LINEAR RECURRENCES AND POWER SERIES DIVISION

HERWIG HAUSER* AND CHRISTOPH KOUTSCHANT

ABSTRACT. Bousquet-Mélou and Petkovsek investigated the generating func-
tions of multivariate linear recurrences with constant coefficients. We will give
a reinterpretation of their theory by means of division theorems for formal
power series, which clarifies the structural background and provides short,
conceptual proofs. In addition, extending the division to the context of dif-
ferential operators, the case of recurrences with polynomial coefficients can be
treated in an analogous way.

Throughout this paper we will use the following notation: Let K be a field
and d be the number of variables. Bold letters indicate tuples © = (z1,...,zq),
monomials are written as ™ = z7'...z)% and the scalar product is denoted
by u-w = ujv; + -+ + ugvg. The support supp(F(z)) of a formal power series
F(z) =), cne fax™ € K[z] is the set of all monomials ™ whose coefficients f, are
nonzero. Let K[z]Z? denote the set of all power series with support in N¢\ (p+N%).
When we speak of a weight vector, we mean a vector in R? with positive, Q-linearly
independent components. A weight vector w induces a total order <, on Z? as
well as on the monomials " in K[z]: @ <, b and % <, 2° if w-a < w-b. The
initial monomial in,, (F') of a power series F' w.r.t. to a weight vector w is defined
to be the <,,-minimal element of supp(F).

1. RECURRENCES WITH CONSTANT COEFFICIENTS

Let (fn)nene be a sequence in K given by the recurrence

o(n), n € N7\ (s + N%)
(1) f" = thfn+t7 n e S+Nd
teH

where s € N? is the starting point of the recurrence and H C Z% is the finite set
of shifts such that s + H C N%. The function ¢ : N¢\ (s + N%) — K specifies the
initial conditions. The coefficients ¢; are constants in K. Let Hy denote the set
H U{0}. We define the apex p of the recurrence (1) as the vector p = (p1,...,pq)
with p; = max{t; : t € HU {0}}. The objective then is to determine properties of
the generating function F(x) = ya fonx™ in terms of the given initial data and
recurrence.

The picture on the right il- y
lustrates the situation for H =

{(_3a 0)7 (_27 _1)’ (07 _2)» (17 _1)}

with starting point s = (3,2) and L)
apex p = (1,0). The area s+ N? is
shaded; outside of it the recurrence
is given by the initial values.

[ ]
\

* supported by FWF project P-18992.
T supported by grant SFB F1305 of the Austrian FWF.

1



2 HERWIG HAUSER AND CHRISTOPH KOUTSCHAN

Theorem 1. If there exists a weight vector w € R with positive components such
that w-t < 0 for all t € H, then the recurrence (1) has a unique solution.

The proof can be found in [2].

In order to compute the generating function of (fy),cne, & functional equation
for Fg(z) =3, cyyne fnZ"™° can be deduced in a rather straight-forward manner
(for details see [2]):

(2) Qz) - Fs(z) = K(z) — U(w),
where

Qlx) = m”—thmP*t,

tecH

K@ = ) > cep(n)a” TP,
t€H ne(s+t+N9)\(s+N7)
Ulx) = Z Z cfnxSTPTE

teH ne(s+N9)\(s+t+N9)
Here:

e Q(x) is a polynomial that is given by the recurrence relation (the charac-
teristic polynomial of the recurrence).

e K (x) is known since it contains only coefficients which are given by the
initial value function ¢(n). Note that K (x) is a formal power series, i.e., no
negative exponents occur: The exponents of K (x) have the form n—s+p—t
with n € (s +t+ N%) \ (s + N), hence n — t — s € N9,

e U(x) is a formal power series and is unknown. The exponents of U(z) have
the form (n—s—t)+p with n € (s+N9)\ (s+¢+N%), hence n—t—s ¢ N<.
Thus supp(U(z)) € N4\ (p + N9).

The equation (2) involves two unknown series, namely F(x) and U(z), and two
given series, Q(z) and K (x). It is now immediate to write (2) in a slightly different
way:

3) K(x) = Q(x) - Fis(z) + U(x).

This is nothing else but a Euclidean division of power series with remainder: The
formal power series K () is divided by the polynomial Q(z) yielding the quotient
Fs(x) and the remainder U (x).

To justify this, we have to show that U(z) satisfies the appropriate support con-
dition. We choose the monomial order that is induced by the weight vector w from
Theorem 1 in order to make P the initial monomial of Q(x). Since w -t < 0 we
have that P <, xP~¢ for all t € H, and therefore P is <,-minimal in supp(Q).
To make the order total, w additionally has to have Q-linearly independent compo-
nents. We have seen that U(z) is in K[z]ZP, and therefore contains only monomials
that are smaller (w.r.t. <) than the initial monomial z? of Q(x).

2. DIVISION OF FORMAL POWER SERIES

The division (3) can be carried out explicitly by generalizing the usual Euclidean
division in K[z] to the multivariate power series ring K[z] (Weierstrafl division).
We interpret the division by a power series as a perturbation of the division by its
initial monomial. Let’s have a short look on a special case:

Example 1. The division of a formal power series P(z) by a monomial ", n € N%,
is equivalent to the direct sum decomposition K[z] = z"K[z] ® K[z]Z" (when
viewed as vector spaces). For the division we get P(x) = z™ - F(x) + R(x) where
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the remainder R(z) has to fulfill the support condition supp(R(z)) C K[z]Z". Note
that K[z]Z" is isomorphic to K[z]/(z"), again when viewed as vector spaces.

In a straightforward manner this example can be extended to the division by a
power series A(z) € K[z] with initial monomial ™ (w.r.t. some monomial order),
and one gets K[z] = A(z)K[z] © K[z]Z".

In our setting where the division (3) arises from a recurrence, we are in fact not
interested in performing the division explicitly, because we can obtain the result
of the division (a power series representation of the generating function) by just
applying the recurrence relation. We are more interested in deducing properties of
the generating function.

Assume that the apex p is 0; from the support condition on U(x) follows that
U(z) = 0. Equation (3) simplifies to Fs(z) = K(x)/Q(z). Hence, if the apex is 0
and K (z) is a rational function, then the generating function F(z) is a rational
function.

In the case of convergent power series, we invoke the Grauert-Hironaka-Galligo
division theorem (cf. [12, 9, 10, 3, 4]:

Theorem 2. Let K be R,C,Q,Q, or any complete valued field, and let A(xz) €
K{x} be a convergent power series. Let again ™ be the initial monomial of A(x)
with respect to some monomial order on N®. Then

K{z} = A(z)K{z} © K{z}Z".

We conclude that the solution F(x) of (3) is a convergent power series provided
that the initial conditions constitute a convergent series K (z) € K{z}. This has
been proven in Theorem 7 of [2].

A power series A(x) € K[z] is called algebraic, if there exists a polynomial
P(z,t) € K[z][t] such that P(z, A(x)) = 0, or, more explicitely, if there are polyno-
mials po, ..., pm € K[z], pm # 0 such that

P (@) A(Z)™ + -+ - + p1(z) A(z) + po(z) = 0.

Let K[z]*® C K[z] denote the subalgebra of algebraic power series. In this case
we invoke the Lafon-Hironaka division theorem (cf. [14, 11]):

Theorem 3. Let A(x) € K[z]*® and let " be the initial monomial of A(z) (w.r.t.
some monomial order) with n = (0,...,0,n,0,...,0). Then

Kla]"® = A(z)K[z]"% & (K[z]*8)"" .

A constructive version of this theorem using polynomial codes of algebraic power
series has been developed in [1].

In particular, the theorem implies that in the division (3) the quotient F(z) and
the remainder U(x) are algebraic, provided that K(z) is algebraic and the initial
monomial of Q(z) involves only one variable. Hence, if the apex p of (1) has exactly
one nonzero component and if the initial conditions constitute an algebraic power
series K(x), then the generating function F(x) is algebraic. This has been proven
in Theorem 13 of [2].

3. RECURRENCES WITH POLYNOMIAL COEFFICIENTS

We are now considering P-finite recurrences, i.e., recurrences with polynomial
coefficients ¢;(n) € K[n|, written in the following form:

fn =p(n), n € N?\ (s + N9
(4) co(m)fn =—Y_ ci(n)fnpr, mEs+N

tcH
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The existence of a unique solution for P-finite recurrences can be stated in a similar
way as in Theorem 1 for C-finite recurrences:

Corollary 4. If there exists a weight vector w € R? with positive components such
that w-t < 0 for all t € H, and if additionally the polynomial co(n) has no integer
root in s + N2, then the recurrence (4) has a unique solution.

In contrast to Theorem 1, we additionally require that the polynomial co(n) does
not have integer roots in the region s + N? where the recurrence relation is applied;
this condition is trivially fulfilled for constant coefficients. If it happens that cg does
have an integer root there, the whole recursion would break down. This situation
can often be avoided by an adequate choice of the starting point s. In the case
d = 1 this is always possible, whereas for d > 1 there are instances for which there
is no such s. Corollary 4 also follows immediately from Theorem 5 in [2]. In the
following we will always assume that the recurrence fulfills the conditions of the
theorem.

The proof of Theorem 4 via division theorems is slightly more delicate than
for Theorem 1. The functional equation (2) has to be replaced by a differential
equation. This is done as follows:

Let % denote the falling factorial 2(x—1) - - - (x—k+1) where 2 is set equal to 1.
The falling factorials constitute a basis for the polynomial ring K[z] via the formula
2" = > S(n, k)zk where S(n,k) denote the Stirling numbers of the second kind.
For several variables the falling factorial is defined as % = H;i:l xfi, and obviously
also any multivariate polynomial can be written in terms of falling factorials z&.
We now transform the polynomials ¢;(n) in this manner, but take for convenience
shifted falling factorials:

ct(n) =¢é(n—s+p)= Z cik(n—s+p)k
keSy

with certain coefficients ¢; € K and a finite index set S; ¢ N¢.
Let Fy(x) again denote the generating function »_, ... na faZ™ ™.
recurrence (4) rewrites as follows:

Then our

0 = Z Ct(n)fnth

teHy

- Y Y e

ncs+Nd tcHy

= Z Z Ct (’IL — t)fnmnierpit

teHo nes+t+Nd

= > Y D eun—st+p—t)fifua" TP~ K(x) + U(w)

teHop ncs+Nd keSy

= >3 > (cuatdtar ") faa" ) - K(2) + Ula)

teHy k€St nes+Nd

= > D (cuxboFaP™h) (Fy(x) — K(z) + Ulx).

teHo keSy

Here, D = ZteHO Zkest cepzFO* 2P~ is now a differential operator with polyno-
mial coefficients. The power series

K@) =->_ > o(n)ey(n — t)zn TPt

t€EH ne(s+t+N2)\(s+N9)
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is known since it is determined by the initial conditions. The series

U(x) =— Z Z fnci(n —t)gn—stP-t

teH ne(s+N2)\(s+t+Nd)

is unknown, and satisfies the support condition supp(U) C N4\ (p + N¢). Ana-
logously to equation (2) we get

() K(z) = D (Fy(x)) + U(z).

To make this precise, we briefly review the theory of perfect differential operators
and their division (cf. [6]).

4. PERFECT DIFFERENTIAL OPERATORS

We consider linear partial differential operators with polynomial coefficients of
the form D = 37, ,na Capz?d®. They define K-linear maps D : K[z] — K[z],
A — D(A). The differences r = a — b € Z¢ with c,p # 0 are called the shifts of
D. A differential operator is called a monomial operator if all its summands have
the same shift r; this is equivalent to saying that the operator sends monomials to
monomials. A monomial operator can be represented as k,z" where k, : N* — K
is called the coefficient function: The monomial operator £*9® with @ — b = r has
the coefficient function k,(n) = n® and the shift r:

("™ = nlx" " = K, (n)z" .

A monomial subspace M is a vector subspace of K[z] for which there is a set
¥ C N9 such that M is formed by all power series with support in ¥. The canonical
monomial direct complement of M is the vector subspace N of power series with
support in the complement N \ 3.

The initial form of D with respect to a weight vector w, denoted by D°, is defined
by D° =3, ,_, capz®d®, where r is the minimal shift of D (i.e., w-r is minimal).
Clearly D° is a monomial operator; we denote its coefficient function with x°(n).
Let D denote the tail of the operator, i.e., D = D° + D. We say that the initial
form D° dominates D if there is a constant C' > 0 such that for all b € N¢ with
cap # 0 for some a, and all n € N with x°(n) # 0, we have n% < C - [s°(n)|.

A differential operator D is called perfect if for any A € K[x] there exists an
n € N? such that in, (D(4)) = (D°z")/k°(n). In other words, if for all power
series A the initial monomial of D(A) lies in the image Im(D°) of D°. The image
Im(D°) is spanned by the monomials {z"*" | n € N? and k°(n) # 0} where r is
the shift of D°.

Example 2. Let D = 4y — 2y%9,0, + x?. The involved shifts are (0,1) and
(2,0). We choose a weight vector such that (0,1) <, (2,0) and get the initial form
D° =4y — my28x8y with coefficient function °(ni,ns) = 4 — nine. We see that
k°(n) =0 for n € Z = {(1,4),(2,2),(4,1)}, hence the image Im(D°) is spanned
(as a vector space) by the monomials {z™1y"2*! : (n;,ny) € Z}. This operator is
not perfect since, e.g., D applied to x%y? gives x%y? & Im(D°).

This example also illustrates that in general it might be impossible to decide
whether an operator is perfect or not: The computation of Im(D°) needs a dio-
phantine equation of arbitrary form to be solved.

Example 3. Consider now the operator D = 4y — xy2azay + 22y* with D° being

the same as in the example above, but now D = z2y*. Clearly we have Im(D) =

22y K[z, y] C Im(D°) which implies that in this case D is perfect.
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Note that the concept of perfect operators is more subtle than these two examples
suggest. For more details we refer to [5, 6] from where we cite a division theorem for
differential operators (in fact a specialized version that is sufficient for our setting):

Theorem 5. Let K be either K[z] or K{z}. Let D € K[z][0] be a perfect differential
operator and let D° be its initial form with respect to some weight vector w. Choose
the canonical direct monomial complements L° of Ker(D°) and J° of Im(D°®) in
K. In the case of convergent power series, assume in addition that D is dominated
by D°. Then we have the direct sum decompositions

ImD®J°=K and KerD® L° =K.

In other words, if D is perfect, then the division K = D(F;) + U exists and is
unique. The support condition on U is given by D°.

5. BACK TO P-FINITE RECURRENCES

Proposition 6. A differential operator

D= Z Z copxt kPt = Z D,

tEHy k€S teHy

that evolves from a recurrence which is of type (4) and satisfies the conditions of
Theorem 4, is perfect.

Proof. The shift of all summands in any of the operators Dy is p — t. It does
not change when Dy is converted to the standard form anbmaﬁb by means of
the commutation rule 0xr = xzd 4+ 1. Thus all the D;’s are monomial operators.
Let w be the weight vector from Theorem 4 with w -t < 0 for all £ € H. Then
Dg is the monomial operator with the minimal shift, hence we have D° = Dy
and D = 3, Dy. The coefficient function of the initial form turns out to be
K°(n) = Y res, Cok(m + p)¥ = co(n + s). Since the polynomial cg(n) does not
have any zeros in s + N% we see that x°(n) # 0 for all n € N¢. Consequently
Im(D°) = PK[x] which matches the support condition on U(z). The kernel of D°
is 0, hence
ing (D(A)) = D°(ing(A)) for all A € K[],

and this proves that D is perfect. O

We conclude that the division (5) has always a unique solution. This corresponds
exactly to the statement of Theorem 4 which asserts that the recurrence has a
unique solution.

Let’s turn to the case of convergent power series; here we get a sufficient but
not necessary condition for the convergence of the generating function. Theorem
5 states that the generating function Fs(z) is a convergent power series if the
operator D corresponding to its recurrence relation is dominated by its initial form.
This is exactly the case when the polynomial co(n) dominates all the polynomials
ci(n),t € H, i.e., there is a constant C' > 0 such that for all n € N¢ we have

lct(n)] < C - co(n+s)|.

6. EXAMPLES AND OUTLOOK

In order to illustrate the applicability of our theory we choose the Eulerian
numbers (see e.g. [8, chap. 6.2]).

Example 4. The recurrence

(6) ang = (k+1)an_1k+ (n—k)an_15-1
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defines the Eulerian numbers, together with the initial conditions a, o =1forn >0
and ag , = 0 for k > 1. Since we have H = {(—1,0), (—1, —1)} it is natural to choose
the starting point s = (1,1); the apex p is obviously (0,0). Hence the generating
function in question is Fi(x,y) = Y oo g > pep @nt1,k+12"y". The known part in
this case is K(z,y) = z/(z — 1)2. From p = (0,0) it follows that U(x,y) = 0. The
differential operator corresponding to recurrence (6) is

D =1-2x — 2%y, + (zy* — xy)0,.

If we plug in a truncated power series expansion of Fy(x,y), we see that indeed
K(z,y) = D(Fs(x,y)) holds.

Gnedin and Olshanski [7] studied nonnegative solutions of the dual recurrence.
The dual (or backwards) recurrence is obtained by changing the signs of all shifts.
The problem is now to describe initial conditions for the dual recurrence such that
its solution does not involve negative values.

Example 4 (continued). By inverting the shifts of (6) we get the dual recurrence
bk = (k4 D)bpt1 + (n — k)bpy1,x+1 which we write as

(7) (n - k)bn,k =bp—1 k-1 — kbp j—1.

It is claimed that by o = 1; the other initial conditions b, o for n > 1 and by for
k > 1 have to be determined such that b, ; > 0 for all n,k € N. We again choose
s =(1,1), and see that p = (0,0). We can compute a differential operator for (7):

D:xy—2y—x5m+(y—y2)5y.

Hence we have to determine all power series K (z,y) for which the division (5) with
U(z,y) = 0 yields a power series solution Fy(z,y) with nonnegative coefficients.
This seems to be an interesting research problem.

It would be nice if we could also state some results about the algebraicity of the
generating function. But here even the univariate case is still open: The famous
p-curvature conjecture of Grothendieck [13, 15] asserts that a linear differential
equation with coefficients in Q(z) admits a complete system of solutions if and
only if the differential equation reduced modulo p has a complete system of rational
solutions for almost all p.
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