Computer Algebra for Sp ecial Function Inequalities

Manuel Kauers

Abstra ct. Recen t computer pro ofs for some sp ecial function inequalities are presen ted. The algorithmic ideas underlying these computer pro ofs are describ ed, and the conceptual difference to existing algorithms for pro ving sp ecial function iden tities is discussed.

1. In tro duction

Computer algebra has, in the past few decades, grown to a valuable to ol for answering questions ab out special functions. We are now in a position that man y differen t kinds of identities can be proven and even discovered automatically , with little to no human assistance. In contrast to identities, inequalities for special functions have long been considered inaccessible to symbolic computation. But they are not. In this pap er we will summarize some results obtained by a recent computer algebra approac h to special function inequalities. There has been very little work on inequalities before we presen ted our approac h [23 , 29, 22 , 30 ] in 2005. Some rudimen tary reasoning ab out inequalities is incorp orated into Maple’s assume facility [55 ], which allows to declare, e.g., that certain variables are positiv e. Mathematica’s integrator contains a reasoning apparatus that attempts to determine restrictions on parameters that may apply to a closed form evaluation of a given integral [47 ]. These approac hes might suffice for resolving constrain ts that arise during a computation, but proving nontrivial inequalities goes well beyond their capabilities. Some steps towards algorithms for proving inequalities involving elementary functions have been made [39, 2], but these seem rather of theoretical interest and have not yet led to algorithmic pro ofs of inequalities that are interesting in their own right. It has also been pointed out that some difficult inequalities can be proven by reducing them to a special function identit y which can then be shown by computer algebra [21, 40, 41, 43 ], but this approac h requires significan t human interaction and is restricted to a very limited number of examples. All the inequalities we consider have in common that they involve a discrete parameter n, and the argumen t underlying the correctness of our computations is an induction pro of along this parameter. The pro cedure we are using is not an algorithm in the strict sense. It might fail to arriv e at a decision (true or false) for a particular inequalit y at hand, returning the answer “I-don’t-kno w”. In this situation, the user may assist the computer by appropriately reform ulating the inequalit y. Which reform ulations are appropriate for the proving pro cedure is, however, not at all clear a priori and has to be investigated via experimen ting. The presen t pap er does not contain any new results. Instead, we give some additional background information on how our previous results [24, 3, 32 , 31 ] were obtained, in the hop e that this may serve as an illustration of the difficulties that arise during the construction of computer pro ofs for inequalities, and in the hop e that this conveys some of the intuition that has guided us around these difficulties to a successful solution. On the other hand, we have left out some technical

1991 Mathematics Subje ct Classific ation. 33F10, 13F25, 05E99. Key words and phr ases. Sp ecial Functions, Inequalities, Computer Algebra, Cylindrical Decomp osition. The author was supp orted by the Austrian Science Foundation (FWF) gran ts SFB F1305 and P19462-N18. 1

details where it seemed appropriate to do so; the reader interested in them is asked to consult the the original publications [24 , 3, 32, 31 ]. In the end, we will also commen t on some inequalities for which we have not been able to come up with a computer pro of yet.

2. P olynomial Inequalities

It can already be considered as a classical result that quan tifier elimination in the theory of real closed fields is decidable. Tarski [52 ] has given the first algorithm, which was impractical. Several other algorithms have been prop osed since then [45, 14 , 13, 9], among them the algorithm of Collins [15 , 16 ]. Although several implemen tations of Collins’s algorithm (hereafter referred to as “CAD” for “Cylindrical Algebraic Decomp osition”) are available [12 , 46 , 48 ], it seems that quan tifier elimination over the reals as a metho d in computer algebra is not as widely known as it deserv es. In general, quan tifier elimination is the pro cess of constructing for a given quan tified formula an equivalent formula that is quan tifier-free. We are dealing here with a specific type of formulas, which are comp osed of quan tifiers (∀, ∃), logical constan ts and connectiv es (true, false, ∧ , ∨ ,. . . ), equalit y and order relations (=, ≠, > , < , ≥ , ≤ ), and polynomial expressions (e.g., x^2 +^2_5 y − 1) according to the usual syntactic rules. Such formulas are called Tarski formulas. We understand all variables occurring in such formulas as ranging over the real numbers. A simple example for a Tarski formula is ∃ z ∈^� : (x^2 + y^2 + z^2 = 1).

In this formula, z is called a bound variable (as it is bound by an existen tial quan tifier) whereas x and y are free variables (as there is no quan tifier in the formula that binds them). When applied to the formula ab ove, quan tifier elimination may deliver the formula

x^2 + y^2 ≤ 1.

The two formulas are equivalent in the sense that the former is true at a particular point (x, y) ∈^{� 2} if and only if the latter is true at this point. The output formula of a quan tifier elimination procedure only involves the free variables of the input formula, the bound variables are “eliminated” along with their quan tifiers. In particular, if the input formula does not have any free variables, quan tifier elimination gives either “true” or “false” as output. In our work, we use Mathematica’s implemen tation of CAD as quan tifier elimination pro cedure. For simplicit y, we will refer to the use of CAD even though most of the claimed results could in principle be obtained by any other quan tifier elimination pro cedure as well. The number of summation problems involving binomial sums posed in the problem sections of contemp orary mathematical journals has decreased since the app earance of Zeilberger’s algorithm [57 , 43, 38 ]. In contrast, problems that can be solved directly by CAD are still app earing rather frequen tly. A randomly chosen example is the Monthly Problem 11199 [56 ]: Given a, b,c > 0 such that a + b + c = 1, we are asked to show that 1 a + 1 b + 1 c ≥ 25 1 + 48abc . This is indeed not very difficult to prove by hand, but the point is that there is no need to do it by hand, as it can be done with CAD. We just need to apply CAD to the formula

∀ a, b,c ∈^� : (a > 0 ∧ b > 0 ∧ c > 0 ∧ a + b + c = 1) ⇒ 1 a + 1 b + 1 c ≥ 25 1 + 48abc , which gives the output “true” after a second or so. It is imp ortan t to note that CAD and the other algorithms for quan tifier elimination over the reals are guaran teed to provide answers. For any arbitrarily complicated Tarski formula, CAD will, after a finite number of steps, have completed the construction of an equivalent quan tifier free formula. In contrast to the “metho ds” discussed in the remainder of this pap er, these algorithms are not heuristics that succeed on some examples and fail on others. There is, however, still a little issue. CAD requires an enormous amoun t of computing resources: its run time and memory requiremen ts grow doubly exponentially in the size of the input. This is not a fault of the algorithm but an inheren t prop ert y of the quan tifier elimination problem, as it can be shown that every algorithm that is capable of performing quan tifier elimination over the reals will have this behavior [17 ]. This fact can turn into a significan t limitation when we are interested in the result of a specific quan tifier elimination problem – even for moderately sized input it may just be imp ossible to complete the computation within the expected lifetime of the universe. Nevertheless, thanks to carefully optimized implemen tations and contin uously impro ving computer hardw are, CAD has mean while been applied in a number of contexts including theorem proving for elementary geometry [49, 19 ], control theory [20 ], database theory [33 ], biology [4, 53 ] and others [44, 13 ]. Only since very recent [23 ], CAD is also being applied for proving special function inequalities. These applications will be reviewed in the remainder of this pap er.

3. Elemen tary Inequalities

Our principal approac h for proving inequalities ab out quan tities that are not in the scope of CAD, i.e., inequalities involving non-p olynomial quan tities, is the construction of a Tarski formula whose truth implies the truth of the inequalit y to be shown. Truth of the Tarski formula is then checked by means of CAD. We illustrate this approac h in this section on two rather easy classical inequalities.

3.1. Bernoulli’s Inequalit y. In its most widely known form, Bernoulli’s inequalit y reads

1 + nx ≤ (x + 1)^n (x ≥ − 1, n ∈ � ).

This inequalit y is of course fairly easy to prove by hand, but for the purp ose of illustration, let us see how much “w ork” we can possibly leave to the computer. For each particular choice of n, the inequalit y reduces to a statemen t ab out polynomials in one variable x, which can be checked automatically with CAD. For symbolic n, however, CAD is not directly applicable because (x + 1)^n is not a polynomial in n and x. To turn the inequalit y into a polynomial statemen t, we could simply replace every non-p olynomial expression by a new variable, e.g., intro duce a variable y for (x + 1)^n . Then we are left with 1 + nx ≤ y. Regarding n as a real variable n ≥ 0, we arriv e at a Tarski formula in x, y, n to which CAD is applicable: ∀ n, x, y ∈^� : (n ≥ 0 ∧ x ≥ − 1) ⇒ 1 + nx ≤ y.

If that formula were true, Bernoulli’s inequalit y would follow by construction. But of course, the formula is false (by insp ection or by CAD). The failure was to be expected because we did not encode any relationship between y and x into the formula; we could hardly be so lucky to arriv e at a true formula if we don’t encode somehow that y is though t to represen t (x + 1)^n . In setting up a pro of by induction on n, it can be exploited that (x + 1)y represen ts (x + 1)^{n +1} = (x + 1)(x + 1)^n . The induction step formula

1 + nx ≤ (x + 1)^n ⇒ 1 + (n + 1)x ≤ (x + 1)^{n +1} (x ≥ − 1, n ∈ � )

is th us a consequence of

∀ n, x, y ∈^� : (n ≥ 0 ∧ x ≥ − 1 ∧ 1 + nx ≤ y) ⇒ 1 + (n + 1)x ≤ (x + 1)y.

A CAD computation quickly confirms that this latter formula is indeed true, so we got a computer pro of for the induction step. To complete the pro of of Bernoulli’s inequalit y, we need to check one initial value: n = 0. Plugging this value into the inequalit y yields 1 + 0x ≤ (x + 1)^0 , which is true. (by insp ection or by CAD).

Summarizing, we obtained a computer pro of for Bernoulli’s inequalit y by

(1) replacing all non-p olynomial expressions in the inequalit y by new variables (2) formulating the induction step of a pro of by induction on n as a Tarski-form ula, exploiting known recurrence equations for the non-p olynomial expressions (3) proving the Tarski-form ula for the induction step by CAD (4) checking the induction base n = 0 by another application of CAD.

-3 -2 -1 1 2 3

                 -1

                  1

                  2

                  3

                  4

                  1

                  2

                  3

                  4

Figure 1. The exceptional set for Bernoulli’s inequalit y (pro jected to the (x, n)-plane)

Most inequalit y pro ofs we presen t in this pap er are based on this pro cedure. Unfortunately , the pro cedure will not deliver a pro of for every inequalit y to which it is applicable. This is in contrast to the CAD algorithm, which is guaran teed to deliver a pro of or a counterexample for any given Tarski-form ula after a finite amoun t of time. In view of computational theoretic considerations, it seems to o much to expect such a decision pro cedure for special function inequalities as well, so a pro cedure that succeeds in man y instances is already fine. The pro cedure outlined ab ove does succeed on man y examples, but it also fails on man y examples. Where it fails it is sometimes possible to still get an automated pro of by rewriting the inequalit y in an “appropriate” way, or by supplying additional knowledge, or by slightly adjusting the pro cedure. In this resp ect, proving special function inequalities by computer algebra curren tly has to be considered as experimental mathematics: there is no way to see a priori whether the proving pro cedure succeeds on a particular inequalit y at hand, and also no general advise can be given in case the pro cedure fails. As an example, the situation already becomes more interesting when trying to prove that the domain of validit y for Bernoulli’s inequalit y may be enlarged to x ≥ − 2:

1 + nx ≤ (x + 1)^n (x ≥ − 2, n ∈ � ).

It turns out that the Tarski-form ula for the induction step,

∀ n, x, y ∈^� : (n ≥ 0 ∧ x ≥ − 2 ∧ 1 + nx ≤ y) ⇒ 1 + (n + 1)x ≤ (x + 1)y,

is false. Equiv alently, the set of all points (n, x, y) ∈^{� 3} with

(n ≥ 0 ∧ x ≥ − 2 ∧ 1 + nx ≤ y) ∧ ¬ (1 + (n + 1)x ≤ (x + 1)y)

is nonempt y. We call this set the exceptional set or the set of exceptions. The pro jection of this set to the (x, n)-plane is the half-strip shown shaded in Figure 1. (Chris Brown suggested to us the use of pictures in this context.) We see that the proving pro cedure worked precisely for x ≥ − 1 but not beyond. A variation that makes the pro of go through is to extend the induction hypothesis. Instead of showing an induction step of the form A(n) ⇒ A(n + 1), we show A(n) ∧ A(n + 1) ⇒ A(n + 2). If this is true, then two initial values have to be checked as induction base, and we are done. The Tarski formula corresp onding to the extended induction step reads

∀ n, x, y ∈^� : (n ≥ 0 ∧ x ≥ − 2 ∧ 1 + nx ≤ y ∧ 1 + (n + 1)x ≤ (x + 1)y)

⇒ (1 + (n + 2)x ≤ (x + 1)^2 y).

CAD confirms that this formula is true. The base case reduces to checking 1 + 0x ≤ (1 + x)^0 and 1 + 1x ≤ (1 + x)^1 which is easy to do (by insp ection or by CAD).

-3 -2 -1 1 2 3

                 -3

                 -2

                 -1

                  1

                  2

                  3

                  1

                  2

                  3

Figure 2. Exceptional set for the Cauc hy-Schwarz-Inequalit y (pro jected to the (s_x , s_y )-plane)

3.2. The Cauc hy-Sc hwarz Inequalit y. Let x_n , y_n be arbitrary sequences of real numbers. The Cauc hy-Schwarz inequalit y may be phrased as (^n∑ k=0 x_k y_k

)_2 ≤ (^n∑ k=0 x^2_k

)(^n∑ k=0 y^2_k ) (n ∈ � ).

In order to prove this like we proved Bernoulli’s inequalit y, we intro duce new variables s_{x,y} , s_x , s_y corresp onding to the sum on the left and the two sums on the right hand side, resp ectively. Then, regarding also x_{n +1} and y_{n +1} as real variables, we get the formula

∀ s_{x,y} , s_x , s_y , x_{n +1} , y_{n +1} ∈^� : (s^2_{x,y} ≤ s_x s_y ) ⇒ ((s_{x,y} + x_{n +1} y_{n +1} )^2 ≤ (s_x + x^2_{n +1} )(s_y + y^2_{n +1} )).

This is false. Extension of the induction step (and intro ducing new variables x_{n +2} , y_{n +2} ) does not help: also the formula

∀ s_{x,y} , s_x , s_y , x_{n +1} , y_{n +1} , x_{n +2} , y_{n +2} ∈^� :

(s^2_{x,y} ≤ s_x s_y ∧ (s_{x,y} + x_{n +1} y_{n +1} )^2 ≤ (s_x + x^2_{n +1} )(s_y + y^2_{n +1} ))

⇒ (s_{x,y} + x_{n +1} y_{n +1} + x_{n +2} y_{n +2} )^2 ≤ (s_x + x^2_{n +1} + x^2_{n +2} )(s_y + y^2_{n +1} + y^2_{n +2} ))

is false. Extending further does not help either. Figure 2 depicts the pro jection of the exceptional set, i.e., the set of all points at which these formulas are violated, to the (s_x , s_y )-plane. The induction step formulas are violated only if both s_x and s_y are negativ e. But we chose these variables to represen t the sums

∑_n k=0 x^2_k and

∑_n k=0 y^2_k , resp ectively, which cannot possibly become negativ e. If this additional knowledge for at least one of the sums on the right is included into the induction step formulas, we get through:

∀ s_{x,y} , s_x , s_y , x_{n +1} , y_{n +1} ∈^� : (s_x ≥ 0 ∧ s^2_{x,y} ≤ s_x s_y )

⇒ ((s_{x,y} + x_{n +1} y_{n +1} )^2 ≤ (s_x + x^2_{n +1} )(s_y + y^2_{n +1} )).

is true, as a quick CAD computation confirms. It remains to check one initial value. The proving metho d has the curious prop ert y that the class of statemen ts that can be proven is not closed under implication. The Cauc hy-Schwarz inequalit y is a typical example for this frequen t and anno ying phenomenon. It is possible to show with the metho d that n∑ k=1 x^2_k ≥ 0 ⇒

(^n∑ k=0 x_k y_k

)_2 ≤ (^n∑ k=0 x^2_k

)(^n∑ k=0 y^2_k ) , and it is also possible to automatically show that n∑ k=1 x^2_k ≥ 0,

-1 -0.5 0.5 1

                 -1

               -0.5

                0.5

                  1

                                                    -1 -0.5 0.5 1

                                                                   0.05

                                                                    0.1

                                                                   0.15

                                                                    0.2

                                                                   0.25

Figure 3. a. P_n (x) for n = 0, . . . , 10 b. Δ_n (x) for n = 1, . . . , 20

by virtue of the simple Tarski formula

∀ s_x , x_{n +1} ∈^� : s_x ≥ 0 ⇒ s_x + x^2_{n +1} ≥ 0.

Yet it is not possible to show the Cauc hy-Schwarz inequalit y directly .

There are man y examples on which the proving metho d fails, but for which it succeeds if some additional information is supplied. Often, comparativ ely trivial additional information suffices. However, the missing information is not always as easily seen from the exceptional set as in the example ab ove. More often, especially on non-trivial examples, the additional information has to be found by experimen ting, if it can be found at all.

Many elementary inequalities app earing in textb ooks [28, 35 , 36 ] can be proven by the pro cedure using just extension of the induction hypothesis or specification of trivial additional knowledge. A table listing man y of them is given in [29 ], pp. 56f.

4. Adv anced Inequalities

Although the metho d outlined in the previous section is rather far from a complete algorithm, as even trivial inequalities can be stated for which it fails, it is strong enough to prove some inequalities that are fairly difficult to do by hand. This is our main point in this article. In the presen t section, we collect some nontrivial inequalities that were proved (or impro ved) using CAD in one or the other way. For some of these results, our computer pro ofs are the only curren tly available pro ofs, i.e., no “h uman-pro ofs” have been given yet.

4.1. Turan’s Inequalit y and a Generalization. By P_n (x) we denote the nth Legendre polynomial [1, 5] which may be defined via the second order recurrence equation

(n + 2)P_{n +2} (x) = (2n + 3)xP_{n +1} (x) − (n + 1)P_n (x), P_0 (x) = 1, P_1 (x) = x.

Figure 3 a shows the first few instances of P_n (x) plotted in the range x ∈ [− 1, 1].

In view of the heavy oscillation of the P_n (x) in the interv al (− 1, 1), it app ears as a surprise that the quan tit y

Δ_n (x) := | | | P^n (x) P^{n − 1} (x) P_{n +1} (x) P_n (x) | | |= P_n (x)^2 − P_{n − 1} (x)P_{n +1} (x)

is always positiv e in that range (Fig. 3 b). This fact is known as Turan’s inequalit y, and it is by no means elementary . Szegö [51 ] gives four differen t non-trivial pro ofs.

-1 -0.5 0.5 1

               0.1

               0.2

               0.3

               0.4

               0.5

Figure 4.^1_2 (1 − x^2 ) (dashed), Δ_2 (x) (solid),^1_4 (1 − x^2 ) (dotted)

Despite its depth, it turns out that Turan’s inequalit y can be proven automatically [24 ]. For, if we intro duce real variables p_0 , p_1 for P_n (x) and P_{n +1} (x), resp ectively, then

∀ n, x, p_0 , p_1 ∈^� : ( n ≥ 1 ∧ − 1 ≤ x ≤ 1 ∧ p^2_1 − p_0 ((2n + 3)xp_1 − (n + 1)p_0) /(n + 2) ≥ 0 ) ⇒ (( ((2n + 3)xp_1 − (n + 1)p_0 )/(n + 2)

)_2

− p_1 ( (4x^2 n^2 − n^2 + 16x^2 n − 4n + 15x^2 − 4)p_1 − (n + 1)(2n + 5)xp_0 ) /(n + 2)(n + 3) ≥ 0 ) is true, as is quickly confirmed by a CAD computation. This formula implies the induction step Δ_n (x) ≥ 0 ⇒ Δ_{n +1} (x) ≥ 0 (for n ≥ 1 and − 1 ≤ x ≤ 1). It remains to check one initial value:

Δ_1 (x) = P_1 (x)^2 − P_0 (x)P_2 (x) = x^2 +^1_2 (1 − 3x^2 ) =^1_2 (1 − x^2 ) ≥ 0

which is indeed true for − 1 ≤ x ≤ 1 (by insp ection or by CAD). Neither an extension of the induction hypothesis (like in Section 3.1) nor a specification of additional knowledge (like in Section 3.2) is necessary in this case. Turan-t ype inequalities also exist for other special functions in place of P_n (x), such as other families of orthogonal polynomials, Bessel functions, Euler polynomials and others [34 ]. Many of these can be shown effortlessly by the computer just like Turan’s original inequalit y [24 ]. Some cannot be shown owing to extensiv e memory requiremen ts of the CAD computations, exceeding the capacities of our machines. Some others cannot be shown owing to the lack of a suitable recurrence by which the special function replacing P_n (x) may be defined (e.g., Euler polynomials [1] don’t satisfy a nice recurrence). A third class of examples cannot be done because the metho d simply fails and we did not get it succeed by specifying additional knowledge or any other means. Turan’s original inequalit y for Legendre polynomials says that 0 is a lower bound for Δ_n (x) on the interv al [− 1, 1]. We may ask whether this lower bound can be impro ved, or whether an upp er bound can be established. Insp ection of Figure 3 b gives evidence that Δ_1 (x) =^1_2 (1 − x^2 ) is an upp er bound for Δ_n (x) and that the lower bound 0 is sharp in the sense that lim_{n →∞} Δ_n (x) = 0 for every fixed x ∈ [− 1, 1]. The following refined question for sharp upp er and lower bounds is more exiting: What are the best possible constan ts α_n , β_n (indep enden t of x) such that

α_n (1 − x^2 ) ≤ Δ_n (x) ≤ β_n (1 − x^2 ) (− 1 ≤ x ≤ 1).

Figure 4 shows the situation for n = 2; here we have α_2 =^1_4 , β_2 =^1_2 . It turns out [3] that the best possible constan ts are

α_n = μ_{⌊n/ 2⌋} μ_{⌊(n +1) /2⌋} and β_n =^1_2 ,

where μ_k denotes the normalized binomial mid-co efficien t μ_k := 2^{− 2k}

(_{2k} k ) (k ≥ 0). Curren tly the only known pro of of this fact is via computer algebra; no “h uman pro of” has been given so far. The proving metho d, however, also does not arriv e at a pro of if it is applied directly . This is partly due to the fact that a lot of additional variables have to be intro duced for expressing the shift

         0.2 0.4 0.6 0.8 1

0.1

0.2

0.3

0.4

0.5

Figure 5. Graphs of f_n (x) for n = 1, . . . , 20

behavior of the α_n . This slows down the computation and makes the failure of the metho d more likely. A reform ulation is necessary in order for the metho d to succeed. To this end, consider the functions f_n (x) defined via

f_n (x) :=

Δ_n (x) 1 − x^2

(x ∈ (− 1, 1), n ≥ 1).

The claim reduces to showing α_n ≤ f_n (x) ≤ β_n for x ∈ (− 1, 1) and n ≥ 1. By symmetry , it suffices to consider x ∈ [0, 1). Figure 5 showing the graphs of f_n (x) for n = 1, . . . , 25 suggests that the f_n (x) are increasing on the interv al in question. If this is true, then we get the bounds simply by α_n = f_n (0) and β_n = lim_{x → 1−} f_n (x). It is not difficult to show that indeed f_n (0) = μ_{⌊n/ 2⌋} μ_{⌊(n +1) /2⌋} and, using l’Hospital’s rule, lim_{x → 1−} f_n (x) =^1_2 . In order to show that the f_n (x) are increasing, it suffices to show that their derivativ es are nonnegativ e. Using the derivativ e formula for Legendre polynomials,

P^′_n (x) = n + 1 1 − x^2

(xP_n (x) − P_{n +1} (x)),

we obtain

f^′_n (x) =

(n − 1)xP_n (x)^2 − (2nx^2 + x^2 − 1)P_n (x)P_{n +1} (x) + (n + 1)xP_{n +1} (x)^2 n(1 − x^2 )^2 , and we are left with showing that this is nonnegativ e for x ∈ [0, 1). This does not look like much of a progress at first sight, but in fact, it is: the proving metho d succeeds in showing the nonnegativit y of f^′_n (x) as given by the expression ab ove within seconds. For additional details, we refer to the original pap er [3].

4.2. A Conjecture of Moll. The integral ∫_∞ 0 1 (x^4 + 2ax^2 + 1)^{m +1} dx (a > − 1, m ∈ � )

was studies by Boros and Moll [37 , 11 ]. For specific values of m, the integrand reduces to a rational function, and computer algebra systems like Maple have no problem in evaluating the integral. The first few instances are as follows. ∫_∞ 0 1 (x^4 + 2ax^2 + 1)^{0+1} dx = π √ 2 4 √ a + 1 ∫_∞ 0 1 (x^4 + 2ax^2 + 1)^{1+1} dx = π √ 2(2a + 3) 16(a + 1)^{3/2} ∫_∞ 0 1 (x^4 + 2ax^2 + 1)^{2+1} dx = π √ 2(40a^3 + 140a^2 + 172a + 77) 512(a + 1)^{7/2}

           5 10 15 20

0.5

  1

1.5

  2

2.5

  3

 10^{10}

                                                              5 10 15 20

                                                   14

                                                   16

                                                   18

                                                   20

                                                   22

                                                   24

Figure 6. a. d_l (20) (l = 0, . . . , 20) b. log d_l (20) (l = 0, . . . , 20)

∫_∞ 0 1 (x^4 + 2ax^2 + 1)^{3+1} dx = 5π √ 2(112a^4 + 504a^3 + 876a^2 + 708a + 231) 8192(a + 1)^{9/2} . . It can be shown [37, 11 ] that for arbitrary m ∈ � , the integral admits a represen tation of the form ∫_∞ 0 1 (x^4 + 2ax^2 + 1)^{m +1} dx = π 2^{m +3 /2} (a + 1)^{m +1 /2}

P_m (a)

where P_m (a) is a polynomial in a of degree m. What can be said ab out the polynomial P_m (a)? First of all, an elementary argumen t involving Wallis’ integral formula gives the double sum represen tation [11 , Thm. 7.2.1]

P_m (a) = ∑ j,k ( 2m + 1 2j ) ( m − j k )( 2k + 2j k + j ) (a + 1)^j (a − 1)^k 2^{3( k+ j )} . There is a single sum represen tation as well [11 , Thm. 7.9.1], which, once found, implies that the P_m (a) can be identified as Jacobi polynomials: P_m (a) = P^{(m +1 /2,− m − 1/2)} m (a). But more work is necessary to obtain the single sum represen tation. The single sum represen tation also implies that the polynomials P_m (a) have only positiv e coefficients, a result that is consisten t with the initial values displa yed ab ove but that is not at all apparen t from the double sum represen tation, owing to the alternating sign that comes from the factor (a − 1)^k in the summand. We will write d_l (m) := ⟨a^l ⟩P_m (a) (l = 0, . . . , m) for the coefficien t of a^l in P_m (a). The coefficien t sequence d_l (20) is depicted in Figure 6 a. In a joint pap er with Paule [32 ], we have given an elementary argumen t for the positivit y that was obtained using computer algebra. Upon expansion of the binomials (a + 1)^j and (a − 1)^k in the double sum represen tation of P_m (a), one obtains a triple sum represen tation for the coefficien ts d_l (m), which, after suitable substitutions, reads

d_l (m) = ∑ j,s,k

(− 1)^{k+ j − l} 2^{3( k+3)} ( 2m + 1 2s )( m − s k )( 2k + 2s k + s )( s j )( k l − j ) . Using summation software by Wegschaider [54 ], we discovered that this sum resp ects the simple three term recurrence 2(m + 1)d_l (m + 1) = 2(l + m)d_{l− 1} (m) + (2l + 4m + 3)d_l (m).

(See [32 ] for details on the derivation of this recurrence.) Together with the easy initial conditions d_{− 1} (m) = 0, d_m (m) = 2^{− 2m}

(_{2m} m ) (m ∈ � ) this recurrence gives rise to a pro of of the desired positivit y statemen t by induction on m.

         2 4 6 8 10

 2

 4

 6

 8

10

 2

 4

 6

 8

Figure 7. Exceptional set in the log-concavity pro of of d_l (m)

Via a differen t recurrence, also deriv ed with Wegschaider’s package, also the represen tation of P_m (a) in terms of Jacobi polynomials can be discovered effortlessly [32 ]. Figure 6 a suggests that there is more to say ab out the numbers d_l (m) than just that they are positiv e. Indeed, it can be shown that the d_l (m) are unimo dal, i.e., for each m there exists an l_0 with d_0 (m) ≤ d_1 (m) ≤ ···≤ d_{l0} (m) ≥ d_{l0 +1} (m) ≥ ···≥ d_m (m).

Boros and Moll [10, 37 , 11 ] have obtained an unimo dalit y pro of using again the single sum represen tation of the P_m (a) mentioned earlier. They posed it as a conjecture that the d_l (m) are even log-concave w.r.t. l. Recall that d_l (m) is called log-concave if log d_l (m) is concave, i.e., if 2 log d_l (m) ≥ log d_{l− 1} (m) + log d_{l+1} (m). (See Fig. 6 b for a plot of log d_l (20).) Equiv alently, d_l (m) is log-concave w.r.t. l iff

d_l (m)^2 − d_{l− 1} (m)d_{l+1} (m) ≥ 0 (0 < l < m).

Recall also that log-concavity implies unimo dalit y, but not vice versa. As soon as suitable recurrence equations are available (recurrence equations of virtually any desirable form can be obtained with Wegschaider’s package [32 ]), we can try to prove the log-concavity statemen t with our CAD-based proving pro cedure. We can even choose whether we would like to set up an induction on l or on m, and we can insert positivit y of d_l (m) as extra knowledge. In either case, the metho d does not succeed directly , so a closer insp ection of the situation is needed. Using appropriate recurrence equations, the log-concavity condition can be equivalently rewritten in the form

4(m + 1)(2l^2 − 4m^2 − 7m − 3)d_l (m + 1)d_l (m)

+ (16m^3 + 16lm^2 + 40m^2 + 28lm + 33m + 9l + 9)d_l (m)^2 − 4(l − m − 1)(m + 1)^2 d_l (m + 1)^2 ≥ 0

The corresp onding Tarski formula reads

∀ m, l, d_0 , d_1 ∈^� : ( 0 < l < m ∧ d_0 > 0 ∧ d_1 > 0 ∧ 4(m + 1)(2l^2 − 4m^2 − 7m − 3)d_1 d_0

+ (16m^3 + 16lm^2 + 40m^2 + 28lm + 33m + 9l + 9)d^2_0 − 4(l − m − 1)(m + 1)^2 d^2_1 ≥ 0 ) and a quick CAD computations shows that this formula is false. CAD can also be used to compute a description of the exceptional set: The tuples (m, l, d_0 , d_1 ) ∈^{� 4} for which the ab ove Tarski formula is violated are precisely those with

m >^1_2 (1 + 2 √ 2) ∧ 4l^3 − 3l − 4m(m + 1) > 0 ∧ 0 < l < m ∧ d_0 > 0 ∧ | |2(m + 1)(m − l + 1)d_1 − ((m + 1)(4m + 3) − 2l^2) | |< √ l(4l^3 − 3l − 4m(m + 1))d_0 .

(Figure 7 shows the pro jection of the exceptional set to the (m, l) plane.) This result has two consequences:

• For points (m, l) with m <^1_2 (1 + 2 √ 2) or

m ≥^1_2 (1 + 2 √ 2) ∧ 4l^3 − 3l − 4m(m + 1) ≤ 0

the log-concavity statemen t is true. • For the other points (m, l), any poten tial counterexample to the log-concavity statemen t must satisfy | |2(m + 1)(m − l + 1)d_l (m + 1) − ((m + 1)(4m + 3) − 2l^2) | | < √ l(4l^3 − 3l − 4m(m + 1))d_l (m).

In order to complete the pro of, it now suffices to show that the latter situation never occurs, e.g., by showing that

d_l (m + 1) ≥

(m + 1)(4m + 3) − 2l^2 + √ l(4l^3 − 3l − 4m(m + 1)) 2(m + 1)(m − l + 1) d_l (m)

for the points (m, l) in question. This inequalit y is nicer that the original statemen t because d_l (m) and d_l (m + 1) no longer occur quadratically , but only linearly . On the other hand, there is now a square root expression that causes problems. Our general approac h of setting up a CAD-based induction pro of still does not lead to success. The key observation is that the assertion is made stronger by adding a positiv e quan tit y u(l, m) under the square root. Using resultan t computations, it is an easy computer algebra exercise to determine a positiv e polynomial u(l, m) that turns the radicand into a square, so that the square root cancels out. For instance, the choice u(l, m) = 4l^2 + 4l^3 + 4lm(m + 1) leads to the stronger assertion

d_l (m + 1) ≥

4m^2 + 7m + l + 1 2(m − l + 1)(m + 1) d_l (m).

This can be shown automatically by induction on m: The Tarski formula

∀ l, m, d_0 , d_1 , d_2 ∈^� : ( 0 < l < m ∧ d_0 > 0 ∧ d_1 > 0 ∧ d_2 > 0 ∧

4(l − m − 2)(m + 1)(m + 2)d_2 = (l + m + 1)(4m + 3)(4m + 5)d_0

− 2(m + 1)(− 4l^2 + 8m^2 + 24m + 19)d_1 ∧

d_1 ≥

4m^2 + 7m + l + 1 2(m − l + 1)(m + 1) d_0 ) ⇒ ( d_2 ≥

4(m + 1)^2 + 7(m + 1) + l + 1 2((m + 1) − l + 1)(( m + 1) + 1) d_1 )

is true. (The fifth clause in the hypothesis part encodes a three-term recurrence for d_l (m) which was found with Wegschaider’s package.) This completes the pro of of the log-concavity of d_l (m). It would be interesting to see whether other log-concavity statemen ts of recurren t sequences can be shown by similar reasoning. Depending on the sequence in question, log-concavity may be easier or harder compared to the example ab ove. For instance, the binomial coefficien ts

(_n k ) are log-concave in k (k = 0, . . . , n), as is easily seen via ( n k )_2 − ( n k − 1 )( n k + 1 ) = n + 1 (k + 1)(n − k + 1) ≥ 0

( n k ) ≥ 0

No computer is needed here. On the other hand, if we define d^2_l (m) := d_l (m)^2 − d_{l− 1} (m)d_{l+1} (m), then d^2_l (m) seems to be again log-concave with resp ect to l. (Observ e that d^2_l (m) is positiv e as d_l (m) is log-concave.) In that event, we would say that d_l (m) is 2-log-concave. In general, defining d^1_l (m) := d_l (m) and d^{i+1}_l (m) = d^i_l (m)^2 − d^i_{l− 1} (m)d^i_{l+1} (m), we say that d_l (m) is r -log-concave if d^i_l (m) is log-concave for i = 0, . . . , r , and that d_l (m) is ∞ -log-concave if d^i_l (m) is log-concave for all i ≥ 0. Moll has conjectured that the d_l (m) is not only (1-)log-conca ve, but even ∞ - logconcave [11 ]. However, already for showing 2-log-concavity of the d_l (m) the reasoning ab ove is insufficien t, because instead of a square root expression we get an ugly algebraic function of degree 15, and we do not know how to pro cess this intermediate result any further [32 ].

4.3. P ower Series with P ositiv e Co efficien ts. Among the most difficult problems in positivit y theory there are questions concerning the positivit y of the Taylor coefficien ts of some given multiv ariate rational functions [5]. For example, the coefficien ts in the expansion of 1/(1 − x − y − z + 4xyz) are positiv e [8], a result that is not apparen t by insp ection of the expansion 1 1 − x − y − z + 4xyz = ∞∑ n =0 ( x + y + z − 4xyz

)_n

= ∞∑ n =0 n∑ k=0 k∑ l=0 l∑ i=0 (− 4)^i ( n k )( k l )( l i ) x^{n − k+ i} y^{k− l+ i} z^l

because of the disturbing alternating sign in the summand. Some seemingly difficult positivit y results have surprisingly simple pro ofs [27 ], the ab ove example is one of them. If we write a_{i,j,k} := ⟨x^i y^j z^k ⟩1/(1 − x − y − z + 4xyz) for the coefficien t of x^i y^j z^k (i, j, k ≥ 0) in the expansion of 1/(1 − x − y − z + 4xyz) then we have

(1 + i)a_{i+1 ,j +1 ,k +1} = 2(i + j − k)a_{i,j,k +1} + (1 + i − j + k)a_{i,j +1 ,k +1} .

Together with appropriate initial values and exploiting the symmetry of a_{i,j,k} with resp ect to i, j, k (which allows us to assume i ≥ j ≥ k without loss of generalit y), this recurrence immediately implies that a_{i,j,k} > 0 for all i, j, k [26 ], similar as in the positivit y pro of for the d_l (m) in the previous section. Couldn’t it be that in other examples, positivit y can also be deduced from recurrences for the coefficien ts, even if this may not be visible by insp ection? As an example, consider the power series expansion 1 1 − x − y − z − w + 24xyzw = ∑ i,j,k ,l ≥ 0

a_{i,j,k ,l} x^i y^j z^k w^l .

Gillis, Reznick and Zeilberger [27 ] have conjectured in 1983 that a_{i,j,k ,l} ≥ 0 for all i, j, k, l. They have shown [27 , Prop. 3] that it suffices to show nonnegativit y of the diagonal elements a_{i,i,i,i} . They have checked nonnegativit y for 0 ≤ i ≤ 220 but were not able to give a pro of for arbitrary i. Gillis et al. give the represen tation

a_{i,i,i,i} = i∑ j =0

(− 1)^j

(4i − 3j )!4!^j (i − j )!^4 j !

for which we can obtain a recurrence equation with Zeilberger’s algorithm [58, 42 ]:

331776(2i + 7)(4i + 11)(4i + 15)(i + 1)^3 a_{i,i,i,i}

+ 13824(4i + 15) ( 32i^5 + 344i^4 + 1424i^3 + 2855i^2 + 2801i + 1085 ) a_{i+1 ,i +1 ,i +1 ,i +1}

+ 576 ( 192i^6 + 3072i^5 + 20108i^4 + 68918i^3 + 130513i^2 + 129613i + 52815 ) a_{i+2 ,i +2 ,i +2 ,i +2}

− 8(i + 3)(4i + 7)(4i + 13) ( 40i^3 + 380i^2 + 1193i + 1240 ) a_{i+3 ,i +3 ,i +3 ,i +3}

+ (i + 4)^3 (2i + 5)(4i + 7)(4i + 11)a_{i+4 ,i +4 ,i +4 ,i +4} = 0

Does this recurrence imply positivit y of a_{i,i,i,i} ? The immediate attempt fails: The Tarski formula

∀ A_0 , A_1 , A_2 , A_3 , A_4 , i ∈^� : ( i ≥ 0 ∧ A_0 ≥ 0 ∧ A_1 ≥ 0 ∧ A_2 ≥ 0 ∧ A_3 ≥ 0

∧ p_0 (i)A_0 + p_1 (i)A_1 + p_2 (i)A_2 + p_3 (i)A_3 + p_4 (i)A_4 = 0 ) ⇒ A_4 ≥ 0

is false (p_s (i) is supp osed to stand for the coefficien t of a_{i+ s,i + s,i + s,i + s} in the recurrence ab ove). Insp ection of the first values on the diagonal suggests that the diagonal elements are not only nonnegativ e, but also increasing. Can this be shown? Unfortunately , not: The corresp onding Tarski formula

∀ A_0 , A_1 , A_2 , A_3 , A_4 , i ∈^� : ( i ≥ 0 ∧ 0 ≤ A_0 ≤ A_1 ≤ A_2 ≤ A_3

∧ p_0 (i)A_0 + p_1 (i)A_1 + p_2 (i)A_2 + p_3 (i)A_3 + p_4 (i)A_4 = 0 ) ⇒ A_4 ≥ A_3 is also false. The healing observation is that a_{i,i,i,i} is nonnegativ e if and only if β^i a_{i,i,i,i} is nonnegativ e, for arbitrary β > 0. If there is a value β such that we can show that β^i a_{i,i,i,i} is increasing, then we can use quan tifier elimination to determine it. Indeed the Tarski formula

∀ A_0 , A_1 , A_2 , A_3 , A_4 , i ∈^� : ( i ≥ 0 ∧ 0 ≤ A_0 ≤ βA_1 ≤ β^2 A_2 ≤ β^3 A_3

∧ p_0 (i)A_0 + p_1 (i)A_1 + p_2 (i)A_2 + p_3 (i)A_3 + p_4 (i)A_4 = 0 ) ⇒ βA_4 ≥ A_3

is true if and only if β ≥ β_0 , where β_0 is the real root of x^4 − 160x^3 + 3456x^2 + 55296x + 331776 whose appro ximate value is 42.04. As a consequence, we obtain that a_{i,i,i,i} is nonnegativ e for all i ≥ 0 by checking a_{i+1 ,i +1 ,i +1 ,i +1} ≥ 43a_{i,i,i,i} for i = 0, 1, 2, 3, 4, which is trivial. In the same way, it can be shown that all the coefficien ts in the expansion of 1 1 − x − y − z − u − v + 120xyzuv and 1 1 − x − y − z − u − v − w + 720xyzuvw

are nonnegativ e [31 ], as was also conjectured by Gillis et al. [27 ]. Note that the transition from a_{i,i,i,i} to β^i a_{i,i,i,i} is of no use as long as we attempt to only show the nonnegativit y of the a_{i,i,i,i} , because in the corresp onding Tarski formula β cancels out. By switching to monotonicit y the cancellation was avoided. Note also that the metho d of intro ducing β can also be applied if a sequence a_n in question is not monotonic, for it suffices that β^n a_n be monotonic. Whether appropriate values β exist can be determined by quan tifier elimination.

5. Too Adv anced Inequalities

We want to stress once more that our metho ds for proving special function inequalities with computer algebra are not reliable in the sense that we could tell a priori where the metho d succeeds and where it does not. Inno cent looking inequalities can be strongly resistan t against attempts of proving them automatically . The collection of variations and modifications given in the previous sections is not by far exhaustiv e in the sense that one a particular inequalit y can be handled by at least one of them. It should instead be understo od that each sufficien tly advanced inequalit y requires its own variation of the metho d. In the presen t section, we commen t on some inequalities that ought to be provable by means of computer algebra, but we did not yet find the “righ t” way of approac hing them.

5.1. P ower Series with P ositiv e Co efficien ts. The conjecture of Gillis et al. [27 ] goes beyond what we have proven in Section 4.3: The full conjecture is that for every r ≥ 4, the series expansion of 1 1 − (x_1 + x_2 + ···+ x_r ) + r !x_1 x_2 ···x_r has only nonnegativ e coefficien ts. The pro of in Section 4.3 settles the conjecture for r = 4, and similarly r = 5 and r = 6 can be done [31 ]. Probably for every specific value of r a pro of can be obtained, given sufficien tly powerful hardw are. But we have not succeeded in constructing a pro of for general r , so this conjecture remains open. Szegö [50 ] has shown that the coefficien ts in the expansion of 1 1 − (x + y + z) +^3_4 (xy + xz + yz) = ∑ i,j,k ≥ 0

a_{i,j,k} x^i y^j z^k

are positiv e, but all our attempts at repro ving this fact with the computer have failed. The best we were able to achieve was to show a_{i,j,k} > 0 for arbitrary i, j ≥ 0 and specific k. In this situation, a pro of similar to the pro of describ ed in Section 4.3 can be obtained [31 ]. (We have checked this for k = 0, 1, 2, . . . , 16 and believe that it works in principle for every k.) A conjectured generalization of Szegö’s result is that all the coefficien ts of 1 1 − (x + y + z + w) +^2_3 (xy + xz + xw + yz + yw + zw)

-1 -0.5 0.5 1

               0.5

                 1

               1.5

                 2

               2.5

Figure 8.

∑_{25} k=0 P_k (x)

are positiv e [6]. Again, we only succeeded in providing a partial pro of [31 ] for special cases with two indices arbitrary and two indices set to specific numbers. This at least adds new evidence in supp ort of the conjecture. The advantage of setting one index to a specific integer is that this leads to shorter recurrence equations for the a_{i,j,k} . This has the consequence that fewer variables have to be intro duced in the Tarski formula and this makes it “more likely” that this formula is actually true. It is not out of question that there is a variation of the proving metho d that could settle the conjecture mentioned ab ove or related conjectures. We have just not found it yet.

5.2. Fejer’s Inequalit y. Fejer’s inequalit y [5] is another example for an inequalit y for which it might be possible to construct a CAD-based computer pro of, but we have not yet succeeded in constructing one. The inequalit y reads

f_n (x) := n∑ k=0 P_k (x) ≥ 0 (− 1 ≤ x ≤ 1, n ≥ 0),

where P_k (x) denotes the kth Legendre polynomial which has already app eared in the section on Turan’s inequalit y (Sec. 4.1). An intuitiv e argumen t that this inequalit y is more difficult than Turan’s inequalit y is given in Figure 8: in contrast to the Δ_n (x) of Turan’s inequalit y, the functions f_n (x) show quite some oscillation, they just don’t go below the x-axis. Following the computer pro cedure, let us try to prove Fejer’s inequalit y by induction on n. The induction step f_{n − 1} (x) ≥ 0 ⇒ f_n (x) ≥ 0 is encoded in the Tarski formula

∀ n, x, p_0 , p_1 , s ∈^� : (− 1 ≤ x ≤ 1 ∧ n ≥ 0 ∧ s ≥ 0) ⇒ (s + p_0 ≥ 0),

which is false (by insp ection or by CAD). The extended induction step f_{n − 1} (x) ≥ 0 ∧ f_n (x) ≥ 0 ⇒ f_{n +1} (x) ≥ 0 corresp onds to the Tarski formula

∀ n, x, p_0 , p_1 , s ∈^� : (− 1 ≤ x ≤ 1 ∧ n ≥ 0 ∧ s ≥ 0 ∧ s + p_0 ≥ 0) ⇒ (s + p_0 + p_1 ≥ 0),

which is also false (by insp ection or by CAD). The first nontrivial formula app ears if we extend the induction step once again, because then we can use the recurrence equation for the Legendre polynomials in order to express P_{n +2} (x) in terms of P_n (x) and P_{n +1} (x). The formula corresp onding to the extended induction step f_{n − 1} (x) ≥ 0 ∧ f_n (x) ≥ 0 ∧ f_{n +1} (x) ≥ 0 ⇒ f_{n +2} (x) ≥ 0 th us reads

∀ n, x, p_0 , p_1 , s ∈^� : (− 1 ≤ x ≤ 1 ∧ n ≥ 0 ∧ s ≥ 0 ∧ s + p_0 ≥ 0 ∧ s + p_0 + p_1 ≥ 0) ⇒ (s + p_0 + p_1 − (np_0 + p_0 − 2nxp_1 − 3xp_1 )/(n + 2) ≥ 0).

Unfortunately , also this formula is false, and so are the next two. Figure 9 depicts the exceptional set (shaded), pro jected down to the (x, n)-plane for the formula ab ove and the next two. The extreme run time requiremen ts of CAD for big formulas prev ented us from going further.

-1.5 -1 -0.5 0.5 1 1.5

                  1

                  2

                  3

                  4

                  5

                  1

                  2

                  3

                  4

                  5

                                        -1.5 -1 -0.5 0.5 1 1.5

                                                          1

                                                          2

                                                          3

                                                          4

                                                          5

                                                          1

                                                          2

                                                          3

                                                          4

                                                          5

                                                                               -1.5 -1 -0.5 0.5 1 1.5

                                                                                                 1

                                                                                                 2

                                                                                                 3

                                                                                                 4

                                                                                                 5

                                                                                                 1

                                                                                                 2

                                                                                                 3

                                                                                                 4

                                                                                                 5

Figure 9. Exceptional sets for Fejer’s inequalit y

It can be seen from the picture that the exceptional set is rather big, and although it does seem to shrink at each extension of the induction step, it does not seem reasonable to expect it to collapse to the empt y set after a few more extensions. Supplying additional knowledge, as done for Cauc hy-Schwarz’ Inequalit y (Section 3.2), might help, but it is hard to read from the plots of Figure 9 which sort of additional information might be helpful. It turns out that specifying − 1 ≤ P_k (x) ≤ 1 (− 1 ≤ x ≤ 1) as additional knowledge cuts off the part of the exceptional set located over 0 ≤ x ≤ 1, in other words, we obtain a partial pro of for Fejer’s inequalit y that applies to nonnegativ e points x. On the interv al [− 1, 0), the exceptional sets are not changed. An induction step applies for a point x if a vertical line through x does not intersect the exceptional set. With an induction step of length at most five, this turns out to be the case for x = −^1_2 and x = −^1_4 (1 + √ 5) ≈ − .81 (cf. Fig. 9), so we get pro ofs for Fejer’s inequalit y also for these points. Further extension of the induction step will probably deliver pro ofs for further isolated negativ e points x, but not for the entire interv al. It remains an open problem to find a variation of the proving pro cedure that would deliver a computer pro of for Fejer’s inequalit y that covers the whole interv al [− 1, 1]. Any progress towards such a pro of would be very interesting.

There are man y more positivit y results for sums or orthogonal polynomials [5], like the celebrated Askey-Gasp er inequalit y [7] n∑ k=0 P^{(α, 0)} k (x) ≥ 0 (− 1 < x ≤ 1, α ≥ − 2, n ≥ 0),

which contains Fejer’s inequalit y as the special case α = 0. This inequalit y has played a role in de Branges’s [18 ] pro of of the Bieb erbac h conjecture. In view of our humble attempts at constructing a computer pro of that fail already for the special case α = 0, it comes as a surprise that the Askey- Gasp er inequalit y is one of the very few inequalities for which a CAD-free computer pro of has been given [21 ]. This pro of consists of proving a hypergeometric summation identit y from which the desired inequalit y follows. A CAD-based pro of of this inequalit y is curren tly not available. In the context of higher order finite elements schemes, Schöberl was recently led to a new conjecture that does not seem to be presen t in the literature yet: According to this conjecture, the functions

f_n (x) := n∑ j =0

(4j + 1)(2n − 2j + 1)P_{2j} (0)P_{2j} (x)

are nonnegativ e for x ∈ [− 1, 1] and n ≥ 1. The convergence of a certain numerical algorithm dep ends on the validit y of this conjecture. As shown in Figure 10, the functions f_n (x) are heavily oscillating, and up to now it was not possible to prove the conjecture with or without use of computers. (See [25 ] for some partial results.)

-1 -0.5 0.5 1

                2

                4

                6

                8

               10

               12

               14

Figure 10. f_{20} (x)

6. Conclusion

Existing computer algebra to ols are strong enough to prove special function inequalities. A simple proving pro cedure based on induction and a quan tifier elimination algorithm like CAD is sufficien t for obtaining pro ofs of a number of special function inequalities. As we have illustrated in this pap er, this proving pro cedure should not be understo od as a black-box. Instead, it should be considered as a pro of skeleton which has to be adjusted and modified appropriately in order to deliver a pro of for a particular inequalit y at hand. In the momen t, no general advice can be given as to which adjustmen ts or modifications are appropriate in a particular situation. This has to be found out by experimen ting. We hop e that contin ued investigations will lead to some progress in this resp ect: collecting further modifications that turn out to be useful for proving an inequalit y of indep enden t interest is one of the goals of future work. Our proving pro cedure applies only to inequalities involving a discrete parameter along which an induction statemen t can be set up. If such a parameter is not presen t, as in sin x ≤ x (x ≥ 0), it is not known how to coerce our metho d to give a pro of. This is in contrast to proving pro cedures for identities. Here, it can often be exploited that a an analytic function is identically zero if and only if all its Taylor coefficien ts are zero. Therefore, in order to prove that a contin uous function is zero, it suffices to show that all its Taylor coefficien ts are zero, which can be done by induction. The problem for inequalities is that the there is no corresp onding equivalence ab out the sign of a function and the sign of its Taylor coefficien ts. For proving special function inequalities not involving a discrete parameter, there is curren tly no automated metho d available. Any such metho d capable of proving non-trivial inequalities would obviously be highly interesting.

References

[1] Milton Abramo witz and Irene A. Stegun. Handb ook of Mathematic al Functions . Dover Publications, Inc., 9th edition, 1972.

[2] Behzad Akbarp our and Lawrence C. P aulson. Towards automatic pro ofs of inequalities involving elemen tary functions. In Pr oceedings of PDP AR 2006 , pages 27–37, 2006.

[3] Horst Alzer, Stefan Gerhold, Man uel Kauers, and Alexandru Lupa ş. On Tur´an’s inequalit y for Legendre polynomials. Expositiones Mathematic ae , 2006. to app ear.

[4] Hirok azu Anai. Algebraic metho ds for solving real polynomial constrain ts and their applications in biology . In Algebraic Biolo gy – Computer Algebra in Biolo gy, pages 139–147, 2005.

[5] George E. Andrews, Ric hard Ask ey, and Ranjan Roy. Special Functions , volume 71 of Encyclop edia of Mathematics and its Applic ations . Cam bridge Univ ersit y Press, 1999.

[6] Ric hard Ask ey and George Gasp er. Certain rational functions whose power series ha ve positiv e coefficien ts.

The Americ an Mathematic al Monthly , 79(4):327–341, 1972. [7] Ric hard Ask ey and George Gasp er. P ositiv e Jacobi polynomial sums II. Americ an Journal of Mathematics , 98:709–737, 1976.

[8] Ric hard Ask ey and George Gasp er. Con volution structures for Laguerre polynomials. Journal d’Analyse Math. , 31:46–68, 1977.

[9] Saugata Basu, Ric hard P ollac k, and Marie-F ran¸coise Roy. Algorithms in Real Algebraic Geometry , volume 10 of Algorithms and Computation in Mathematics . Springer, 2nd edition, 2006.

[10] George Boros and Victor H. Moll. A criterion for unimo dalit y. Electr onic Journal of Combinatorics , 6(1), 1999. [11] George Boros and Victor H. Moll. Irr esistible Inte grals . Cam bridge, 2004. [12] Chris W. Bro wn. QEPCAD B – a program for computing with semi-algebraic sets. Sigsam Bul letin , 37(4):97– 108, 2003.

[13] Bob F. Ca viness and Jerem y R. Johnson, editors. Quantifier Elimination and Cylindric al Algebraic Decomposition , Texts and Monographs in Sym bolic Computation. Springer, 1998.

[14] P aul J. Cohen. Decision pro cedures for real and p-adic fields. Communic ations in Pur e and Applie d Mathematics , 22(2):131–151, 1969.

[15] George E. Collins. Quan tifier elimination for the elemen tary theory of real closed fields by cylindrical algebraic decomp osition. Lectur e Notes in Computer Scienc e, 33:134–183, 1975.

[16] George E. Collins and Ho on Hong. P artial cylindrical algebraic decomp osition for quan tifier elimination. Journal of Symbolic Computation , 12(3):299–328, 1991.

[17] James H. Da venp ort and Jo os Hein tz. Real quan tifier elimination is doubly exp onen tial. Journal of Symbolic Computation , 5(1–2):29–35, 2000.

[18] Louis de Branges. A pro of of the Bieb erbac h conjecture. Acta Mathematic a, 154:137–152, 1985. [19] Andreas Dolzmann. Solving geometric problems with real quan tifier elimination. In Automate d Deduction in Geometry , volume 1669 of Lectur e Notes in Computer Scienc e, pages 14–29. Springer, 1999.

[20] P eter Dorato. Quan tified multiv ariate polynomial inequalities. IEEE Contr ol Systems Magazine , 20(5):48–58, 2000.

[21] Shalosh B. Ekhad. A short, elemen tary , and easy, WZ pro of of the Ask ey-Gasp er inequalit y that was used by de Branges in his pro of of the Bieb erbac h conjecture. The oretic al Computer Scienc e, 117:199–202, 1993.

[22] Stefan Gerhold. Combinatorial Sequenc es: Non-Holonomicity and Ine qualities . PhD thesis, RISC-Linz, Johannes Kepler Univ ersit¨at Linz, 2005.

[23] Stefan Gerhold and Man uel Kauers. A pro cedure for pro ving sp ecial function inequalities involving a discrete parameter. In Pr oceedings of ISSA C’05 , pages 156–162, 2005.

[24] Stefan Gerhold and Man uel Kauers. A computer pro of of Tur´an’s inequalit y. Journal of Ine qualities in Pur e and Applie d Mathematics , 7(2), 2006.

[25] Stefan Gerhold, Man uel Kauers, and Joac him Schöb erl. On a conjectured inequalit y for a sum of Legendre polynomials. Technical Rep ort 2006-11, SFB F013, Johannes Kepler Univ ersit¨at, 2006.

[26] Joseph Gillis and J. Kleeman. A com binatorial pro of of a positivit y result. Mathematic al Pr oceedings of the Cambridge Philosopic al Society , 86:13–19, 1979.

[27] Joseph Gillis, Bruce Reznic k, and Doron Zeilb erger. On elemen tary metho ds in positivit y theory . SIAM Journal of Mathematic al Analysis , 14(2):396–398, 1983.

[28] Go dfrey H. Hardy , John E. Littlew ood, and George Pólya. Ine qualities . Cam bridge Mathematical Library .

Cam bridge Univ ersit y Press, second edition, 1952. [29] Man uel Kauers. Algorithms for Nonline ar Higher Or der Differ enc e Equations . PhD thesis, RISC-Linz, Johannes Kepler Univ ersit¨at Linz, 2005.

[30] Man uel Kauers. SumCrac ker: A pac kage for manipulating sym bolic sums and related ob jects. Journal of Symbolic Computation , 41(9):1039–1057, 2006.

[31] Man uel Kauers. Computer algebra and power series with positiv e coefficien ts. In Pr oceedings of FPSA C’07 , 2007.

[32] Man uel Kauers and P eter P aule. A computer pro of of Moll’s log-conca vit y conjecture. Pr oceedings of the AMS , 2006. to app ear.

[33] Gabriel M. Kup er, Leonid Libkin, and Jan P aredaens, editors. Constr aint Datab ases . Springer, 2000. [34] Bernard Leclerc. On certain form ulas of Karlin and Szegő. Sém. Lothar. Combin. , 41, 1998. [35] Dragosla v S. Mitrino vić. Elementary Ine qualities . P. No ordhoff Ltd., 1964. [36] Dragosla v S. Mitrino vić. Analytic Ine qualities . Springer, 1970. [37] Victor H. Moll. The evaluation of integrals: A personal story . Notic es of the AMS , 49(3):311–317, 2002. [38] Istv´an Nemes, Mark o P etk ovšek, Herb ert S. Wilf, and Doron Zeilb erger. How to do Mon thly problems with your computer. The Americ an Mathematic al Monthly , 104, 1997.

[39] P etru P au and Josef Schicho. Quan tifier elimination for trigonometric polynomials by cylindrical trigonometric decomp osition. Journal of Symbolic Computation , 29(9):971–983, 2000.

[40] P eter P aule. A pro of of a conjecture of Kn uth. Experimental Mathematics , 5:83–89, 1996. [41] P eter P aule. A computerized pro of of ζ(2) = π^2 /6. In prepar ation , 2007. [42] P eter P aule and Markus Schorn. A Mathematica version of Zeilb erger’s algorithm for pro ving binomial coefficien t iden tities. Journal of Symbolic Computation , 20(5–6):673–698, 1995.

[43] Mark o P etk ovšek, Herb ert Wilf, and Doron Zeilb erger. A = B . AK P eters, Ltd., 1997. [44] Stefan Ratsc han. Applications of quan tified constrain t solving over the reals bibliograph y. http://www.mpiinf.mpg.de/~ratsc han/, 2006.

[45] Abraham Seiden berg. A new decision metho d for elemen tary algebra. Annals of Mathematics , 60(2):365–374, 1954.

[46] Andreas Seidl and Thomas Sturm. A generic pro jection op erator for partial cylindrical algebraic decomp osition.

In Pr oceedings of ISSA C’03 , pages 240–247, 2003. [47] Adam Strzeb oński. Solving systems of strict polynomial inequalities. Journal of Symbolic Computation , 29:471– 480, 2000.

[48] Adam Strzeb onski. Cylindrical algebraic decomp osition using validated numerics. Journal of Symbolic Computation , 41(9):1021–1038, 2006.

[49] Thomas Sturm. Real Quantifier Elimination in Geometry . PhD thesis, Univ ersit¨at P assau, 1999. [50] Gab or Szegö. Üb er gewisse P otenzreihen mit lauter positiv en Ko effizien ten. Mathematische Zeitschriften , 37(1):674–688, 1933.

[51] Gab or Szegő. On an inequalit y of P. Tur´an concerning Legendre polynomials. Bul letin of the Americ an Math.

Society , 54:401–405, 1948. [52] Alfred Tarski. A Decision Metho d for Elementary Algebra and Geometry . Univ ersit y of California Press, 1951. [53] Dongming Wang. Computational polynomial algebra and its biological applications. In Algebraic Biolo gy – Computer Algebra in Biolo gy, pages 127–137, 2005.

[54] Kurt Wegschaider. Computer generated pro ofs of binomial multi-sum iden tities. Master’s thesis, RISC-Linz, Ma y 1997.

[55] Trudy Weib el and Gaston H. Gonnet. An algebra of prop erties. In Pr oceedings of ISSA C’91 , pages 352–359, 1991.

[56] Aly er Yakub. Problem 11199. The Americ an Mathematic al Monthly , 113(1):80, 2006. [57] Doron Zeilb erger. A fast algorithm for pro ving terminating hyp ergeometric iden tities. Discr ete Mathematics , 80:207–211, 1990.

[58] Doron Zeilb erger. The metho d of creativ e telescoping. Journal of Symbolic Computation , 11:195–204, 1991.

Resear ch Institute f or Symbolic Comput ation, J. Kepler University Linz, Austria E-mail addr ess : mkauers@risc.uni-linz. ac.a t