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Motivation

e Computing solutions numerically avoids e.g. expensive crash tests:

e A fast and robust solver for the direct field problem is required!

Literature:

Han/Reddy, Carstensen
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Modeling

Find u € WH2(0, T5 Hy(Q)"), p € WH(0, T; L*(Q, R™™),
o € Wh2(0,T; L*(Q,R™™)), a € WH2(0, T; L*(2, R™)) such that

—diveo = b
o =

e(u) = %(Vu +(vu)")

e(u) = (C_la+p
p(o,a) <
p:(tr—o)—a:(B—a) < o,8) —plo,a)

are satisfied in the variational sense with (u, p, o, «)(0) = 0 for all (7, 3).
b and C™* are given, b(0) = 0.
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Numeric-analytic steps

e Time discretization: t; = tg + At

e Reformulation of the problem using functional-analytic arguments
(switching arguments in variational inequalities using a dual functional)

e Equivalent minimization problem:
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Numeric-analytic steps

e Time discretization: t; = tg + At

e Reformulation of the problem using functional-analytic arguments
(switching arguments in variational inequalities using a dual functional)

e Equivalent minimization problem:

Find the minimizer (u, p, o) € HX L " x L™ of

sym

1

1 _ _
flu,p,a) = 5/@@[5(15) —p : (e(w) —p)da:+5/9\a|2daz—|—At/Qgp*(pAtpo,aOAta)da:—/Qbuda:

with ¢ describing the hardening law.
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Minimization problem for isotropic hardening

The minimization problem is

Flu, p) = %/QC[e(u) _ ol ¢ (e(u) — pYda + %L(ao+ayﬂ\p—po\)2dm+/Qay|p—p0|dx—/Qb(t)uda:

under the constraint tr(p — pg) = 0

T
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Minimization problem for isotropic hardening

The minimization problem is

Flu, p) = %/QC[e(u) _ ol ¢ (e(u) — pYda + %L(ao+ayﬂ\p—po\)2dm+/Qay|p—p0|dx—/Qb(t)uda:

under the constraint tr(p — po) = O.
New variable: p = p — pg
A differentiable approximation of |p|:

‘p‘ :{ |p| , if |p| 2 €
‘ =Ipl°+ 5 if|p| <e
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Minimization problem for isotropic hardening

The minimization problem is

Flu, p) = %/QC[e(u) _ ol ¢ (e(u) — pYda + %L(ao+ayﬂ\p—po\)2dm+/Qay|p—p0|dx—/Qb(t)uda:

under the constraint tr(p — po) = O.
New variable: p = p — pg

A differentiable approximation of |p|:

‘p‘ :{ |p| , if |p| 2 €
‘ =Ipl°+ 5 if|p| <e

Minimization strategy in each time step:

u = argmin, min f(v, q) = argmin, f(v, gop:(v))
q

Thenp =po+p
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Minimization in u

FEM-Discretization of the unconstrained objective is equivalent to

1 1
5 (Bu —§)" C(Bu — ) + -5 H(|p|)p — bu — min!

Matrix notation:

1<U>T<BTCB —BTC>(U>+<—b—BTCpO>T<u>_>min'
2\ P —CB C+H p Cpo Z '
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Minimization in u
FEM-Discretization of the unconstrained objective is equivalent to
1 1
5@%—ﬁfﬂ3u—@+§fﬁmmﬁ—bu—emm!
Matrix notation:
1<u>T<BTCB _BT@>(U> (—b—BTCp0>T<u> |
— - _ + _ — min!
2\ P —CB C+H p Cpo p
Necessary condition:
B'cB -B'C u) —b — B'Cpy 0
—CB CH+H D Cpo N
The Schur-Complement system in u with the matrix

S=B"(C-C(C+H)'C)B

Is solved by a multigrid preconditioned conjugate gradient method.
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Constraint trp =0

in 2D: Poo = —pP11, in 3D: P33 = —pP11 — Pao.

Projection matrix P: p = Pp

( 1 0
10 _01 _11
0 1 0 o
\ 0 0

Modified Schur-Complement Matrix:

S =B'"(C-CP(P'(C+H)P)'P'C)B

SO O = O O O

o O O O O

_ O O O O O

<75 e
Sl
S o
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Minimization in p
The objective in each integration point writes as

. T p .. . 1 _ _
F(p) = ipTCCp +pyCp — P Ce(u) + 505-’12|’p|2 + oy(1 + aoH)|p|c
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Minimization in p
The objective in each integration point writes as
. L 7 .. . 1 - .
F(p) = 5pTCCp + pOTCp — pT(Ce(u) + 505H2|p|2 + o,(1 4+ aoH)|p|.

This problem (without regularization, i.e. € = 0) has a unique solution

(|| dev A|| —b)y dev A
2u + o7 H? || dev A||’

p =

where
A =Cle(u) — po], b=o0y(1+4+ aoH).
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2D
Quadratic plate

Numerical experiments

3D
Quarter of a ring
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Elasto-plastic interface adaptivity for piecewise constant stresses:
method of linearized yields

Yield function in the isotropic hardening case ® (o, «) = | dev o| — o, (14 aH ), where the hardening parameter
o = ag + o,H|p — po|. Nodal linear projection ® € Hl(Q)gyi;d to the piecewise constant yield function
d € L2(Q)gy>;d:

ZTET:NET |T|

Elements with both negative and positive nodal values of ®(N) are refined.

-1,913e-03 5,499e-02

Yield function (left) and its nodal linear projection (right)
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Nodal linear approximations of the yield function for graduated refinements and the
finest refinement. Implemented in Matlab.

elastoplastic zones for the
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Elasto-plastic interface adaptivity for piecewise constant stresses:
method of neighboring elements with different phases

Error estimator marks both neighboring elements T and T5 with different phases, i.e where

CI)(O'lTl, a|T1)CI)(U|T27 a|T2) S 0

Elastoplastic zones (blue - elastic, red - plastic)
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Convergence

result (2D)
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Approximated errors (left) and zz error estimates (right) for different refinement techniques
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Failure of ZZ estimation in elastoplasticity???
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p and h method in 2D: von Mises stress

=1 h=1/4

8,294s-01 8,837s-01 9,379e-01 9,921e-01 1,046e+00

h=1/16

8.448e-01 5.993e-01 9.539e-01 1.008e+00 1iokdaion  S-0788°01 92138501 10850200 11182500

Metgen 4.4 Netgen 4.4

p=0

1.015e+00 1.0232+00 1.032e+00 1.041e+00 1., 080e+00 8.798e-01 9,230e-01 9,663s-01 1,010e+00 1,053e+00 2.16%-01 9.032e-01 9.995a-01 1,076e+00

p—4 Hetgen 4,4 Netgen 4.4
- E B.803e-01 9P e- 9.640 o1 1,006e+00 1,0d4Be+00 8.168e-01 B8.997e-01 9.825e-01 1.065e+00
= = 5 i " = B =
1.021e+00 1.0272+00 1.032e+00 1.037e+00 1.043e+00 L SRR <2408 e 8288 SatEn LS =2E0 SRR
p—9 Netgen 4.4 Netgen 4.4

1.222e+00

Metgen d.d

1.162e+00

Netgen 4.4

1.148e+00

Metgen 4.4
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p and h method in 3D: von Mises stress

For visualization reasons the stresses are projected onto a H* function

i
[

h=1/2 h=1/4

I @ I
1.635e+00 3.3682+00 5.0972+00 6.8262+00 8.5542+00 6.621e-01 2.9982+00 5.3332+00 7.669e+00 1.000e+01 7.408e-0L 4.0022+00 7.2632+00 10828401 1.378e+01

p=0

1,321e-01 4,927e-01 8,53de-01 1,21de+00 1,575e+00 1,603e-01 5.339e-01 9.,074e-01 1,2812+00 1,6852+00 1,371e-01 5,260e-01 9,149e-01 1,30de+00 1,693e+00

2.132e-01 5.933e-01 9.73de-01 1.354e+00 1.73de+00 1.601e-01 5.646e-01 9.691e-01 1.374+00 1.778+00 1.206e-01 5.285e-01 9, 365e-01 1.3d4de+00 1.752+00

nd.4

p=3
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Conclusions

We have considered:

e Problem formulation and discretization
e Minimization: 3D time-dependent algorithm

e Numerical experiments

— Interface adaptivity
— p - version
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Conclusions

We have considered:

e Problem formulation and discretization
e Minimization: 3D time-dependent algorithm

e Numerical experiments

— Interface adaptivity
— p - version

Outlook

e Combined hpr methods
— h, r: Singularities
— p: Smooth solutions

e Level sets use for elastoplastic interface identification

e Application to shells
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