above minimization problem is equivalent to the following

saddle point problem: Find (ua, A) € WA x Ua such that

(o 5)(%)-(2):

where the Lagrange parameters A are unique up to ker BZ. As an important observation S is

SPD on WA, and so the inverse S~! exists. We define the BETTI-DP operator F': Un — UX
and the dual right hand side d € U} by

F = BAg_lBZ and d:= BAg_lf.
Then above saddle point problem reduces to find A € Ua such that
Flx=d.

Similar to Section 3.1.2 we see that F' is SPD (and invariant) on the factor space V :=
(UA)/ker T, and maps to V’ := UX Nrange Ba. Thus A can be obtained by a PCG iteration
on V. By the same arguments as on page 32 we do not have to care about any contributions
from ker BZ in the Lagrange multipliers during the PCG algorithm. As a main difference to
the one-level method discussed in Section 3, no projection P appears, instead we need the
coarse solve Sp; Lin every PCG step.

Remark 4.1. Implementation details will be treated in a forthcoming paper. However, it
is clear that for assembling of the coarse matrix, one has to solve a local problem for each
primal unknown. This means in particular that in the case of uniform interior subdomain in
two-dimensions, one has to solve O(Hy/Hpg) local problems on the exterior domain, where
the ratio Hy/HE can grow arbitrarily large.

4.2 BETI-DP preconditioners and convergence analysis

Analogous to Section 3.2.3 we introduce a scaled jump operator Bp A 1= ) Bg)A : (WA)* —

i€l
Ua with Bg?A : (WA,i)* — Up defined by its adjoint
' 5;2 for k<j=1i,x=y,
[(BY) A)T il () == { o] fori=Fk<j,az=uy,

0 else,
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for the relevant x, y € I'rj, with the weighted counting functions 5}; from Section 3.2.1.
According to [87, 50] the preconditioner M1 : V/ — V is defined by

M~ = Bp aSaBp a

We observe, that Sa = diag(Sa,i)icz with Sa; : WAJ — (WAZ)* Consequently, the
application of Sa is purely local and therefore the application of M ~! is easily parallelized.
In the sequel we elaborate a characterization of above preconditioner in terms of the
projection
P := B}, ABa,

so that BAM ~1Ba = P{SAPa, similar to Section 3.2.

Lemma 4.1. Let the spaces /WH and V[N/A be defined according to Algorithm A, B or C. Then,
for all wa € Wa,

2 e / L;n\Tp,
(Pawn)i(z) = jezj\[z 5@ (wai(x) —wa j(x))  forzeTin\Tp
waile) =0 forz €TynNTp.

In particular, for a face F € FY, we have (Pawa)|p = 0. Furthermore, Pawa € Wa and
BAPA = Ba.

Proof. The proof is analogous to the proof of Lemma 3.5, see also [50]. The only difference
is that there are no Lagrange multipliers corresponding to subdomain vertices, however, the
values of wa vanish there anyway. O

We can now state a stability estimate similar to Lemma 3.12.

Lemma 4.2. Let Wa be defined according to Algorithm B or Algorithm C. Then, for all
wa € Wa, we have

[Pawal$, < C(1+log(H/h))? lwal%,

where C' > 0 is independent of h;, H;, a; and 7.

Proof. Essentially the following proof can be found in [50], only some of the arguments need
to be adapted to the unbounded domain €)y. For the sake of completeness, we display the
whole proof for the three-dimensional case.

For an arbitrarfyv WA € WA we determine the minimizing function wy € WH such that for
w = wa +wn € W, we have |walg = |w[s. According to [50], since wyy is continuous across
the subdomain interfaces and vanishes on I'p, we obtain by Lemma 4.1 that Paw = PAwa.
Moreover, recall that Paw € Wa, and that Sa is identical to S on the subspace Wa. With
these considerations it suffices to show that

|Paw|? < C (1 +log(H/h))? |w|%. (4.3)
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First, Lemma 3.16, part (i) yields

I(PAw)z‘!é,hZI > > (01 0gp(wi — wy))

peel INEB/P
k3
FeF]

S ) [ Onwtwi—w)|
peg! 1NE/P —
FerF]

2

Si.n

) (4.4)

1/2

PN

@) p)

<min(a;,a;)
Note, that in (4.4) neither contributions on the Dirichlet boundary nor on subdomain vertices

appear, because the function w vanishes there due to the definition of the space W, for both
Algorithms B and C.

Face contributions from a face ' = Fj; can be estimated in the following way,

min(ai, Ozj)’lh(gF(wi - wj)) H1/2(F)
00
2

= min(ay, o) | 1" w; — ) = (w; — o F —wF
= min(o, )| (o= 57) = oy =)+ @ T

= (1 -+ log(H/R))? min(ay, aj){ [0 = w;3pua oy +

—_F —F\||2 —F  _—_F|2 2
+ Hij H(wl — W ) - (wj — wj )HLQ(F) + !wi — wj | ||0FHH3({2(F)} .

For Algorithm B, w;"" = uTjF by the definition of the space W, and we can estimate the last
expression from above by

C (1 +10g(H /M) {aulwil oy + w3 oy | -
using the Poincaré inequality. For Algorithm C, Lemma 3.13, (iii) yields

105122y = (14 lo8(Hr /i) Hi (4.6

We choose an edge E € £ with E C F and obtain

@i — " P < " —WZEP + [w5" — w7
B — 7}3 2
=[G =) | + [y —57)

because w; ¥ = uTjE due to the definition of W. Using the definition of the edge average, the
Cauchy-Schwarz inequality and Lemma 3.13, (vi), we obtain

——F|? 1 _
(w; —w") | = FE’\wi w17, m)

1 2 1 —_Fy2
< g (ot Log(Hp/ha) {lulsagey + g s =T 1 }-

Since Hg ~ Hp, the factor 1/Hp cancels with Hp in (4.6), and using again the Poincaré
inequality we are finally able to bound the face contribution (4.5) from above by

C (14 log(H/h))? {Oéi|wi‘§{1/2(p) + O‘j|wj|§{1/2(F)} :
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Edge contributions of (4.4) from an edge E = E;; € £ can be estimated by

. 2
min(a;, Ozj)HIh(@E(wi - wj)) HH&éQ(wg))

< min(, aj)[lwi — w;|7, g

= min(a, a)||(wi —@7%) — (w; — W) |2, m)

= min(q;, ozj)H [ wlF) — (w; —WiFi)E} + |:(wj — Wij) — (w; — wJF )E} ‘ i

Ly(E)’

where the faces F; € F; and F; € F; are chosen such that £ € 0F;N0F;. In above deduction,
we have used Lemma 3.13, (vi) and the fact that for both Algorithms B and C, w;” = w;¥.
By the Cauchy-Schwarz inequality, we see that

[ — TP
o=

__F
< Nwi — w7 12, )

Ly (E)
Thus, we obtain
min(ai,aj)HIh(GE(wi )HHl/z W)
< aillwi — w3, gy + ajllw; — w512, g

1 __F
ﬁuﬂ%mwmwgﬁmmmm+ i = T2y ) +

1
o [ rageyy + g lws =T e ]}

J

=< (14 log(H/h)) {az‘\wi@m(m) +0‘j|wj‘z2ffl/2(Fj)}’

Eventually, by a finite summation argument, we obtain

’PAw’S (1+10g H/h Z Z az|wz‘H1/2
i€Z FeF;

For i # 0, we can use Lemma 3.16, part (iii) and bound ) pcz ai|wi\§{1/2(F from above

)
by C \w,]%l L For 7 = 0, we denote the discrete harmonic extension of wg from I'g to €f
by H™® wy. Obviously, for F = Fp, \wg@l/Q(F) = [H™ w3, Thus, with a finite
summation argument, we have

(25)
Z aolwo? < | H™ wpl? = ag (ST pyvwo, wo) = |wol?

H1/2(F) IR 1] 0 HI(Q(C)) 0 0,FEM W0, w0/ = 0 SO,h’
FeF;

where the last step follows from Lemma 2.3. Finally, we arrive at the desired estimate (4.3),
which concludes the proof of Lemma 4.2. O

Theorem 4.1. Let the spaces /VVH and WA be defined according to Algorithm B or C. Then
the BETI-DP preconditioner fulfills the following condition number estimate

k(M™YF) < C (1 +1log(H/R))?,
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to be understood in the factor space modulo ker Bg. The constant C' is independent from H;,
hi, a; and v, and we point out that

H/h = Hp/h; .
/ mefg[xlgng F/hi

Proof. For completeness, we display the proof which can be found in [50]. The only essential

point is the estimate stated in Lemma 4.2. Since Sa is SPD on WA, we can conclude that
M1 is SPD on V’. Thus its inverse M : V — V' exists. We show

(MA X < (FA AN <C(1+1og(H/R)? (M X)) VYAEV. (4.7)

Lower bound. Similar to the formula in the one-level method (cf. Lemma 3.8) the following
identity holds (see [50]),

(FX, Ay = sup

’UAEWA

For an arbitrary u € V' there exists a wa € /V[\?A with 4 = Bawa. Since BAPA = Ba,
range (Pa) C Wa (cf. Lemma 4.1) and |ualg < [uals, for all ua € Wa, we can conclude
that
A, BAP, 2 _(\B 2 A, )2
[Pawal% |Pawalg (M~1p, )

For the choice p = M\ we arrive at the lower bound in (4.7).
Upper bound. Using Lemma 4.1 we have that for all A € V,

A\, B 2
(F)X, \) = sup A, AgA>
UAEWA |UA|§
A\, B 2
=< (1 +1log(H/R))* sup A, Av%>
’UAEWA |PAUA|§
(X, Bava)®
< (1+log(H/h 2 su
( s(H/)) UAE%A (M~'Bawa, Bawa)
(A, )
=< (1 +1log(H/h))? sup ——— .
( (HR) pevr (M=, p)
By Lemma A.2 we arrive at the upper bound in (4.7). O
Remark 4.2. 1. Algorithm A gives the same condition number estimate in two dimensions,

also in presence of an unbounded domain. The proof of such an estimate requires no
new ideas and is therefore skipped.

2. Algorithm D in [50, 87] can be proved for the case of unbounded domains with the
same ideas as stated therein.

3. We see that in contrast to the one-level methods, the analysis for dual-primal methods
with unbounded domains is much simpler, because the Ls-terms on the faces of the
exterior domain ()¢ can be eliminated at once. Moreover, we do not need any restric-
tions on the coefficients or on the boundary conditions. One could say that the coarse
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spaces Wi of the dual-primal methods are more powerful than the coarse spaces Z of
the one-level methods.

4. It was shown in [11] that for bounded domains, the estimate in Theorem 4.1 is sharp
in two dimensions.

5 Conclusion

In this work we have given a detailed analysis of one-level BETI methods and BETI-DP
methods for Poisson problems in two- and three-dimensional unbounded domains. In partic-
ular, we have discussed several Lagrange multiplier formulation for one-level BETI methods,
such as non-redundant vs. redundant, and standard vs. all-floating formulation.

Our analysis of one-level methods for unbounded domains is essentially based on a relatively
tricky way of using the coarse space. With no assumptions on the coefficients the sub-optimal
bound

Hy H;\\2
C Ig?g(E(l + log <E)> . (5.1)
for the condition number of the preconditioned BETI-system can be shown. Here, Hj is
the diameter of the complement of the unbounded subdomain €2yg. This bound can be
improved, depending on the geometry of the problem, in particular on the location of interior
Dirichlet boundaries. However, for our proving technique, we need the additional assumption
that the coefficient ag on €y, which is the unbounded exterior domain, is the largest one,
i.e., all interior coefficients c; must be smaller or equal to ag. This is exactly the case in
magnetostatic problems, where «; is the magnetic reluctivity which attains its largest value
in air or vacuum. The main tool in this case is an estimate which bounds the energy norm of
a restricted harmonic extension against a non-restricted one. Therefore, we have introduced
the extension indicator, v, ({Q;}, To, I'p), which is defined the maximal ratio of energy norms
of these extensions. For several specific geometrical configurations we can derive bounds for
the indicator vy ({£2, T'o, I'p). In the the best case, where interior Dirichlet boundaries are
either not present or well-separated from I'y, the quasi-optimal estimate of the condition
number of the preconditioned BETI-system holds, i.e.,

C (1+1 (HZ))Q (5.2)
max ogl|l—]) . .
i#0 & h;

Depending on the location of interior Dirichlet boundaries, bounds in between of (5.1) and
(5.2) can explicitly be derived.

Our numerical examples show that one-level BETI methods behave even better than one
would expect due to the theoretical bounds.

From the parallel scalability point of view, however, the application of the operators Sy j,
and S, }L is the bottleneck of the computation, since it usually disturbs the load balancing
in a parallel scheme. The algorithm can be accelerated by

e introducing a sub-group or processors that all together are responsible for the applica-
tion of So,, and Sy},
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e using an inexact BETI scheme (cf. [54, 45, 51]) with similar sub-parallel precondition-
ers.

For parallel computations with data-sparse BEM matrices see, e. g., [15]. Furthermore, sev-
eral Schwarz-type preconditioners for boundary integral operators (which are parallelizable)
can, e.g., be found in [2, 41, 88].

For the BETI-DP method, we have proved the quasi-optimal bound

C max (1 + log (&»2 (5.3)
i#0 h;

without any assumptions on the coefficients and just standard assumptions on the domain
decomposition. This is possible due to the larger coarse space of BETI-DP methods, which
is fairly different to the one of one-level methods. However, in BETI-DP methods the
assembly of the coarse grid matrix is more costly, since there might be a large number of
primal unknonws on the boundary I'g, and for each of these unknowns one has to solve a
local problem on €y to get the corresponding coarse matrix entry; see also Remark 4.1. For
the rest of the algorithm, one can apply the same strategy as above to speed up the local
operations on .
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A Auxiliary results

The following lemma is a well-known energy result on Galerkin projections

Lemma A.1. Let V), CV be Hilbert spaces and let a : V x V — R be a bounded, symmetric
positive definite bilinear form. For some f € V* we define u € V and up € Vy, by

a(u,v) = (f,v)  YveV,
a(up, vp) = (f,on)  Yon € Vj.

Then
a(up, up) < a(u, u).

Proof. We define the energy functional

J(v) := 3a(v,v) — (f, v).
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One can easily show that

u = argmin J(v), J(u) = —3a(u, u)
veV
up, = argmin J(vy) , J(up) = —3a(up, up) .
vpEV),
Since V;, C V, we have J(u) < J(up) which implies that a(up, up) < a(u, u). O

The next lemma is a well-known result on self-adjoint operators

Lemma A.2. Let V be a separable Hilbert space and T : V. — V* be self-adjoint and positive
definite, in particular T~' : V* — V exists. Then

w, T 'w) = sup {w, v) Yw e V*.
< ) venvioy (T'v, v)

Proof. For simplicity, we give the proof for the finite dimensional case. In the other case, we
need to use the spectral theorem and work with an orthonormal basis. We identify V' and
V* with the space R"*" and T with a matrix A, where we use the Euklidean scalar product
(v, -) and the induced norm || - ||. First, as a well known fact, there exists an SPD matrix
A2 with its inverse A~1/2 such that A = AY/2AY2 and A=' = A=1/24-1/2. Secondly, by
the Cauchy-Schwarz inequality one easily sees that

|lz|| = sup @y Ve € R™.
yern\{0} |[¥ll
Thus,
—1/2 2
(w, A7 w) = (A7 2w, A7V 2w) = sup M
ueR™\{0} [Jul]
(w, A~V u)? (w, v)?
= sup 7 ~zy = Sup )
ueR™\{0} (AA u, A u) vER"\{0} (A v, ?))
In the last step we have used that A~1/2 is bijective and substituted v for A=1/24. O

B List of notations
Vectors

||  absolute value of z € R
lv]  Euclidean norm of the vector v in R?

v-w  Buclidean inner product in R¢



74

Spaces

.

B LIST OF NOTATIONS

dual space of a Banach space V/
duality product between a dual V* and a Banach space V'

Hilbert space of Lebesgue-measurable functions v on the domain or
mannifold  where [, [v|*dz is bounded

Sobolev space of functions in Ly(€2) whose weak derivative is in Ly(€2)
Sobolev space of functions in H'(f2) with vanishing trace on 9

Sobolev space of distributions u € D'(2°) such that u € H(Bg N Q°)
for all open balls Br D 2

trace space of H'(Q) functions where I' = 9Q

subspace of H/?(I") with homogeneous Dirichlet conditions on I'p € T
dual of HY/?(T')

space of functions on I' C I') whose extension by zero is in H'/2(I")

={ve HY*(T) : (V-1w, 1p) = 0}, where V is the (elliptic) single layer
potential

={we HV4T) : (w, 1) = 0}

space of Lagrange multipliers, see pg. 22

spaces of admissible Lagrange increments, see pg. 27 and pg. 66

= V' Nrange B

discrete space of piecewise linear functions on a triangulation 7j of €

subspace of V{*(Q2) with homogeneous Dirichlet boundary conditions on
I'p C o0

discrete space of piecewise linear functions on a triangulation 7j, of the
mannifold I’

subspace of V(") with homogeneous Dirichlet boundary conditions on
I'pcrl

discrete space of piecewise constant functions on a triangulation 7; of
the mannifold I"

product space [ W;, see pg. 21

€L
discrete space of piecewise linear functions on I'; with or without ho-
mogeneous Dirichlet boundary condition, see pages 21 and 24
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Bpr

Bp. a

Hint

int
HO,D
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subspace of W of partially continuous functions; W= /V[7H &) WA, see
Section 4.1

primal space in dual-primal formulation, see Section 4.1

dual space in dual-primal formulation, see Section 4.1

FETI/BETTI jump operator, see pg. 22

scaled FETI/BETI jump operator for redundant Lagrange multipliers,
see pg. 30

scaled FETI/BETI-DP jump operator for redundant Lagrange multi-
pliers, see pg. 66

FETI/BETTI jump operator on subdomain 2;, see pg. 22
FETI/BETI-DP jump operator, see pg. 66

hypersingular integral operator on I';, see pg. 9;
or: FETI/BETI scaling operator, see pg. 29

block-diagonal FETI/BETTI scaling operator, see pg. 29
FETI/BETTI averaging operator, Ep = I — Pp, see pg. 30
FETI/BETI operator, F = BT STB, see pg. 26
FETI/BETI: G = B R, see pg. 26

minimal discrete harmonic extension of a piecewise linear function w
from the boundary I'g to the domain i, see Definition 3.1, pg. 36; or
to the domain ), see pg. 69

minimal discrete harmonic extension of a piecewise linear function w
from the boundary I'y to the domain €;,,¢, which meets the homogeneous
Dirichlet conditions on I'p, see Definition 3.1, pg. 36

double layer potential operator on domain €2 or subdomain 2;
FETI/BETI preconditioner, see pages 29 and 30

FETI/BETI projection operator, see pg. 27
P=1-QG([GTQG)'GT

FETI/BETI projection operator, see pg. 30 for the non-redundant and
pg. 31 for the redundant case

FETI/BETI scaling operator, see pages 26 and 35

FETI/BETTI operator generating the kernel kerS, see pg. 25
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Sa, St, Stia
V.,V

B LIST OF NOTATIONS

= diag (5,1 )icz, block Steklov-Poincaré operator, see pg. 23
interior and exterior Steklov-Poincaré operator, see pg. 11
Steklov-Poincaré operator on subdomain 2;, see pg. 20

approximated coefficient-weighted Steklov-Poincaré operator on subdo-

. . int/ext
main €;, see pg. 20, S; j, := OéiSZ-,FEM/BEM

Schur complement in dual primal methods, see pg. 65
dual-primal related restrictions of S, see pg. 65

single layer potential operator on domain €2 or on subdomain €2;

Constants and scalars

€o

(4)
CK, Ck/

({2}, To, T'p)

= inf (Dv.v)

UGHl/Q(F) (V=1v,0)

, see pg. 10

contraction constant of a domain {2 or subdomain €;, see pg. 10
the extension indicator, see Definition 3.1, pg. 36

diameter of the (bounded) complement €2f of the unbounded subdomain
Q0

diameter of the subdomain ; for i # 0
minimal mesh size of the triangulation 7 of I'; or €;

short hand for the maximum of the local ratio of the largest face diam-
eter and minimal mesh size on one subdomain, see pg. 19

Domains and mannifolds

r
I'p

I;

generically a boundary or a mannifold

Dirichlet boundary

boundary of the subdomain €;

interface of the domain decomposition, see pg. 18
skeleton of the domain decomposition, see pg. 18
Neumann boundary

subdomain edge of the domain decomposition

subdomain edge between domains €2; and €;
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F subdomain face of the domain decomposition
F;;  subdomain face between the domains 2; and (),

Q  generically a domain

Qo  0-th subdomain, which is an unbounded domain
Q;  i-th subdomain

V' subdomain vertex of the domain decomposition

Vi;  subdomain vertex (crosspoint) between the subdomains €; and €;
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