An Algebraic Foundation for Factoring Linear Boundary Problems^∗

Georg Regensburger and Markus Rosenkranz Johann Radon Institute for Computational

and Applied Mathematics (RICAM),

Austrian Academy of Sciences

A-4040 Linz, Austria

{georg.regensburger,markus.rosenkranz}@oeaw.ac.at

May 8, 2007

Abstract

Motivated by boundary problems for linear ordinary and partial differential equations, we define an abstract boundary problem as a pair consisting of a surjective linear map (representing the differential operator) and a subspace of the dual space (specifying the boundary conditions). This subspace is finite dimensional in the ordinary case, but infinite dimensional for partial differential equations. For so-called regular boundary problems, the given operator has a unique right inverse (called the Green’s operator) satisfying the boundary conditions.

The main idea of our approach consists in the passage from a single problem to a compositional structure on boundary problems. We define the composition of boundary problems such that it corresponds to the composition of their Green’s operators in reverse order. If the defining operators are endomorphisms, we can interpret the composition as the multiplication in a semidirect product of certain monoids. Given a factorization of the linear operator defining the problem, we characterize and construct all factorizations of a boundary problem into two factors.

In the setting of differential equations, the factor problems have lower order and are often easier to solve. For the case of ordinary differential equations, all the main results can be made algorithmic (in particular the determination of the factor problems). As a first example for partial differential equations, we conclude with a factorization of a boundary problem for the wave equation.

1 Introduction

To motivate our algebraic setting and the terminology, let us first recall the classical setting of a two-point boundary problem on a finite interval, see for

∗This work was supported by the Austrian Science Fund (FWF) under the SFB grant F1322. We would like to thank our project leaders Bruno Buchberger and Heinz W. Engl for their continuous support, critical comments and helpful suggestions.

example Stakgold [19]. Such a problem is given by a linear ordinary differential equation and boundary conditions describing linear combinations of some values of the solution and its derivatives at both endpoints of the interval. For example, consider the following simple boundary problem: Given a forcing function f, find a solution u such that u^{′′} = f, u(0) = u(1) = 0. (1)

A boundary problem is called regular if for every forcing function there exists exactly one solution of the differential equation that satisfies the boundary conditions. The Green’s operator for a regular problem maps every forcing function to its unique solution. If both the differential equation and the boundary conditions are linear, the Green’s operator is a linear map. In the classical setting, it turns out that the Green’s operator can be represented in the form of an integral operator

Gf(x) =

∫_b a g(x, ξ)f(ξ) dξ

with a uniquely determined g, called the Green’s function for the regular boundary problem.

Based on an operator approach first presented in [16], a symbolic method for computing the Green’s operator of two-point boundary problems with constant coefficients was given in [15]. We describe a symbolic framework to treat boundary problems for arbitrary linear ordinary differential equations in [17]. A crucial step in the algorithms is the computation of normal forms using a suitable noncommutative Gröbner basis that reflects the essential interactions between certain basic operators. Gröbner bases were introduced by Buchberger in [2] and [3].

Let us reformulate the boundary problem (1). We write V for the complex vector space C^∞[0, 1] and D : V → V for the usual derivation. The boundary conditions can be expressed in terms of the two linear functionals L: f → f(0) and R : f → f(1). We want to find a solution of the differential equation that is annihilated by any linear combination of these two functionals. Using this notation, we can describe the boundary problem (1) by

(D^2, [L, R]), (2)

where D^2 is a surjective linear map on V and [L, R] is a subspace of the dual space V^∗ generated by L and R.

As a second example consider the following boundary problem for the wave equation on the domain Ω = R × R_{≥0}, now writing V for C^∞(Ω): Given a forcing function f ∈ V , find a solution u ∈ V such that

u_{tt} − u_{xx} = f, u(x, 0) = u_t(x, 0) = 0, (3)

where the subscripts x and t denote differentiation with respect to the first and second variable, respectively. Note that we use the term “boundary condition/problem” in the general sense of linear conditions. Usually one refers to the above problem as an initial value problem; for a “genuine” boundary problem see the last example of Section 11. We prefer the term “boundary problem” to the more common expression “boundary value problem” since the latter would suggest that boundary conditions are always point evaluation—which is not true in general as one can see in the examples in Section 11.

In (3) we are concerned with the differential operator ∂^2_t − ∂^2_x : V → V and the boundary conditions expressed by the infinite family of linear functionals

L_x = u → u(x, 0), M_x = u → u_t(x, 0) for all x ∈ R.

In analogy to the previous example, we denote this boundary problem by

(∂^2_t − ∂^2_x, [L_x, M_x]_{x∈R}).

Note that if u is annihilated by these functionals, it is also annihilated for example by the functionals

∫_x 0 u(η, 0) dη. More precisely, it vanishes on the orthogonal closure (see Section 2) of the subspace generated by the boundary conditions; this is the space denoted by [. . .] above.

Abstracting from the above examples, we arrive in Section 5 at the definition of a boundary problem, as a pair consisting of a surjective linear map and an orthogonally closed subspace of the dual space. Every finite-dimensional vector space of the dual is orthogonally closed, but we need the notion of orthogonal closure to deal with infinite dimensional vector spaces (as in the wave equation above) if we are to remain in an algebraic setting without topological assumptions on the vector space or field.

One motivation for us was that understanding algebraic aspects of boundary problems is important for treating boundary problems for linear differential equations by symbolic computation, where one usually considers those manipulations of the operators that are independent of the space they act on. Since the surjective linear map may also be a matrix differential operator, this approach can be extended to boundary problems for systems of linear differential equations.

It would be interesting to investigate and extend our results on factoring boundary problems such that additional topological assumptions on the vector spaces and operators are taken into account. For example, it should be possible to use a dual pairing [12] instead of a vector space and its algebraic dual. See Wyler [23] for an approach along these lines that deals with generalized Green’s operators.

A boundary problem is called regular if the boundary conditions specify a complement of the kernel of the defining linear operator. Computing the Green’s operator of a regular boundary problem means determining the right inverse corresponding to the prescribed complement of the kernel of the defining operator. We recall and discuss several results for left and right inverses in Section 4. Going back from a Green’s operator to the defining operator can be interpreted as solving a suitably defined dual boundary problem, described in Section 5.

In the boundary problems (2) and (3), there is an obvious factorization of the differential operator. So a natural question to ask is if one can find two regular first-order boundary problems along this factorization such that the composition of the corresponding Green’s operators is the Green’s operator for the given problem. Or a similar question: Which boundary problem is solved by the composition of the Green’s operators of two given problems?

Answering the second question leads us to the composition of boundary problems, discussed in Section 6. Given two boundary problems, we define a new boundary problem as follows: We compose the two linear maps and compute the new boundary conditions by mapping the conditions of the first problem via the transpose of the second linear map and adding them to the boundary conditions of the second problem. See Section 3 for further details on the transpose (in particular, the fact that it maps orthogonally closed subspaces to orthogonally closed subspaces). The composition of two regular boundary problems is again regular, and the corresponding Green’s operator is the composition of the Green’s operators in reverse order. Analogous results hold for dual boundary problems. Moreover, we show that the solution process can be seen as an anti-isomorphism between the category of regular boundary problems and the category of regular dual boundary problems. For the special case of endomorphisms, we give in Section 8 an interpretation of the composition of boundary problems in terms of a multiplication in a semidirect product of suitably defined monoids and actions.

In Section 7, we characterize all factorizations of a boundary problem into two smaller boundary problems. This yields a method for constructing all factorizations of a boundary problem along a given factorization of the defining operator. Factorization of boundary problems is important in the setting of differential equations, where it allows us to split a problem of higher order into subproblems of lower order if we can factor the differential operator. This can be used for solving the given problem by applying symbolic, numeric or hybrid methods to the factor problems. For numerical or hybrid methods one has to consider stability issues [6]: A given well-posed problem should be factored in such a way (if possible) that both lower order problems are still well-posed. For factoring the differential operator, we can exploit algorithms and results about factoring linear ordinary [10, 18, 20, 22] and partial differential operators [8, 9, 21].

For the case of operators with finite dimensional kernel, we derive in Sections 9 and 10 additional results, and all the main constructions can be made algorithmic (provided a right inverse of the defining operator is available). This includes in particular the case of boundary problems for ordinary differential equations, which are treated in detail in the forthcoming article [17]. For illustrating the theory developed thus far, we conclude in Section 11 by computing factorizations and Green’s operators of the above boundary problems for differential equations.

2 Orthogonally Closed Subspaces

In this section, we summarize the results needed for orthogonally closed subspaces of a vector space and its dual. The notation should remind of the analogous well-known results for Hilbert spaces. See for example Conway [4] and for the Banach space setting Lang [13, pp. 391–394].

First we recall the notion of orthogonality for a bilinear map of modules. Let M and N be left modules over a commutative ring R and

b: M × N → R

be a bilinear map. Two vectors x ∈ M and y ∈ N are called orthogonal with respect to b if b(x, y) = 0. We then write x ⊥ y if the bilinear map b is fixed.

Two subsets X ⊆ M and Y ⊆ N are orthogonal if x ⊥ y for all x ∈ X and y ∈ Y . Let X^⊥ denote the set of all y ∈ N that are orthogonal to X. This is obviously a submodule of N, which we call the orthogonal of X. We define orthogonality on the other side in the same way.

It follows directly from the definition that for any subsets X_1, X_2 ⊆ M we have X_1 ⊆ X_2 ⇒ X^⊥_1 ⊇ X^⊥_2 and X_1 ⊆ X^{⊥⊥}_1 . (4) These statements hold analogously for subsets of N. Let P(M) denote the projective geometry of a module M, that is, the poset of all submodules (ordered by inclusion). Then the two properties (4) for orthogonality imply that we have an order-reversing Galois connection between the projective geometries P(M) ⇄ P(N) defined by

M_1 → M^⊥_1 and N_1 → N^⊥_1 . (5)

Hence we know in particular that S^⊥ = S^{⊥⊥⊥} for any submodule S of M or N. Moreover, the map S → S^{⊥⊥} is a closure operator: an extensive (S ⊆ S^{⊥⊥}), order-preserving and idempotent self-map. We call a submodule S orthogonally closed if S = S^{⊥⊥}. The Galois connection restricted to orthogonally closed submodules is an order-reversing bijection. For further details and references on Galois connections we refer to Erné et al. [7].

We now consider the canonical bilinear form

V × V^∗ → k

of a vector space V over a field k and its dual V^∗ defined by (v, f) → f(v) and the induced orthogonality on the subspaces. We use the notation ⟨v, f⟩ for f(v).

Let V_1 ⊆ V be a subspace. Using the fact that any basis of a subspace can be extended to a basis for V , we see that for any vector v ∈ V that is not in V_1 there is a linear form f ∈ V^∗ with f(v_1) = 0 for all v_1 ∈ V_1 and f(v) = 1. It follows immediately that every subspace of V is orthogonally closed with respect to the canonical bilinear form V × V^∗ → k. Furthermore, we have a natural isomorphism V^⊥_1 ∼= (V/V_1)^∗.

Indeed, each f ∈ V^⊥_1 defines a linear form on V/V_1 since it vanishes on V_1, and it is easy to see that this gives an isomorphism between V^⊥_1 and (V/V_1)^∗. This implies in particular that

dim V^⊥_1 = codim V_1 if codim V_1 < ∞.

In the following, we consider subspaces of the dual vector space V^∗. We first recall some results for biorthogonal systems. Two families (v_i)_{i∈I} of vectors in V and linear forms (f_i)_{i∈I} in V^∗ are called biorthogonal or said to form a biorthogonal system if

⟨v_i, f_j ⟩ = δ_{ij} = { 1, if i = j, 0, if i ≠ j.

For a biorthogonal system (v_i)_{i∈I} and (f_i)_{i∈I} we can easily compute the coefficients of a linear combination v = ∑ a_iv_i with finitely many a_i ∈ k nonzero.

Applying f_j , we obtain

⟨v, f_j ⟩ = ∑ a_i⟨v_i, f_j ⟩ = a_j .

Evaluating a linear combination f = ∑ a_j f_j at v_i gives analogously

⟨v_i, f⟩ = ∑ a_j ⟨v_i, f_j ⟩ = a_i.

This implies in particular that the v_i and f_i are linearly independent. Moreover, we can easily compute projections onto finite dimensional vector spaces from a biorthogonal system. One can show the following lemma and proposition for finite biorthogonal systems.

Lemma 1 Let (v_1, . . . , v_n) ∈ V and (f_1, . . . , f_n) ∈ V^∗ be biorthogonal. Let V_1 = [v_1, . . . , v_n] and F_1 = [f_1, . . . , f_n] be their linear spans. Then P : V → V defined by v → n∑ i=1 ⟨v, f_i⟩v_i

is a projection with Im P = V_1 and Ker P = F^⊥_1 so that V = F^⊥_1^.+ V_1 and codim F^⊥_1 = n. Moreover, for any f ∈ F^{⊥⊥}_1 we have f = n∑ i=1 ⟨v_i, f⟩f_i,

so that F_1 is orthogonally closed.

Proposition 2 Let f_1, . . . , f_n ∈ V^∗. Then the f_i are linearly independent iff there exist v_1, . . . , v_n ∈ V such that (v_i) and (f_i) are biorthogonal.

We conclude with the previous lemma that every finite dimensional subspace of V^∗ is orthogonally closed. But if V is infinite dimensional, there are always linear subspaces, and indeed hyperplanes in V^∗, that are not orthogonally closed; see for example Köthe [12, p. 71]. Nevertheless, since all subspaces of V are orthogonally closed, we have via the Galois connection (5) an order-reversing bijection between P(V ) and the poset of all orthogonally closed supspaces of V^∗, which we denote by P̄(V^∗).

Recall that the projective geometry P(V ) of any vector space V is a complete complemented modular lattice with the join and meet respectively defined as the sum and intersection of subspaces. Modularity means that

V_1 + (V_2 ∩ V_3) = (V_1 + V_2) ∩ V_3 (6)

for all V_1, V_2, V_3 ∈ P(V ) with V_1 ⊆ V_3.

Using Equation (4) one can show that P̄(V^∗) is a complete lattice with the meet defined as the intersection and the join defined as the orthogonal closure of the sum of subspaces. Hence the Galois connection (5) is an order-reversing lattice isomorphism between the complete lattices P(V ) and P̄(V^∗). Therefore P̄(V ∗) is also a complemented modular lattice.

Let V_1, V_2 ∈ P(V ) and F_1, F_2 ∈ P̄(V^∗). Since the meet in P̄(V^∗) is the set-theoretic intersection, we know that

(V_1 + V_2)^⊥ = V^⊥_1 ∩ V^⊥_2 and (F_1 ∩ F_2)^⊥ = F^⊥_1 + F^⊥_2 . (7)

The sum of infinitely many orthogonally closed subspaces is in general not orthogonally closed when V is infinite dimensional. But using the fact that P̄(V ∗) is a modular lattice, one can show the following proposition [12, p. 72].

Proposition 3 The sum of two orthogonally closed subspaces is orthogonally closed.

Hence we have also

(V_1 ∩ V_2)^⊥ = V^⊥_1 + V^⊥_2 and (F_1 + F_2)^⊥ = F^⊥_1 ∩ F^⊥_2 . (8)

Equations (7) and (8) imply that orthogonality preserves algebraic complements, that is, for direct sums

V = V_1^.+ V_2 and V^∗ = F_1^.+ F_2,

we have V^∗ = V^⊥_1^.+ V^⊥_2 and V = F^⊥_1^.+ F^⊥_2 .

Every subspace has a complement, hence every orthogonally closed subspace of the dual has an orthogonally closed complement. So if we disregard completeness, the Galois connection (5) is an order-reversing lattice isomorphism between the complemented modular lattices

P(V ) ∼= P̄(V^∗)

with join and meet defined as sum and intersection.

Moreover, for arbitrary (not necessarily orthogonally closed) subspaces F_1 and F_2 of V^∗ we have

F^{⊥⊥}_1 + F^{⊥⊥}_2 = (F_1 + F_2)^{⊥⊥}. (9)

Using the fact that taking the double orthogonal is a closure operator, we see namely that F^{⊥⊥}_1 + F^{⊥⊥}_2 ⊆ (F_1 + F_2)^{⊥⊥}; the reverse inclusion follows since the left hand side of (9) is orthogonally closed by Proposition 3. If^{⊥⊥} were the closure operator of a topology, Equation (9) would mean that the sum is continuous and closed.

We have already seen that if codim V_1 < ∞ and dim F_1 < ∞, then

codim V_1 = dim V^⊥_1 and dim F_1 = codim F^⊥_1 . (10)

So we can also consider the restriction of the Galois connection to finite codimensional subspaces of V and finite dimensional subspaces of V^∗. This yields an order-reversing lattice isomorphism between modular lattices.

3 The Transpose

Let V and W be vector spaces over a field k and A: V → W a linear map. We recall some basic properties of the transpose or dual map A^∗ : W^∗ → V^∗ defined by h → h ∘ A. Hence

⟨Av, h⟩_W = ⟨v, A^∗h⟩_V for all v ∈ V, h ∈ W^∗ (11)

with the canonical bilinear forms on W and V , respectively. The map A → A^∗ from L(V, W ) to L(W^∗, V^∗) is linear. It is injective since for every nonzero w ∈ W there exists a linear form h ∈ W^∗ with h(w) ≠ 0. For finite dimensional vector spaces, it is also surjective. We have (AB)^∗ = B^∗A^∗ for linear maps

A ∈ L(U, V ) and B ∈ L(V, W ). Since 1_V^∗ = 1_V ∗ , this implies that if A is left (respectively right) invertible, A^∗ is right (respectively left) invertible, so if A is invertible, also A^∗ is invertible with (A^∗)^{−1} = (A^{−1})^∗. Moreover, the map A → A^∗ is an injective k-algebra anti-homomorphism from L(V ) to L(V^∗).

In the following, we discuss the relations between the image of subspaces under a linear map, its transpose, and orthogonality. From Equation (11) it follows immediately that the orthogonal of the image of a subspace V_1 ⊆ V is

A(V_1)^⊥ = (A^∗)^{−1}(V^⊥_1 ). (12)

Since V^⊥ = 0, we have in particular (Im A)^⊥ = Ker A^∗. Hence Ker A^∗ is orthogonally closed. Taking the orthogonal, we obtain from Equation (12)

A(V_1) = (A^∗)^{−1}(V^⊥_1 )^⊥

since every subspace of a vector space is orthogonally closed with respect to the canonical bilinear form. In particular, we have Im A = (Ker A^∗)^⊥. For orthogonally closed subspaces F_1 ⊆ V^∗, we obtain

A(F^⊥_1 ) = (A^∗)^{−1}(F_1)^⊥. (13)

Now we consider the images under the transpose. Again we see immediately with Equation (11) that

A^∗(H_1)^⊥ = A^{−1}(H^⊥_1 ) (14)

for subspaces H_1 ⊆ W^∗. Since (W^∗)^⊥ = 0, we have in particular (Im A^∗)^⊥ = Ker A. Taking the orthogonal, we obtain from Equation (14)

A^∗(H_1) ⊆ A^∗(H_1)^{⊥⊥} = A^{−1}(H^⊥_1 )^⊥. (15)

Note that in general we have a proper inclusion, as one can see by taking the identity map and a subspace that is not orthogonally closed since the right-hand side is orthogonally closed. But we do have equality for orthogonally closed subspaces. In the Banach space setting, identity (17) comes in the context of the Closed Range Theorem [24, p. 205] and holds only for operators with closed range.

Proposition 4 We have

A^∗(W^⊥_1 ) = A^{−1}(W_1)^⊥ (16)

for subspaces W_1 ⊆ W . In particular,

Im A^∗ = (Ker A)^⊥, (17)

and the image of A^∗ is orthogonally closed.

Proof. With Equation (15) and the fact that every subspace a vector space is orthogonally closed with respect to the canonical bilinear form, we know the inclusion ⊆. Conversely, let f ∈ A^{−1}(W_1)^⊥. Then

f(v_1) = 0 for all v_1 ∈ V such that Av_1 ∈ W_1.

So in particular f(Ker A) = 0. We have to find a h ∈ W^⊥_1 such that f = A^∗h. We define h̃: Im A → K by h̃(Av) = f(v).

Then h̃ is well-defined. If Av_1 = Av_2, then v_1 −v_2 ∈ Ker A. Hence f(v_1) = f(v_2) since f(Ker A) = 0. Moreover, note that h̃(Im A ∩ W_1) = 0.

We have to extend h̃ to a linear map h: W → K such that h vanishes on W_1. To this end, let Ĩ_1 and W̃_1 be complements of Im A ∩ W_1 in Im A and W_1, respectively, so that

Im A = (Im A ∩ W_1)^.+ Ĩ_1 and W_1 = (Im A ∩ W_1)^.+ W̃_1. Then one sees that we have a direct sum Im A + W_1 = (Im A ∩ W_1)^.+ Ĩ_1^.+ W̃_1.

Let P : Im A + W_1 → Im A defined by P (w̄ + w̃_1) = w̄ where w̄ ∈ Im A and w̃_1 ∈ W̃_1.

Then P is a linear map with Ker P = W̃_1. We set h = h̃ ∘ P . Then h is defined on Im A + W_1. We extend h arbitrarily to a linear form on W and denote it again by h. By definition h = h̃ on Im A, and so f = A^∗h. We have to verify that h ∈ W^⊥_1 . Let w_1 ∈ W_1 and w_1 = w̄_1 + w̃_1 with w̄_1 ∈ Im A ∩ W_1 and w̃_1 ∈ W̃_1.

Then h(w_1) = h̃(P w_1) = h̃(w̄_1) = 0, since h̃(Im A ∩ W_1) = 0, and the proposition is proved. �

We know from Section 2 that the Galois connection (5) gives an isomorphism between P(W ) and the orthogonally closed subspaces P̄(W^∗). So the previous proposition implies A^∗(H_1) = A^{−1}(H^⊥_1 )^⊥ (18) for orthogonally closed subspaces H_1 ⊆ W^∗. Since the right hand side is orthogonally closed, we obtain the following corollary. Corollary 5 The transpose gives an an order-preserving map P̄(W^∗) → P̄(V^∗) H_1 → A^∗(H_1) between orthogonally closed subspaces.

Moreover, using Equation (18) and Equation (14), we see that A^∗(H^{⊥⊥}_1 ) = A^{−1}(H^⊥_1 )^⊥ = A^∗(H_1)^{⊥⊥} (19) for an arbitrary subspace H_1 ⊆ W^∗, which means that A^∗ is “closed” and “continuous” in the hypothetical topological interpretation mentioned after (9).

Finally, we sum up all the identities for the image of subspaces of a linear map and its transpose and orthogonality in the following proposition.

Proposition 6 Let V and W be vector spaces over a field k and A: V → W a linear map. Then we have

A(V_1)^⊥ = (A^∗)^{−1}(V^⊥_1 ), A(F^⊥_1 ) = (A^∗)^{−1}(F_1)^⊥, A^∗(H_1)^⊥ = A^{−1}(H^⊥_1 ), A^∗(W^⊥_1 ) = A^{−1}(W_1)^⊥, for subspaces V_1 ⊆ V , H_1 ⊆ W^∗, W_1 ⊆ W and orthogonally closed subspaces F_1 ⊆ V^∗. In particular, we have (Im A)^⊥ = Ker A^∗, Im A = (Ker A^∗)^⊥, (Im A^∗)^⊥ = Ker A, Im A^∗ = (Ker A)^⊥, for the image and kernel of A and A^∗.

Proof. See Equations (12), (13), (14), and (16). �

4 Left and Right Inverses

In this section, we recall and discuss some results for left and right inverses of linear maps. Let V and W be vector spaces over a field k. Let T : V → W and G: W → V be linear maps such that T G = 1.

Then T is surjective and G injective, respectively, and GT is a projection with Ker GT = Ker T and Im GT = Im G, (20) so that V = Ker T^.+ Im G. (21) Conversely, we can begin with a given surjective or injective linear map and a complement of the kernel and image, respectively, and ask if there exists a corresponding right or left inverse. This is a special case of algebraic generalized inverses as in Nashed and Votruba [14]. We discuss the results for both cases.

Let first T : V → W be a surjective linear map with K = Ker T and I a complement of K in V , so that V = K^.+ I.

Let P be the projection with Im P = K and Ker P = I. Then by [14, Theorem 1.20] there exists a unique linear map G: W → V with T G = 1, GT = 1 − P, and GT G = G.

Lemma 7 The equation GT = 1 − P characterizes G uniquely. Proof. The third equation above is obviously redundant, and we show that the first follows from the second. We get for w = T v T Gw = T GT v = T (v − P v) = T v = w, since Im P = Ker T . So T G = 1 since T is surjective. �

We can also say that given a complement I of K = Ker T , there exists a unique right inverse G with Im G = I. So we have a bijection {I ∈ P(V ) | V = K^.+ I} ∼= {G ∈ L(W, V ) | T G = 1} (22) between the set of complements of K in V and the set of right inverses of T . Moreover, all right inverses can be described in terms of a fixed one. Lemma 8 Given any right inverse G̃ of T , the right inverse corresponding to the complement I is given by G = (1 − P )G̃, where P is the projection with Im P = K and Ker P = I.

Let now G: W → V be an injective linear map with I = Im G and K a complement of I in V , so that V = K^.+ I.

Let P be the projection with Im P = K and Ker P = I. Since Im(1 − P ) = Ker P = I, there exists by [14, Theorem 1.20] a unique linear map T : V → W with GT = 1 − P, T G = 1, and T GT = T.

Lemma 9 The equation GT = 1 − P characterizes T uniquely. Proof. Note first that since G is injective Ker T = Ker GT = Ker(1 − P ) = K. Therefore T GT = T − T P = T, which is the third equation above, and hence T G = (T G)^2 is a projection. We show that Ker T G = 0, and so T G is the identity. Let T Gw = 0. Then GT Gw = (1 − P )Gw = 0, so that Gw = P Gw. Since Ker P = Im G, this implies Gw = 0, and thus w = 0 because G is injective. �

We can also say that given a complement K of I = Im G, there exists a unique left inverse T with Ker T = K. So we have a bijection {K ∈ P(V ) | V = K^.+ I} ∼= {T ∈ L(V, W ) | T G = 1} (23) between the set of complements of I in V and the set of left inverses of G. Analogously as above one can describe all left inverses in terms of a fixed one. Lemma 10 Given any left inverse T̃ of G, the left inverse corresponding to the complement K is given by T = T̃ (1 − P ), where P is the projection with Im P = K and Ker P = I.

Summing up, the bijections (22) and (23) yield with Lemma 7 and 9 the following proposition.

Proposition 11 We have a bijection

{(T, I) | T : V → W surjective, I ∈ P(V ) with V = Ker T^.+ I} ∼= {(K, G) | G: W → V injective, K ∈ P(V ) with V = K^.+ Im G}. (24) Given respectively (T, I) or (K, G), we obtain G or T with T G = 1 as the unique solution of GT = 1 − P, where P is the projection with

Im P = Ker T, Ker P = I and Im P = K, Ker P = Im G, respectively.

The following two propositions describe the inverse image of a composition of an arbitrary and respectively a surjective or injective linear map in terms of one of its right or left inverses.

Proposition 12 Let U, V, W be vector spaces over a field k. Let A ∈ L(V, W ) be arbitrary, T ∈ L(U, V ) surjective, G a right inverse of T , and W_1 ⊆ W a subspace. Then we have (AT )^{−1}(W_1) = G(A^{−1}(W_1))^.+ Ker T for the inverse image of the composite. In particular, we have Ker AT = G(Ker A)^.+ Ker T (25) for the kernel of the composite and T^{−1}(V_1) = G(V_1)^.+ Ker T (26) for the inverse image.

Proof. One inclusion is obvious, since AT (G(A^{−1}(W_1)) + Ker T ) = A(A^{−1}(W_1)) + 0 ⊆ W_1.

Conversely, let u ∈ (AT )^{−1}(W_1). Then T u = v with v ∈ A^{−1}(W_1). Hence T (u − Gv) = T u − v = 0 and therefore u ∈ G(A^{−1}(W_1))+Ker(T ). The sum is direct by Equation (21). �

Proposition 13 Let U, V, W be vector spaces over a field k. Let A ∈ L(V, W ) be arbitrary, G ∈ L(U, V ) injective, T a left inverse of G, and W_1 ⊆ W a subspace. Then we have (AG)^{−1}(W_1) = T (A^{−1}(W_1) ∩ Im G) for the inverse image of the composite. In particular, we have Ker AG = T (Ker A ∩ Im G) (27) for the kernel of the composite and G^{−1}(V_1) = T (V_1 ∩ Im G) (28) for the inverse image.

Proof. Let v ∈ A^{−1}(W_1) ∩ Im G. Since GT is a projection with Im GT = Im G, see Equation (20), we get AGT v = Av ∈ W_1, and one inclusion is proved.

Conversely, let u ∈ (AG)^{−1}(W_1). Then Gu = v with v ∈ A^{−1}(W_1) ∩ Im G. Hence T Gu = u = T v, and therefore u ∈ T (A^{−1}(W_1) ∩ Im G). �

Observe that for dim U = dim V < ∞, surjectivity as well as injectivity are of course equivalent to bijectivity, and the propositions are trivial. In particular, if T or G is an endomorphism, the propositions are nontrivial only for an infinite dimensional vector space.

5 Boundary Problems and Green’s Operators

A boundary problem is given by a pair (T, F), where T : V → W is a surjective linear map and F ⊆ V^∗ an orthogonally closed subspace of boundary conditions. We say that u ∈ V is a solution of (T, F) for a given w ∈ W , if T u = w and f(u) = 0 for all f ∈ F or equivalently u ∈ F^⊥. A boundary problem (T, F) is regular if F^⊥ is a complement of K = Ker T so that V = K^.+ F^⊥.

From the previous section we know that then there exists a unique right inverse G: W → V of T with Im G = F^⊥. We call G the Green’s operator for the boundary problem (T, F). Since T Gw = w and Gw ∈ F^⊥, we see that the Green’s operator maps every right-hand side w ∈ W to its unique solution u = Gw ∈ V . Hence we say that G solves the boundary problem (T, F), and we use the notation G = (T, F)^{−1}.

Conversely, if there exists a right inverse G of T for a boundary problem (T, F) such that Im G = F^⊥, it is regular by Equation (21). Since orthogonality preserves direct sums, we see that (T, F) is regular iff V^∗ = F^.+ K^⊥. (29)

By Proposition 6, we have

Ker G^∗ = (Im G)^⊥ = F^{⊥⊥} = F and Im T^∗ = (Ker T )^⊥ = K^⊥ (30)

for a regular boundary problem (T, F). Given any right inverse G̃ of T , we know with Lemma 8 that the Green’s operator for a regular boundary problem (T, F) is given by G = (1 − P )G̃, (31)

where P is the projection with Im P = K and Ker P = F^⊥.

If T is invertible, then (T, 0) is the only regular boundary problem for T , and its Green’s operator is (T, 0)^{−1} = T^{−1}. In particular, we have

(1, 0)^{−1} = 1 (32)

for the identity operator.

A dual boundary problem is given by a a pair (K, G), where G: W → V is an injective linear map and K ⊆ V a subspace of dual boundary conditions. We say that g ∈ V^∗ is a solution of (K, G) for a given h ∈ W^∗ if

G^∗g = h and g(v) = 0 for all v ∈ K

or equivalently g ∈ K^⊥. A dual boundary problem (K, G) is regular if K is a complement of I = Im G so that

V = K^.+ I.

From the previous section we know that then there exists a unique left inverse T : V → W of G with Ker T = K. We call T the dual Green’s operator for the dual boundary problem (K, G). Since G^∗T^∗ = 1 and Im T^∗ = K^⊥ by Proposition 6, we see that

G^∗T^∗h = h and T^∗h ∈ K^⊥,

and so T^∗ maps every right-hand side h ∈ W^∗ to its unique solution g = T^∗h. Hence we say that T solves the dual boundary problem (K, G), and we use the notation T = (K, G)^{−1}.

Conversely, if there exists a left inverse T of G for a dual boundary problem (K, G) such that Ker T = K, it is regular by Equation (21). Given any left inverse T̃ of G, we know with Lemma 10 that the dual Green’s operator for a regular dual boundary problem (K, G) is given by

T = T̃ (1 − P ),

where P is the projection with Im P = K and Ker P = I.

If G is invertible, then (0, G) is the only regular dual boundary problem with G and its dual Green’s operator is (0, G)^{−1} = G^{−1}. In particular, we have

(0, 1)^{−1} = 1 (33)

for the identity operator.

For fixed vector spaces V and W we denote the set of all regular (dual) boundary problems respectively by R = {(T, F) | T : V → W, (T, F) regular} and R^∗ = {(K, G) | G: W → V, (K, G) regular}.

We can interpret the bijection (24) between left and right inverses in terms of boundary and dual boundary problems. The main part is always solving a (dual) regular boundary problem, that is, computing its (dual) Green’s operator. Note that for boundary problem we specify a complement of the kernel by an orthogonally closed subspace of the dual space. Proposition 14 The map R → R^∗ (T, F) → (Ker T, (T, F)^{−1}) is a bijection between the sets of regular (dual) boundary problems, and R^∗ → R (K, G) → ((K, G)^{−1}, (Im G)^⊥).

is its inverse.

Proof. Clear with Proposition 11. �

6 Composing Boundary Problems

Let (T_1, F_1) and (T_2, F_2) be boundary problems with T_1 : V → W and T_2 : U → V.

We define the composition of (T_1, F_1) and (T_2, F_2) by (T_1, F_1) ∘ (T_2, F_2) = (T_1T_2, T^∗_2 (F_1) + F_2). (34) Proposition 15 The composition of two boundary problems is again a boundary problem.

Proof. The composition of two surjective maps is surjective. We have to show that T^∗_2 (F_1) + F_2 is an orthogonally closed subspace of U^∗. But from Corollary 5 we know that T^∗_2 (F_1) ∈ P̄(U^∗) and from Proposition 3 that the sum of two orthogonally closed subspaces is orthogonally closed. �

The composition of boundary problems is associative. Moreover, we have (1_V , 0) ∘ (T, F) = (T, F) and (T, F) ∘ (1_W , 0) = (T, F) with T : V → W and 0 the zero-dimensional vector space. So all boundary problems of vector spaces over a fixed field form a category with objects the vector spaces and morphisms the boundary problems.

The next proposition tells us that the composition of boundary problems preserves regularity, and the corresponding Green’s operator is the composition of Green’s operators in reverse order. Hence the regular boundary problems form a subcategory of the category of all boundary problems. We denote the category of regular boundary problems by R.

Proposition 16 Let (T_1, F_1) and (T_2, F_2) be regular boundary problems with Green’s operators G_1 and G_2. Then the composition (T_1, F_1) ∘ (T_2, F_2) = (T, F) is regular with Green’s operator G_2G_1 so that ((T_1, F_1) ∘ (T_2, F_2))^{−1} = (T_2, F_2)^{−1} ∘ (T_1, F_1)^{−1}.

Moreover, the sum F = T^∗_2 (F_1)^.+ F_2 (35) is direct.

Proof. We have T_1T_2G_2G_1 = T_11G_1 = T_1G_1 = 1 so that G_2G_1 is a right inverse of T_1T_2. Since Ker G^∗_1 = F_1 and Ker G^∗_2 = F_2 by Equation (30), we have with Proposition 6 and Equation (25) (Im G_2G_1)^⊥ = Ker (G_2G_1)^∗ = Ker G^∗_1G^∗_2 = T^∗_2 (F_1)^.+ F_2.

The proposition now follows by the characterization of regular boundary problems through Green’s operators. �

Note that with Equations (19) and (9) we see that T^∗_2 (F^{⊥⊥}_1 ) + F^{⊥⊥}_2 = (T^∗_2 (F_1) + F_2)^{⊥⊥} for arbitrary (not necessarily orthogonally closed) subspaces F_1 and F_2. If the boundary conditions are given by the orthogonal closure of arbitrary subspaces F_1 and F_2, the composition of two boundary problems is equal to (T_1, F^{⊥⊥}_1 ) ∘ (T_2, F^{⊥⊥}_2 ) = (T_1T_2, (T^∗_2 (F_1) + F_2)^{⊥⊥}). (36) We will use this observation for boundary problems with partial differential equations in Section 11.

Let now (K_2, G_2) and (K_1, G_1) be dual boundary problems with G_2 : V → U and G_1 : W → V.

We define the composition of (K_2, G_2) and (K_1, G_1) by (K_2, G_2) ∘ (K_1, G_1) = (K_2 + G_2(K_1), G_2G_1). (37) Obviously, the composition is again a dual boundary problem. It is associative, and we have

(0, 1_W ) ∘ (K, G) = (K, G) and (K, G) ∘ (0, 1_V ) = (K, G) with G: W → V . So all dual boundary problems of vector spaces over a fixed field form a category.

As we will see, also for dual boundary problems the composition of two regular problems is again regular. Hence the regular dual boundary problems form a subcategory of the category of all dual boundary problems. We denote the category of regular dual boundary problems by R^∗.

Proposition 17 Let (K_2, G_2) and (K_1, G_1) be regular dual boundary problems with dual Green’s operators T_2 and T_1. Then the composition (K_2, G_2) ∘ (K_1, G_1) = (K, G) is regular with dual Green’s operator T_1T_2 so that ((K_2, G_2) ∘ (K_1, G_1))^{−1} = (K_1, G_1)^{−1} ∘ (K_2, G_2)^{−1}.

Moreover, the sum K = K_2^.+ G_2(K_1) is direct. Proof. We have T_1T_2G_2G_1 = T_11G_1 = T_1G_1 = 1 so that T_1T_2 is a left inverse of G_2G_1. By Equation (25), we have

Ker(T_1T_2) = G_2(K_1)^.+ K_2 with K_1 = Ker T_1 and K_2 = Ker T_2. The proposition follows now by the characterization of regular dual boundary problems through dual Green’s operators. � Summing up, we see that solving regular (dual) boundary problems gives an anti-isomorphism between the categories of regular (dual) boundary problems, justifying our terminology for dual boundary problems. Theorem 18 The contravariant functor F : R → R^∗ (T, F) → (Ker T, (T, F)^{−1}) is an anti-isomorphism between the categories of regular (dual) boundary problems, and F^∗ : R^∗ → R (K, G) → ((K, G)^{−1}, (Im G)^⊥).

is its inverse.

Proof. By Equation (32) and (33), we have F (1) = 1 as well as F^∗(1) = 1. Hence F and F^∗ are contravariant functors by Proposition 16 and 17. Finally, F F^∗ = 1 and F^∗F = 1 by Proposition 14. �

7 Factoring Boundary Problems

Let (T, F) be a boundary problem with T : U → W and assume that we have a factorization (T_1, F_1) ∘ (T_2, F_2) = (T, F) (38)

into boundary problems with T_1 : V → W and T_2 : U → V . By definition (34), this means that we have a factorization

T = T_1T_2

for the defining operators and a sum

F = T^∗_2 (F_1) + F_2

for the boundary conditions. In this section, we characterize all possible factorizations of a boundary problem into two boundary problems. In particular, we show that if (T, F) is regular, there exists a unique regular left factor (T_1, F_1), and we describe all right factors (T_2, F_2).

Given a factorization T = T_1T_2 with surjective linear maps T_1 and T_2, we construct all corresponding factorizations into (regular) boundary problems. The boundary conditions for the factor problems can be described in terms of the boundary conditions F and the factorization T = T_1T_2. More precisely, we need K_2 = Ker T_2 and an arbitrary right inverse of T_2, which we denote in this section by H_2. We begin without any assumption on the regularity.

Lemma 19 Let (T_1, F_1) ∘ (T_2, F_2) = (T, F). Then

T^∗_2 (F_1) ⊆ F ∩ K^⊥_2 (39) and T^∗_2 H^∗_2 (F̃_1) = F̃_1 (40)

for any F̃_1 ⊆ K^⊥_2 .

Proof. Note that Im T^∗_2 = K^⊥_2 by Proposition 6 and T^∗_2 (F_1) ⊆ T^∗_2 (F_1)+F_2 = F. For the second equation observe that T^∗_2 H^∗_2 is a projection with Im T^∗_2 H^∗_2 = Im T^∗_2 = K^⊥_2 by Equation (20). �

Proposition 20 Let T = T_1T_2 be a factorization with surjective linear maps T_1 and T_2. Let F̃_1 ⊆ F ∩ K^⊥_2 and F_2 ⊆ F

be orthogonally closed subspaces such that F = F̃_1 + F_2, and F_1 = H^∗_2 (F̃_1). Then (T_1, F_1) ∘ (T_2, F_2) = (T, F)

is a factorization of (T, F).

Proof. By Corollary 5, we know that F_1 = H^∗_2 (F̃_1) is orthogonally closed, and so (T_1, F_1) is a boundary problem. Using (40), we observe

(T_1, F_1) ∘ (T_2, F_2) = (T_1T_2, T^∗_2 H^∗_2 (F̃_1) + F_2) = (T, F̃_1 + F_2) = (T, F), and the proposition is proved. �

Let now (T, F) be regular with Green’s operator G, and assume that we have a factorization T = T_1T_2 with T_1 and T_2 surjective. Then T_2G is a right inverse of T_1 since T_1T_2G = T G = 1.

So (T_1, (Im T_2G)^⊥) is a regular boundary problem. We can describe its boundary conditions without using G only in terms of F and T_2 with a right inverse H_2. Lemma 21 Let (T, F) be regular with Green’s operator G and let T = T_1T_2 be a factorization with surjective linear maps T_1 and T_2. Then (Im T_2G)^⊥ = H^∗_2 (F ∩ K^⊥_2 ), and (T_1, H^∗_2 (F ∩ K^⊥_2 )) is regular with Green’s operator T_2G. Proof. Using Proposition 6 and Equation (27), we obtain

(Im T_2G)^⊥ = Ker (T_2G)^∗ = Ker G^∗T^∗_2 = H^∗_2 (Ker G^∗ ∩ Im T^∗_2 ). From Equation (30) we know that Ker G^∗ = F and Im T^∗_2 = K^⊥_2 . � The following theorem tells us that given a regular boundary problem (T, F) and a factorization T = T_1T_2, there is a unique regular left factor described by the previous lemma.

Theorem 22 Let (T, F) be regular and T = T_1T_2 a factorization with surjective linear maps T_1 and T_2. Then (T_1, F_1) ∘ (T_2, F_2) = (T, F) is a factorization with (T_1, F_1) regular iff F_1 = H^∗_2 (F ∩ K^⊥_2 ) and F_2 ⊆ F is an orthogonally closed subspace such that F = (F ∩ K^⊥_2 ) + F_2.

Moreover, if (T_1, F_1) is regular, its Green’s operator is T_2G. Proof. Let (T_1, F_1)∘(T_2, F_2) = (T, F) with (T, F) and (T_1, F_1) regular. Writing F̄_1 = H ∗_2 (F ∩ K⊥_2 ), we see with Equation (39) that F_1 ⊆ F̄_1. Since (T_1, F_1) is regular by assumption and (T_1, F̄_1) by the previous lemma, we have F_1^.+ K^⊥_1 = F̄_1^.+ K^⊥_1 = V^∗ by Equation (29), so that F_1 and F̄_1 have a common complement. Using modularity, we see that

F_1 = F_1 + (K^⊥_1 ∩ F̄_1) = (F_1 + K^⊥_1 ) ∩ F̄_1 = F̄_1 = H^∗_2 (F ∩ K^⊥_2 ). By Equation (40), we have T^∗_2 (F_1) = T^∗_2 H^∗_2 (F ∩ K^⊥_2 ) = F ∩ K^⊥_2 , and so F = (F ∩ K^⊥_2 ) + F_2.

Converseley, we know by the previous lemma that (T_1, H^∗_2 (F ∩ K^⊥_2 )) is regular, and (T_1, H^∗_2 (F ∩ K^⊥_2 )) ∘ (T_2, F_2) = (T, F) by Proposition 20. �

Finally, assume that all boundary problems in the factorization (38) are regular with corresponding Green’s operators G, G_1 and G_2. Then we have the factorizations T = T_1T_2 and G = G_2G_1, by Proposition 16, and a direct sum of the boundary conditions F = T^∗_2 (F_1)^.+ F_2 by Equation (35). Since T_2G = T_2G_2G_1 = G_1, we know from Lemma 21 that F_1 = H^∗_2 (F ∩ K^⊥_2 ). By Equation (40), we obtain T^∗_2 (F_1) = F ∩ K^⊥_2 so that F = (F ∩ K^⊥_2 )^.+ F_2.

With the following proposition relating complements, subspaces and orthogonality, we can characterize all regular problems (T_2, F_2) with F_2 ⊆ F. Proposition 23 Let K_2 ⊆ K ⊆ V be subspaces and F ⊆ V^∗ an orthogonally closed subspace such that V = K^.+ F^⊥.

Then we have a bijection

{F_2 ∈ P̄(V^∗) | F_2 ⊆ F ∧ V = K_2^.+ F^⊥_2 } ∼= {V_2 ∈ P(V ) | K = V_2^.+ K_2} given by F_2 → F^⊥_2 ∩ K and V_2 → F ∩ V^⊥_2 . (41) Moreover, V = K_2^.+ F^⊥_2 iff F = (F ∩ K^⊥_2 )^.+ F_2, for orthogonally closed subspaces F_2 ⊆ F.

Proof. Let F_2 ⊆ F be orthogonally closed such that V = K_2^.+ F^⊥_2 . We obtain K = V ∩ K = (K_2 + F^⊥_2 ) ∩ K = K_2 + (F^⊥_2 ∩ K), and the sum is direct since K_2 ∩ F^⊥_2 = 0, so F^⊥_2 ∩ K is a complement of K_2 in K. Since F ∩ K^⊥ = 0, we have

F ∩ (F^⊥_2 ∩ K)^⊥ = F ∩ (F_2 + K^⊥) = F_2 + (F ∩ K^⊥) = F_2. Conversely, let V_2 be a subspace such that K = V_2^.+ K_2. Since V = K^.+ F^⊥ and (F ∩ V^⊥_2 )^⊥ = F^⊥ + V_2, we have V = K + F^⊥ = K_2^.+ (F^⊥ + V_2) = K_2^.+ (F ∩ V^⊥_2 )^⊥.

Moreover, note that

(F ∩ V^⊥_2 )^⊥ ∩ K = (V_2 + F^⊥) ∩ K = V_2 + (F^⊥ ∩ K) = V_2 since F^⊥ ∩ K = 0.

Now let F_2 ⊆ F be orthogonally closed such that V = K_2^.+ F^⊥_2 . Let V_2 = F^⊥_2 ∩ K. Then we know from above that K = V_2^.+ K_2, so V = K^.+ F^⊥ = V_2^.+ K_2^.+ F^⊥.

Since orthogonality preserves direct sums, we obtain V^∗ = (F ∩ K^⊥_2 )^.+ V^⊥_2 .

So we have

F = F ∩ V^∗ = F ∩ ((F ∩ K^⊥_2 ) + V^⊥_2 ) = (F ∩ K^⊥_2 ) + (F ∩ V^⊥_2 ), and the sum is direct since (F ∩ K^⊥_2 ) ∩ V^⊥_2 = 0. Since we also know from above that F ∩ V^⊥_2 = F_2, the first part of the equivalence is proved.

Conversely, let F_2 be an orthogonally closed subspace such that F = (F ∩ K^⊥_2 )^.+ F_2 Then (F ∩ K^⊥_2 ) ∩ F_2 = 0 and hence by passing to the orthogonal V = K_2 + F^⊥ + F^⊥_2 = K_2 + F^⊥_2 , the latter since F^⊥_2 ⊇ F^⊥. Moreover, note that

F^⊥ = (F ∩ K^⊥_2 )^⊥ ∩ F^⊥_2 = (F^⊥ + K_2) ∩ F^⊥_2 = F^⊥ + (K_2 ∩ F^⊥_2 ). Since K ∩ F^⊥ = 0, we obtain

0 = K ∩ (F^⊥ + (K_2 ∩ F^⊥_2 )) = (K ∩ F^⊥) + (K_2 ∩ F^⊥_2 ) = K_2 ∩ F^⊥_2 . Hence V = K_2^.+ F^⊥_2 , and the proposition is proved. �

Corollary 24 Let (T, F) be regular and T_2 surjective with Ker T_2 ⊆ Ker T . Then (41) defines a bijection between {F_2 ⊆ F | (T_2, F_2) regular} and complements of Ker T_2 in Ker T . Moreover, (T_2, F_2) is regular iff F_2 is an orthogonally closed complement of (F ∩ K^⊥_2 ) in F.

The following corollary allows us to compute the boundary conditions for the unique regular left factor if we have the Green’s operator for a regular right factor.

Corollary 25 Let (T, F) be regular and T_2 surjective with Ker T_2 ⊆ Ker T . Then G^∗_2(F) = G^∗_2(F ∩ K^⊥_2 ) if G_2 is the Green’s operator for (T_2, F_2) regular with F_2 ⊆ F.

Proof. If G_2 = (T_2, F_2)^{−1} with F_2 ⊆ F, then

F = (F ∩ K^⊥_2 )^.+ F_2,

by the previous corollary. Since Ker G^∗_2 = F_2 by Equation (30), this implies G^∗_2(F) = G^∗_2(F ∩ K^⊥_2 ). �

Summing up, we can now characterize and construct all possible factorizations of a regular boundary problem into two regular boundary problems given a factorization of the defining operator.

Theorem 26 Let (T, F) be regular and T = T_1T_2 a factorization with surjective linear maps T_1 and T_2. Then

(T_1, F_1) ∘ (T_2, F_2) = (T, F)

is a factorization with (T_2, F_2) regular iff

F_1 = H^∗_2 (F ∩ K^⊥_2 )

and F_2 ⊆ F is an orthogonally closed subspace such that

F = (F ∩ K^⊥_2 )^.+ F_2.

In particular, the left factor (T_1, F_1) is necessarily regular.

Proof. Let (T_1, F_1) ∘ (T_2, F_2) = (T, F) with (T, F) and (T_2, F_2) regular. Let G_2 be the Green’s operator for (T_2, F_2). Since Ker G^∗_2 = F_2 by Equation (30) and F = T^∗_2 (F_1) + F_2, we obtain G^∗_2(F) = F_1. With the previous corollary this yields F_1 = G^∗_2(F ∩ K^⊥_2 ),

and so (T_1, F_1) is regular by Lemma 21. The theorem follows with Corollary 24 and Theorem 22. �

8 A Monoid of Boundary Problems

In this section, we consider boundary problems with endomorpisms; this case is also the basis for the symbolic computation treatment in [17]. Having endomorphisms, the composition of boundary problems (34) and dual boundary problems (37) coincides with the multiplication in a reverse semidirect product of suitable defined monoids and actions. Moreover, the contravariant functors from Theorem 18 between regular (dual) boundary problems specialize to antiisomorphisms between the submonoids of regular (dual) boundary problems.

Given a monoid action, one can define the semidirect product of monoids just as for groups. In contrast to groups, one has to distinguish between left and right actions and accordingly define the multiplication for semidirect products.

We recall the definitions. Let M and N be monoids. Following a convention introduced by Eilenberg [5], which also fits perfectly with our application, we write the product in M additively (without assuming commutativity). Given a left action of N on M, denoted by n · m, and specified by a homomorphism

φ: N → EndM,

the semidirect product M ⋊_φ N is the set M × N with the multiplication “from the left”

(m_1, n_1)(m_2, n_2) = (m_1 + n_1 · m_2, n_1n_2) = (m_1 + φ_{n1} (m_2), n_1n_2).

One verifies that this multiplication is associative with identity (0, 1), so the semidirect product M ⋊_φ N is indeed a monoid.

Analogously, given a right action of N on M, denoted by m · n, and specified by an anti-homomorphism φ: N → EndM,

the reverse semidirect product N ⋉_φ M is the set N × M with the multiplication “from the right”

(n_1, m_1)(n_2, m_2) = (n_1n_2, m_1 · n_2 + m_2, ) = (n_1n_2, φ_{n2} (m_1) + m_2).

Again N ⋉_φ M is a monoid with identity (1, 0).

Let now V be a vector space and L(V ) the monoid of endomorphisms with respect to composition. Considering P(V ) as an additive monoid, L(V ) acts on P(V ) from the left by A · V_1 = A(V_1), so we have a homomorphism

φ: L(V ) → EndP(V ) with φ_A(V_1) = A(V_1).

The multiplication in the semidirect product P(V ) ⋊_φ L(V ) is

(V_1, A_1)(V_2, A_2) = (V_1 + A_1(V_2), A_1A_2),

which is exactly the definition (37) of the composition of dual boundary problems. Writing H for the submonoid of all injective endomorphisms, we see that the semidirect product P(V ) ⋊_φ H is the monoid of dual boundary problems. The regular dual boundary problems form a submonoid

R^∗ = {(K, G) ∈ P(V ) × H | (K, G) regular}

since the composition of two regular dual boundary problems is regular by Proposition 17.

We now discuss the situation for boundary problems. By Propostion 3, the sum of two orthogonally closed subspaces is orthogonally closed, so P̄(V^∗) is an additive monoid. We know from Corollary 5 that the transpose maps orthogonally closed subspaces to orthogonally closed subspaces. Hence L(V ) acts on P̄(V^∗) from the right via the transpose F · A = A^∗(F), and we have the anti-homomorphism

φ: L(V ) → EndP̄(V^∗) with φ_A(F) = A^∗(F).

The multiplication in the reverse semidirect product L(V ) ⋉_φ P̄(V^∗) is

(A_1, F_1)(A_2, F_2) = (A_1A_2, A^∗_2(F_1) + F_2), which is the definition (34) of the composition of boundary problems. Writing S for the submonoid of all surjective endomorphisms, we see that the reverse semidirect product S ⋉_φ P̄(V^∗) is the monoid of boundary problems. The regular boundary problems form a submonoid

R = {(T, F) ∈ S × P̄(V^∗) | (T, F) regular}

since the composition of two regular boundary problems is regular by Proposition 16.

Solving regular (dual) boundary problems gives an anti-isomorphism between the monoids of regular (dual) boundary problems. More precisely, we have the following result as a special case of Theorem 18.

Proposition 27 The map

R → R^∗ (T, F) → (Ker T, (T, F)^{−1})

is an anti-isomorphism between the monoids of regular (dual) boundary problems, and R^∗ → R

(K, G) → ((K, G)^{−1}, (Im G)^⊥).

is its inverse.

Given some submonoid S_1 of all surjective endomorpisms S, we can consider the monoid of boundary problems S_1 ⋉ P̄(V^∗) with linear maps in S_1. We can also restrict the boundary conditions to a submonoid F of P̄(V^∗) if F is closed under S_1 in the sense that

T^∗(F) ∈ F, for all T ∈ S_1 and F ∈ F,

so that S_1 acts on F . In all such cases, the regular boundary problems form a submonoid. As an example, take the submonoid of surjective endomorphisms with finite dimensional kernel with finite dimensional subspaces of boundary conditions.

Analogously, we can consider submonoids of all injective endomorphisms and restrict the dual boundary conditions to suitable submonoids of P(V ). The corresponding dual problems for the previous example are injective endomorphisms with finite codimensional image with finite dimensional subspaces as dual boundary conditions.

Note that with the results from Section 7, given a factorization in S_1, we can construct all factorizations of a (regular) boundary problem into (regular) boundary problems with arbitrary boundary conditions. If we restrict the boundary conditions to a submonoid F , we have to check whether the constructed boundary conditions are again in F .

9 Dimension and Codimension

Recall that for subspaces V_1 and V_2 of a vector space V we have

dim(V_1 + V_2) + dim(V_1 ∩ V_2) = dim V_1 + dim V_2 and analogously for the codimension

codim(V_1 + V_2) + codim(V_1 ∩ V_2) = codim V_1 + codim V_2.

Note that if V is finite dimensional, the second equation is a consequence from the first and the equation dim V_1 + codim V_1 = dim V.

For V finite dimensional, we obtain similarly the equation codim(V_1 + V_2) + dim V_1 = dim(V_1 ∩ V_2) + codim V_2 relating the codimension of the sum with the dimension of the intersection of two subspaces. We show that this equation holds for arbitrary vector spaces. Proposition 28 We have codim(V_1 + V_2) + dim V_1 = dim(V_1 ∩ V_2) + codim V_2 for subspaces V_1 and V_2 of a vector space V .

Proof. Let Ṽ_1 and Ṽ_2 be complements of V_1 ∩ V_2 in V_1 and V_2, respectively, so that V_1 = Ṽ_1^.+ (V_1 ∩ V_2) and V_2 = Ṽ_2^.+ (V_1 ∩ V_2).

Then one sees that we have a direct sum V_1 + V_2 = Ṽ_1^.+ Ṽ_2^.+ (V_1 ∩ V_2).

Let W̃ be a complement of V_1 + V_2 in V so that V = (V_1 + V_2)^.+ W̃ = Ṽ_1^.+ Ṽ_2^.+ (V_1 ∩ V_2)^.+ W̃ .

Hence

codim(V_1 + V_2) = dim W̃ and codim V_2 = dim(W̃ + Ṽ_1). Computing the dimension of the subspace W̃^.+ Ṽ_1^.+ (V_1 ∩ V_2) in two different ways, we obtain

codim(V_1 + V_2) + dim V_1 = dim W̃ + dim(Ṽ_1 + (V_1 ∩ V_2)) = dim(V_1 ∩ V_2) + dim(W̃ + Ṽ_1) = dim(V_1 ∩ V_2) + codim V_2, and the proposition is proved. �

If V_1 is finite dimensional and V_2 finite codimensional, all dimensions and codimensions in the above proposition are finite, and we obtain the following corollaries.

Corollary 29 Let V_1 and V_2 be subspaces of a vector space V with dim V_1 < ∞ and codim V_2 < ∞. Then

codim(V_1 + V_2) − dim(V_1 ∩ V_2) = codim V_2 − dim V_1.

In particular,

dim(V_1 ∩ V_2) = codim(V_1 + V_2) ⇔ dim V_1 = codim V_2.

Corollary 30 Let V_1 and V_2 be subspaces of a vector space V with dim V_1 < ∞ and codim V_2 < ∞. Then V_1^.+ V_2 = V iff V_1 ∩ V_2 = 0 and dim V_1 = codim V_2 iff V_1 + V_2 = V and dim V_1 = codim V_2.

So for testing whether two subspaces V_1 and V_2 with dim V_1 = codim V_2 < ∞ establish a direct decomposition V = V_1^.+ V_2, we have to check only one of the two defining conditions V_1 ∩ V_2 = 0 and V_1 + V_2 = V .

The hypothesis that the dimensions are finite is necessary. Let k be a field, V = k^N, and consider for example the two subspaces

V_1 = {(0, x_1, 0, x_2, 0, x_3, . . .) | (x_n) ∈ k^N}

V_2 = {(0, 0, x_1, 0, x_2, 0, x_3, . . .) | (x_n) ∈ k^N}.

Then dim V_1 = codim V_2 = dim V = ∞, V_1 ∩ V_2 = 0 but codim(V_1 + V_2) = 1.

We use the following corollary in the next section as a regularity test for boundary problems with finite dimensional kernels and boundary conditions.

Corollary 31 Let V_1 = [v_1, . . . , v_m] be a subspace of a vector space V and F_1 = [f_1, . . . , f_n] a subspace of V^∗ with f_i and v_j linearly independent. Then

V = V_1^.+ F^⊥_1

is a direct sum iff m = n and the matrix (f_i(v_j )) is regular.

Proof. By Equation (10), codim F^⊥_1 = dim F_1, so we know from the previous corollary that V = V_1^.+ F^⊥_1

is a direct sum iff V_1 ∩ F^⊥_1 = 0 and m = n. Let B = (f_i(v_j )) with columns b_j . Now note that B is singular iff there exists a linear combination ∑ λ_j b_j = 0 with at least one λ_j ≠ 0 iff there exists a nonzero u = ∑ λ_j v_j in V_1 ∩ F^⊥_1 . �

10 Finitely Many Boundary Conditions

In this section, we specialize some results and discuss algorithmic aspects for boundary problems where the corresponding linear maps have finite dimensional kernels and the spaces of boundary conditions are finite dimensional. Note that this includes boundary value problems for (systems of) ordinary differential equations and systems of partial differential equations with finite dimensional solution space.

More precisely, we consider boundary problems (T, F) where T : V → W ,

dim K < ∞ and F = [f_1, . . . , f_n]

with K = Ker T . We can rewrite the condition that u ∈ V is a solution of the boundary problem (T, F) for a given w ∈ W in the following traditional form

T u = w, f_1(u), . . . , f_n(u) = 0.

By Corollary 31, a necessary condition for the regularity of (T, F) is

dim Ker T = dim F,

meaning that we have the “correct” number of boundary conditions. Moreover, we get the following algorithmic regularity test for boundary problems (to be be found in Kamke [11, p. 184] for the special case of two-point boundary conditions).

Proposition 32 A boundary problem (T, F) with dim Ker T = dim F is regular iff the matrix f_1(u_1) · · · f_1(u_n) . . .. . . . f_n(u_1) · · · f_n(u_n)

is regular, where the f_i and u_j are any basis of respectively F and Ker T .

Let T be a fixed surjective linear map. By Equation (31), given any right inverse G̃ of T , the Green’s operator for a regular boundary problem (T, F) is given by G = (1 − P )G̃,

where P is the projection with Im P = K and Ker P = F^⊥. If T has a finite dimensional kernel with basis u_1, . . . , u_n, we can easily describe the projection P in terms of a basis f_1, . . . , f_n of F. Since the matrix B = (f_i(u_j )) is regular by the previous proposition, we can define

(f̃_1, . . . , f̃_n)^t = B^{−1}(f_1, . . . , f_n)^t.

Then the (f̃_i) and (u_j ) are biorthogonal, and P : V → V defined by v → n∑ i=1 ⟨v, f̃_i⟩u_i is the projection with Im P = K and Ker P = F^⊥ by Lemma 1.

Given a factorization T = T_1T_2 and a right inverse H_2 of T_2, we know from Theorem 26 how to construct all possible factorizations of a regular boundary problem (T, F) into two regular problems. The boundary conditions for the left factor (T_1, F_1) are uniquely given by

F_1 = H^∗_2 (F ∩ K^⊥_2 ),

and all regular boundary problems (T_2, F_2) correspond to direct sums

F = (F ∩ K^⊥_2 )^.+ F_2.

In the following, we discuss how all such factorizations can be computed by linear algebra if T has a finite dimensional kernel.

Let (T, F) be regular, K = Ker T , K_2 = Ker T_2, and f_1, . . . , f_{m+n} a basis of F. Choose a basis u_1, . . . , u_m, u_{m+1}, . . . , u_{m+n}

of K such that u_1, . . . , u_m is basis of K_2, and let

B = f_1(u_1) . . . f_1(u_m) f_1(u_{m+1}) . . . f_1(u_{m+n}) . . . . . . . . . .. . . . f_{m+n}(u_1) . . . f_{m+n}(u_m) f_{m+n}(u_{m+1}) . . . f_{m+n}(u_{m+n})

. (42)

Since B is regular, we can perform row operations corresponding to a regular matrix P such that P B = ( B_2 C 0 D ) (43)

is a block matrix, where B_2 is a regular m × m matrix. Let

(f̃_1, . . . , f̃_m, f̃_{m+1}, . . . , f̃_{m+n})^t = P (f_1, . . . , f_{m+n})^t, (44)

that is,

f̃_i =^{m+n} ∑ j=1 P_{ij} f_j ,

and F_2 = [f̃_1, . . . , f̃_m]. Then obviously [f̃_{m+1}, . . . , f̃_{m+n}] ⊆ F ∩ K^⊥_2 and since dim(F ∩ K^⊥_2 ) = codim(F^⊥ + K_2) = n, they are equal. So

F = (F ∩ K^⊥_2 )^.+ F_2

is a direct sum. Conversely, it is clear that any such direct sum given by bases F_2 = [f̃_1, . . . , f̃_m] and F ∩ K^⊥_2 = [f̃_{m+1}, . . . , f̃_{m+n}] with P as in (44) gives a block matrix as in Equation (43). By Theorem 26, we know that

(T, F) = (T_1, F_1) ∘ (T_2, F_2)

is a factorization into regular boundary problems with

F_1 = [H^∗_2 (f̃_{m+1}), . . . , H^∗_2 (f̃_{m+n})] and F_2 = [f̃_1, . . . , f̃_m]. (45)

Note that if H_2 is the Green’s operator for a regular right factor (T_2, F_2) with F_2 ⊆ F, we have H^∗_2 (F) = H^∗_2 (F ∩ K^⊥_2 ) by Corollary 25. So we can compute the uniquely determined boundary conditions F_1 simply by applying H^∗_2 to the boundary conditions F; see the examples in the next section.

11 Examples for Differential Equations

Let us now illustrate our algebraic approach to abstract boundary problems in the concrete setting of differential equations, taking up the examples posed in the Introduction.

We want to factor the two-point boundary problem (D^2, [L, R]) of Equation (1) into two regular problems with T_1 = T_2 = D. The indefinite integral A =

∫_x 0 is the Green’s operator for the regular right factor (D, [L]). By Corollary 25, the boundary conditions for the unique left factor are given by

A^∗[L, R] = [0, RA] = [RA],

where RA =

�_1 0 is the definite integral. So we obtain the factorization

(D, [RA]) ∘ (D, [L]) = (D^2, [L, R]) or u^′ = f ∫_1 0 u(ξ) dξ = 0 ∘ u^′ = f u(0) = 0 = u^{′′} = f u(0) = u(1) = 0

in the notation from the Introduction. Note that the boundary condition for the left factor is an integral condition. Such conditions are not considered in the classical setting of two-point boundary problems but are known in the literature as Stieltjes boundary conditions [1]. We check this factorization by multiplying the two boundary problems according to Definition (34). Note that

(D, [RA]) ∘ (D, [L]) = (D^2, [D^∗(RA), L])

and D^∗(RA) = RAD =

∫_1 0 D = L − R so that

[D^∗(RA), L] = [L − R, R] = [L, R].

To illustrate the method from the previous section, we factor the boundary problem (D^2, [LD, R]). We use again the indefinite integral A = (D, [L])^{−1} as a right inverse of D, but for this boundary problem it is not a Green’s operator for a regular right factor since L ∉ [LD, R]. Hence we cannot simply apply A^∗ to the boundary conditions as we did before since this would give us two conditions A^∗[LD, R] = [LDA, RA] = [L, RA]

for a first-order problem. So we have to proceed as described in the previous section. A suitable basis for Ker D^2 is (1, x). Evaluating the boundary conditions [LD, R] on (1, x) yields ( 0 1 1 1 ) , for the matrix B from Equation (42). Swapping the first and the second row gives a block triangular matrix as in Equation (43). So by Equation (45), the boundary condition is given by A^∗(LD) = L for the left factor and by R for the right factor, and we obtain the factorization

(D, [L]) ∘ (D, [R]) = (D^2, [LD, R]).

See [17] for a general discussion of solving and factoring boundary problems for ordinary differential equations in an algorithmic context.

As an example of a boundary problem for a partial differential equation, we return to the wave equation in (3) from the Introduction. We write it as

W = (∂^2_t − ∂^2_x, [u(x, 0), u_t(x, 0)]),

where u(x, 0) and u_t(x, 0) are short for the functionals u → u(x, 0) and u → u_t(x, 0), respectively, and [. . .] denotes the orthogonal closure of the subspace generated by these functionals with x ranging over R. The Green’s operator of W is given by

Gf(x, t) = 1 2 ∫_t 0 ∫_{x+(t−τ )}

x−(t−τ )

f(ξ, τ) dξ dτ, (46)

as can be found in the literature [19, p. 485]. We show that one can determine G by constructing a factorization of W along the factorization

∂^2_t − ∂^2_x = (∂_t − ∂_x)(∂_t + ∂_x).

A regular right factor is given by

W_2 = (∂_t + ∂_x, [u(x, 0)]).

In general, choosing boundary conditions in such a way that they make up a regular boundary problem for a given first-order right factor of a linear partial differential operator amounts to a geometric problem involving the characteristics. The Green’s operator for W_2 can easily be computed as

G_2f(x, t) =

∫_x x−t f(ξ, ξ − x + t) dξ

and can be used for finding the boundary conditions for the uniquely determined left factor

W_1 = (∂_t − ∂_x, G^∗_2[u(x, 0), u_t(x, 0)]) = (∂_t − ∂_x, [u(x, 0)])

by Corollary 25. One can verify the factorization W = W_1W_2, taking into account (36). The Green’s operator for W_1 is analogously given by

G_1f(x, t) =

∫_{x+t} x f(ξ, x − ξ + t) dξ,

and all we have to do now is to compute the composite

G_2G_1f(x, t) =

∫_x x−t ∫_{2τ −x+t} τ f(ξ, 2τ − ξ − x + t) dξ dτ,

which is the Green’s operator of W by Theorem 26. Since G and G_2G_1 solve the same regular boundary problem, we know that G = G_2G_1, as one may also verify directly by a change of variables.

The above methodology can also be transferred to the computationally more involved case of the wave equation on the bounded interval [0, 1], succinctly expressed in our notation by

V = (∂^2_t − ∂^2_x, [u(x, 0), u_t(x, 0), u(0, t), u(1, t)].

As indicated above, one can find a factorization V = V_1 ∘ V_2 with

V_1 = (u_t − u_x, [u(x, 0),

�_1

max (1−t,0)u(ξ, ξ + t − 1) dξ]),

V_2 = (u_t + u_x, [u(x, 0), u(0, t)]).

Unlike in the unbounded case, the Green’s operator for V involves a finite sum whose upper bound depends on the argument (x, t). These complication are reflected in the Green’s operator of the left factor V_1, whose computation leads to a simple functional equation. A systematic investigation of partial differential equations with integral boundary conditions is a subject of future work.

References

[1] Richard C. Brown and Allan M. Krall. Ordinary differential operators under Stieltjes boundary conditions. Trans. Amer. Math. Soc., 198:73–92, 1974.

[2] Bruno Buchberger. An Algorithm for Finding the Bases Elements of the Residue Class Ring Modulo a Zero Dimensional Polynomial Ideal (German). PhD thesis, Univ. of Innsbruck, 1965. English translation published in J. Symbolic Comput., 41(3-4):475–511, 2006.

[3] Bruno Buchberger. Ein algorithmisches Kriterium für die Lösbarkeit eines algebraischen Gleichungssystems. Aequationes Math., 4:374–383, 1970. English translation: An Algorithmical Criterion for the Solvability of Algebraic Systems of Equations. In B. Buchberger, F. Winkler (eds.), Groebner Bases and Applications, 1998. London Mathematical Society Lecture Note Series, Vol. 251, Cambridge University Press, 1998, pp. 535–545.

[4] John B. Conway. A course in functional analysis, volume 96 of Graduate Texts in Mathematics. Springer-Verlag, New York, second edition, 1990.

[5] Samuel Eilenberg. Automata, languages, and machines. Vol. B. Academic Press [Harcourt Brace Jovanovich Publishers], New York, 1976. With two chapters (“Depth decomposition theorem” and “Complexity of semigroups and morphisms”) by Bret Tilson, Pure and Applied Mathematics, Vol. 59.

[6] Heinz W. Engl, Martin Hanke, and Andreas Neubauer. Regularization of inverse problems, volume 375 of Mathematics and its Applications. Kluwer Academic Publishers Group, Dordrecht, 1996.

[7] M. Erné, J. Koslowski, A. Melton, and G. E. Strecker. A primer on Galois connections. In Papers on general topology and applications (Madison, WI, 1991), volume 704 of Ann. New York Acad. Sci., pages 103–125. New York Acad. Sci., New York, 1993.

[8] D. Grigoriev and F. Schwarz. Factoring and solving linear partial differential equations. Computing, 73(2):179–197, 2004.

[9] D. Grigoriev and F. Schwarz. Loewy- and primary decompositions of dmodules. Advances in Applied Mathematics, 38:526–541, 2007.

[10] D. Yu. Grigoriev. Complexity of factoring and calculating the GCD of linear ordinary differential operators. J. Symbolic Comput., 10(1):7–37, 1990.

[11] E. Kamke. Differentialgleichungen. Lösungsmethoden und Lösungen. Teil I: Gewöhnliche Differentialgleichungen. 8. Aufl.; Teil II: Partielle Differentialgleichungen erster Ordnung für eine gesuchte Funktion. 5. Aufl. Mathematik und ihre Anwendungen in Physik und Technik. Reihe A. Bd. 18. Akademische Verlagsgesellschaft Geest & Portig K.-G., Leipzig, 1967.

[12] Gottfried Köthe. Topological vector spaces. I. Translated from the German by D. J. H. Garling. Die Grundlehren der mathematischen Wissenschaften, Band 159. Springer-Verlag New York Inc., New York, 1969.

[13] Serge Lang. Real and functional analysis, volume 142 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1993.

[14] M. Zuhair Nashed and G. F. Votruba. A unified operator theory of generalized inverses. In Generalized inverses and applications (Proc. Sem., Math. Res. Center, Univ. Wisconsin, Madison, Wis., 1973), pages 1–109. Publ. Math. Res. Center Univ. Wisconsin, No. 32. Academic Press, New York, 1976.

[15] Markus Rosenkranz. A new symbolic method for solving linear two-point boundary value problems on the level of operators. J. Symbolic Comput., 39(2):171–199, 2005.

[16] Markus Rosenkranz, Bruno Buchberger, and Heinz W. Engl. Solving linear boundary value problems via non-commutative Gröbner bases. Appl. Anal., 82(7):655–675, 2003.

[17] Markus Rosenkranz and Georg Regensburger. Solving and Factoring Boundary Problems for Linear Ordinary Differential Equations in Differential Algebras. Technical report, SFB F1322, 2007. Available at

http://www.sfb013.uni-linz.ac.at/.

[18] F. Schwarz. A factorization algorithm for linear ordinary differential equations. In ISSAC ’89: Proceedings of the ACM-SIGSAM 1989 international symposium on Symbolic and algebraic computation, pages 17–25, New York, NY, USA, 1989. ACM Press.

[19] Ivar Stakgold. Green’s functions and boundary value problems. John Wiley & Sons, New York-Chichester-Brisbane, 1979. A Wiley-Interscience Publication, Pure and Applied Mathematics.

[20] S. P. Tsarev. An algorithm for complete enumeration of all factorizations of a linear ordinary differential operator. In ISSAC ’96: Proceedings of the 1996 international symposium on Symbolic and algebraic computation, pages 226–231, New York, NY, USA, 1996. ACM Press.

[21] S. P. Tsarev. Factorization of linear partial differential operators and darboux integrability of nonlinear pdes. SIGSAM Bull., 32(4):21–28, 1998. arXiv:cs/9811002v1 [cs.SC].

[22] Marius van der Put and Michael F. Singer. Galois theory of linear differential equations, volume 328 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer, Berlin, 2003.

[23] Oswald Wyler. Green’s operators. Ann. Mat. Pura Appl. (4), 66:252–263, 1964.

[24] Kôsaku Yosida. Functional analysis, volume 123 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, sixth edition, 1980.