Multiresolution Analysis for Implicitly Defined Algebraic Spline Curves with Weighted Wavelets

Mario Kapl and Bert Jüttler

Abstract. We describe a method to construct a hierarchical representation of a given implicitly defined algebraic spline curve with the help of weighted spline wavelets. These wavelets are adapted to the region of interest, in our case to the region along the curve, by means of a weighted inner product. The application of two different types of weighted spline wavelets is considered and compared with standard spline wavelets.

§1. Introduction

Spline wavelets are a powerful mathematical tool for hierarchically decomposing functions, which combines the properties of splines and wavelets. Typical applications of spline wavelets include hierarchical visualizations of geometric objects, data compression and numerical simulation. For these applications different types of spline wavelets have been constructed. Examples are spline wavelets on a bounded interval e.g. [2, 3, 5, 6, 12], compactly supported spline wavelets e.g. [4], wavelets with minimal support e.g. [9] and non-uniform spline wavelets e.g. [10].

We consider the space V^j of spline functions of degree d with period 1 and knots Z/(d + 1)2^j . Let ϕ^j_0, . . . , ϕ^j_{dim V j −1} be the B-spline basis of V^j . We call the basic functions of a spline function space W^j such that V^{j+1} = V^j ⊕ W^j spline wavelets and denote these functions by ψ^j_0, . . . , ψ^j_{dim W j −1}.

The spline wavelet construction is called orthogonal if the basic functions ϕ^j_i form an orthonormal basis of V^j , the wavelets ψ^j_k form an orthonormal basis of W^j and the basic functions ϕ^j_i are orthogonal with the wavelets ψ^j_k. If the last condition is satisfied we denote the spline wavelets as semiorthogonal. Otherwise we call them biorthogonal spline wavelets.

A wavelet construction can be described with the help of four matrices, namely with the analysis matrices A^j , B^j and the synthesis matrices

*This work has been supported by the Austrian Science Fund (FWF) through the SFB F013 “Numerical and Symbolic Scientific Computing”, subproject 15. 1

Level 4 Level 3 Level 2 Level 1 Level 0

Fig. 1. Hierarchical representation of an implicitly defined algebraic spline curve

P^j , Q^j . Furthermore the analysis and synthesis matrices can be used to compute the coefficients and the detail information for the different levels (cf. [14]).

In the present paper we consider the following problem. Given an implicitly defined algebraic spline curve, we are interested in its hierarchical representation. An implicitly defined algebraic spline curve is the zero-contour f(x, y) = 0 of a tensor-product spline function of bi-degree (m, n)

f(x, y) =

dim V^m−1 ∑ k=0 dim V^n−1 ∑ l=0 c^{(m,n)} k,l ϕ^m_k (x)ϕ^n_l (y)

with m ≥ 1 and n ≥ 1, with coefficients c^{(m,n)}_{k,l} ∈ R which are called control points of the the tensor-product spline function f.

In the following sections we show how to adapt spline wavelets to this application. Section 2 describes the concept of two different types of weighted spline wavelets. In Section 3 we give a method to construct a hierarchical representation of an implicitly defined algebraic spline curve with the help of these weighted wavelets. Section 4 compares the different weighted spline wavelets with standard spline wavelets on a concrete example. Finally we conclude this paper in Section 5.

§2. Weighted spline wavelets

We are interested in a spline wavelet construction that preserves the zerocontour of a tensor-product spline function as good as possible. The construction of these wavelets consists of two steps. First we construct wavelets for univariate spline functions. These wavelets have an increased “approximation power” in a certain region of the domain [0, 1], which we call the region of interest. In the second step we apply these onedimensional wavelets on the tensor-product spline representation of our function. In this section we explain the first construction step. The second step will be considered in the next section.

Let D^j ⊂ [0, 1] be the region of interest, which is chosen as union of intervals with the knots of the spline functions as endpoints. Let w^j :

[0, 1] → R such that

w^j (x) := { 1 for x ∈ [0, 1] \ D^j u for x ∈ D^j

where u ∈ R and u > 1. For a function w : [0, 1] → R let ⟨·|·⟩_w be the weighted inner product

⟨f|g⟩_w :=

∫_1 0 w(x) · f(x) · g(x)dx.

We construct spline wavelets that are adapted to the region of interest by means of a weighted inner product ⟨·|·⟩_w . We call these constructed spline wavelets weighted spline wavelets.

2.1. Types of weighted spline wavelets We distinguish between two different types of weighted spline wavelets: Weighted semiorthogonal spline wavelets (cf. [7]): These are spline wavelets ψ^j_l that are semiorthogonal with respect to the weighted inner product ⟨·|·⟩_wj i.e. ⟨ϕ^j_k |ψ^j_l ⟩_wj = 0 for all k ∈ {0, . . . , dim V^j − 1}, l ∈ {0, . . . , dim W^j − 1} and j ∈ N_0. The construction of these wavelets is based on selecting a synthesis matrix Q^j such that

(P^j )^T (⟨ϕ^j_k |ϕ^j_l ⟩_wj )_{k,l}Q^j = 0.

The choice of Q^j determines the wavelets ψ^j_0, . . . , ψ^j_{dim V j −1}. A disadvantage of (weighted) semiorthogonal spline wavelets is that there is no construction known such that all four matrices P^j , Q^j , A^j and B^j have band structure (cf. [14]).

Weighted biorthogonal spline wavelets (cf. [8]): These are wavelets that are constructed with the help of lifting, a general method for modifying an existing biorthogonal wavelet construction (cf. [11, 13, 14]). The construction of the weighted biorthogonal spline wavelets consists of two steps. As first step we construct lazy spline wavelets (cf. [8, 13]) with a small support. These are biorthogonal spline wavelets with banded analysis and synthesis matrices. In the second step we modify these lazy wavelets by increasing the L^2-orthogonality with respect to a weighted inner product ⟨·|·⟩_wj . That means we use the lazy spline wavelets to construct biorthogonal spline wavelets ψ^j_k such that ∑ k ∑ l ⟨ϕ^j_k |ψ^j_l ⟩_wj

is minimized. An advantage of these wavelets is that the analysis and synthesis matrices are still banded but only their bandwidths have increased.

Fig. 2. The wavelet transform (black) and the weighted wavelet transform (black and grey).

2.2. Properties of weighted spline wavelets

The wavelet transform for weighted wavelets differs from the standard wavelet transform in one point, see Figure 2. In addition to the coefficients and detail information in level j − 1, we need for the reconstruction of the coefficients in level j the information about the region of interest in level j. The implementation of these wavelets can be done in the usual way for wavelets. Additionally a pointer to the region of interest is needed.

By choosing D^j as union of intervals with the knots of the spline function as endpoints, we assure that only a small number of different weighted wavelets has to be considered. All other weighted wavelets can be constructed from them with the help of translation and scaling. A concrete example for weighted wavelets is given in Figure 3. The computional time for analysis and synthesis is comparable with the standard spline wavelet case because the analysis and synthesis matrices for the different weighted spline wavelets can be precomputed (use of “templates”).

More precisely, we precompute the analysis and synthesis matrices for the standard spline wavelets (weight u = 1). In order to obtain the analysis and synthesis matrices for the different weighted wavelets we have only to replace some columns or rows of these precomputed matrices by corresponding precomputed columns or rows.

Experimental results have shown that a good choice for the weight u is between 5 and 10. If the value u is higher, then the analysis process may produce additional roots. On the other hand if the weight u is too low, then the effect of the weighted wavelets is small.

§3. Hierarchical representation of implicitly defined algebraic spline curves ψ^3_4 (x) ψ^3_5 (x) ψ^3_6 (x)

ψ^3_7 (x) ψ^3_8 (x) ψ^3_9 (x)

Fig. 3. Weighted biorthogonal wavelets ψ^j−^1_i for 1-periodic uniform B-splines

of degree 3 for j = 3 with D^j = [^4·^{2j−2}_4·_{2j−1} ,^4·^{2j−2 +1}_4·_{2j−1} ] and u = 10. Only ψ^3_5 (x), ψ^3_6 (x), ψ^3_7 (x), ψ^3_8 (x) and ψ^3_9 (x) differ from the “standard” lifted wavelet ψ^3_4 (x) (u=1). The two dots mark the boundaries of the interval D^j .

In order to obtain a hierarchical representation of an implicitly defined algebraic spline curve f we apply the one-dimensional wavelet transform to the rows and columns of the coefficient matrix (c^{(m,n)}_{k,l} )_{k,l} of the tensorproduct spline representation of f. There are two methods for decomposition quite well known (cf.[1] and [14]):

Standard decomposition: We apply the one-dimensional wavelet transform to each row, then we apply the one-dimensional wavelet transform to each column.

Nonstandard decomposition: We apply one step of the one-dimen-sional wavelet transform to each row, then one step to each column and so on.

In this work we have used the nonstandard decomposition method for constructing hierarchical representations of implicitly defined algebraic spline curves.

Now in the case of weighted wavelets one step of the construction of the hierarchical representation works as follows. For each row or column of our tensor-product spline representation we compute the region of interest D^j . This is done in the following way. We consider the coefficients of each row or column as a control polygon of a univariate function g and compute the roots of g numerically. For this we evaluate the values g(^{i−1}_n ) for some n ∈ N, i ∈ {1, . . . , n} and detecting sign changes of these values. In our case we have chosen for n = 10000. For every root η we compute a corresponding interval I(η) which contains the root. If η ∈ [^{2i−1}_{(d+1)2j+1} ,^{2i+1}_{(d+1)2j+1} [, then

Fig. 4. Original function at level 4.

we choose for I(η) the interval [^{i−1}_{(d+1)2j} ,^{i+1}_{(d+1)2j} [. Finally we take for the region of interest D^j the union of the computed intervals I(η). Afterwards we apply the corresponding weighted spline wavelets to each of the rows or columns of the coefficient matrix. Because we can use different wavelets for each row or column we can adapt the two-dimensional wavelet transform to the shape of the curve.

§4. Comparison

In this section we compare the different weighted spline wavelets with standard spline wavelets on a concrete example.

Example 1. We consider the implicitly defined algebraic spline curve of bi-degree (3, 3) given in Figure 4 at level 4 (dashed function). We compare now the preservation of this curve by applying different spline wavelet constructions. In Figure 5 we can see the resulting curves by using weighted biorthogonal spline wavelets with a weight u = 5 and appropriate weighted regions (black function) and by using standard lifted spline wavelets (grey function), which can be understood as weighted biorthogonal wavelets with a weight u = 1. The comparison of weighted semiorthogonal spline wavelets with a weight u = 5 and appropriate weighted regions (black function) with standard semiorthogonal spline wavelets (grey function) can be seen in Figure 6. The two different weighted wavelet constructions are compared in Figure 7.

§5. Conclusion

We have described a method to construct a hierarchical representation of a given implicitly defined algebraic spline curve with the help of weighted

Multiresolution Analysis with Weighted Spline Wavelets 7

Level 3 Level 2 Fig. 5. Comparison weighted biorthogonal wavelets (black) and standard lifted biorthogonal wavelets (grey) with the original function (dashed).

Level 3 Level 2 Fig. 6. Comparison weighted semiorthogonal wavelets (black) and standard semiorthogonal wavelets (grey) with the original function (dashed).

Level 3 Level 2 Fig. 7. Comparison weighted biorthogonal wavelets (black) and weighted semiorthogonal wavelets (grey) with the original function (dashed).

wavelets. For this we have explained the concept of two different types of weighted spline wavelets (semiorthogonal and biorthogonal).

As we can see in Example 1 (Figure 5-7) the different weighted spline wavelets preserve a curve better than the corresponding standard spline wavelets. Comparing the two different weighted wavelet constructions we see that the weighted semiorthogonal wavelets are better than the weighted biorthogonal wavelets but with the disadvantage of non-banded analysis matrices.

Clearly, the idea of our construction of a hierarchical representation of an implicitly defined algebraic spline curve with weighted wavelets can also be applied to implicitly defined surfaces or images with sharp features. This could be the subject of future work.

Acknowledgment. This work has been supported by the Austrian Science Fund (FWF) through the SFB F013 “Numerical and Symbolic Scientific Computing”, subproject 15.

References

1. G. Beylkin, R. Coifman, and V. Rokhlin, Fast wavelet transforms and numerical algorithms I, In Wavelets and applications (Marseille, 1989), volume 20 of RMA Res. Notes Appl. Math, pages 368-393, Masson, Paris, 1992.

2. K. Bittner, Biorthogonal spline wavelets on the interval, In Wavelets and splines: Athens 2005, Mod. Methods Math., pages 93-104, Nashboro Press, Brentwood, TN, 2006.

3. C.K. Chui, and E. Quak, Wavelets on a bounded interval, In Numerical methods in approximation theory, Vol. 9 (Oberwolfach, 1991), vol. 105 of Internat. Ser. Numer. Math., pages 53-75, Birkhäuser, Basel, 1992.

4. C.K. Chui, and J. Wang, On compactly supported spline wavelets and a duality principle, Trans. Amer. Math. Soc., 330(2):903-915, 1992.

5. A. Cohen, I. Daubechies, and P. Vial, Wavelets on the interval and fast wavelet transforms, Appl. Comput. Harmon. Anal., 1(1):54-81, 1993.

6. W. Dahmen, A. Kunoth, and K. Urban, Biorthogonal spline wavelets on the interval - stability and moment conditions, Appl. Comput. Harmon. Anal., 6(2):132-196, 1999.

7. M. Kapl, and B. Jüttler, Weighted Semiorthogonal Spline Wavelets, in preparation.

8. M. Kapl, and B. Jüttler, Weighted Biorthogonal Spline Wavelets, SFBreport, Will be posted as SFB-report at www.sfb013.uni-linz.ac.at.

9. T. Lyche, and K. Mørken, Spline-wavelets of minimal support, In Numerical methods in approximation theory, Vol. 9 (Oberwolfach, 1991), vol. 105 of Internat. Ser. Numer. Math., pages 177-194, Birkhäuser, Basel, 1992.

10. T. Lyche, K. Mørken, and E. Quak, Theory and algorithms for nonuniform spline wavelets, In Multivariate approximation and applications, pages 152-187, Cambridge Univ. Press, Cambridge, 2001.

11. J. Prestin, and E. Quak, Periodic and spline multiresolution analysis and the lifting scheme, In Advances in multiresolution for geometric modelling, Math. Vis., pages 369-390, Springer, Berlin, 2005.

12. E. Quak, and N. Weyrich, Wavelets on the interval, In Approximation theory, wavelets and applications (Maratea, 1994), volume 454 of NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., pages 247-283, Kluwer Acad. Publ., Dordrecht, 1995.

13. W. Sweldens, The lifting scheme: A construction of second generation wavelets, SIAM J. Math. Anal., 29(2), pages 511-546, 1997.

14. E. J. Stollnitz, T. D. DeRose, and D. H. Salesin, Wavelets For Computer Graphics: Theory and Applications, Morgan Kaufmann, 1996.

Mario Kapl Johann Radon Institute for Computational and Applied Mathematics Austrian Academy of Sciences Linz, Austria

mario.kapl@oeaw.ac.at
http://www.ricam.oeaw.ac.at

Bert Jüttler Johannes Kepler University Linz Institute of Applied Geometry Linz, Austria

bert.juettler@jku.at
http://www.ag.jku.at