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Why Multi-yield (Two-yield) model?

15

More realistic hysteresis stress-strain relation in materials!
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Two-yield hardening model.

Kinematic hardening model.
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Mathematical model of M-yield elastoplasticity

Problem (Prandtl-Ishlinskii): For [ € H*(0,7;H*),1(0) = 0, find w = (u,p',...,p™) : [0,T] —
H,w(0) =0s. t.

({((t), z —w(t)) < a(w(t),z —w(t)) +j(z) — j(w(t))
Vz=(v,7%,...,7™™) e H.
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Mathematical model of M-yield elastoplasticity

Problem (Prandtl-Ishlinskii): For I € H(0,T;H*),1(0) = 0, find w = (u,p,...,pM) : [0,T] —
H,w(0) =0s. t.

(1), z —w(t)) < a(w(t),z —w(t)) + j(z) — j(w(t))
Vz=(v,7%,...,7™™) e H.

Notation: H :Hé(Q) > LQ(Q)dXdX % L2(Q)d><d

sym syny
M times
M M M
a(w, z) :/ ((C(s(’u,) — Zpr)) : (s(v) — ZTT) dxr + Z /QHrpr 7" dux,
0O r=1 r=1 r=1

(0(t), 2) :/Qf(t)-vda:—l—/FNg(t)-vda:,

M T ; —
j(z) = /Q ; D" (") d=x, D' (x) = { j—yc!)x’l :t;;r\fvis;.o, (von Mises criterion)
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Existence and uniqueness

Assumption: positive definite elastic and hardening operators:

Ce: &> cll¢])? vE e R
HE:€>h"|[€|]P VEe Ry, r=1,..., M
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Existence and uniqueness

Assumption: positive definite elastic and hardening operators:

Ce: &> cll¢])? vE e R
HE:€>h"|[€|]P VEe Ry, r=1,..., M

Results: 1) a(-,-) - bounded, elliptic bilinear form in H,

a(w, 2)| <((M +DIIC| + max|IH|])[w]l2 2],

a(w,w) >(k _min_{e,h"}min{1, K}) [l

r=1,...,

where K > 0 (Korn's first inequality) and k = k(M) =1+ % — 1 \/M(M + 4).
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Existence and uniqueness
Assumption: positive definite elastic and hardening operators:

Ce: &> cll¢])? vE e R
HE:€>h"|[€|]P VEe Ry, r=1,..., M

Results: 1) a(-,-) - bounded, elliptic bilinear form in H,

a(w, 2)| <((M +DIIC| + max|IH|])[w]l2 2],

a(w,w) >(k _min_{e,h"}min{1, K}) [l

r=1,...,

where K > 0 (Korn's first inequality) and k = k(M) =1+ % — 1 \/M(M + 4).

2) j(-) - nonnegative, positive homogeneous and Lipschitz continuous functional in 'H

(1) = j(z2) < _max {oytmeas(@)EME)||21 — 2l
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Existence and uniqueness

Theorem: Let [ € H'(0,T;H’) with 1(0) = 0. 3 w = (u,pt,...,p™)(t) € HY0,T;H) of Problem
(Prandtl-Ishlinskii).

Proof: [Han, Reddy '99.]
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Existence and uniqueness

Theorem: Let [ € H'(0,T;H’) with 1(0) = 0. 3 w = (u,pt,...,p™)(t) € HY0,T;H) of Problem
(Prandtl-Ishlinskii).

Proof: [Han, Reddy '99.]

Generalization to Measure case:

¢) O
M
p=>»_p = p= / p(r)du(r)
r=1 rel
£ £
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Existence and uniqueness

Theorem: Let [ € H'(0,T;H’) with 1(0) = 0. 3 w = (u,pt,...,p™)(t) € HY0,T;H) of Problem
(Prandtl-Ishlinskii).

Proof: [Han, Reddy '99.]

Generalization to Measure case:

8] )
M
p=>»_p = p= / p(r)dp(r)
r=1 rel
£ £

e [he same existence and uniqueness result with modified constants.
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Existence and uniqueness

Theorem: Let [ € H'(0,T;H’) with 1(0) = 0. 3 w = (u,pt,...,p™)(t) € HY0,T;H) of Problem
(Prandtl-Ishlinskii).

Proof: [Han, Reddy '99.]

Generalization to Measure case:

8] )
M
p=>»_p = p= / p(r)dp(r)
r=1 rel
£ £

e [he same existence and uniqueness result with modified constants.

Paper: Brokate, Carstensen, Valdman: Mathematical Modeling of the multi-yield elastoplastic material:
Part 1 - Analysis
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Discretization

e intime: net 0=ty <ty <---<ty=71T, and implicit Euler scheme

X(t) ~ X(tjo)
tj — tj_l

fory =1,...,N.
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Discretization

e intime: net 0=ty <ty <---<ty=71T, and implicit Euler scheme

X(t) ~ X(tjo)
tj — tj_l

for;=1,...,N.

e in space: regular triangulation T of ()
- displacement u : H%(Q) approximated by S1,(T) := {v € HL(Q) : VT € T,v|r € P(T)%}

- plastic strains p1,...,pyr 2 L*(Q) approximated by S°(T) := {a € L*(Q) : VT € T,a|r € R}
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Minimization problem in . p!,... p"

! My .= T 7|2 r 2
flu,p™y...,p ).—5/9(3(8(1&)—; ;p dx+§/g2;\ozo| dx+§/Q?;|p — pp|? dx
M M
—|—/Zoz6;(p"“—p0 d37‘|‘/z T\p —po\dx—/budxemin.
Q’I“Zl —1 9
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Minimization problem in . p!,... p"

Flupop™) i3 [ €l =9 (clw) = Y0 ) ot /Z\ao|2dx+ /Zuo P

<

M
"’/ZO‘S‘(pr—pg)dﬂ?‘F/Zﬂr\pr—pg\dx—/budxﬁmin.
Qr=1 - Q

New variables: p' = p' —pj,....
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Minimization problem in . p!,... p"

Flupop™) i3 [ €l =9 (clw) = Y0 ) ot /Z\ao|2dx+ /Zuo P

<

M
—|—/Zoz6:(pr—p6)dg;_|_ ZUy\pr—pS\dx—/budxemin.
=1 r=1 Q

Q

New variables: p' = p' —pj,....

. ; >
Regulatization of | - | : |-]€;:{ ‘1‘|.‘2+6 ’_’f|.|—6
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Minimization problem in . p!,... p"

Flupop™) i3 [ €l =9 (clw) = Y0 ) ot /Z\ao|2dx+ /Zuo P

<

M
—|—/Zoz6:(pr—p6)dg;_|_ ZUy\pr—pS\dx—/budxemin.
=1 r=1 Q

Q

New variables: p' = p' —pj,....

Regulatization of | - | : | e = { L' 24 ¢

Minimization strategy in each time step:

k+1

w1 = argmin, min f(v, ¢) = argmin, f(v, gope(v))
q

Then p* = p} +pt, ...
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Direct minimization problem in u: Two-yield model

Matrix form:

T T

u B'CB -B'C -B!C u —b — BTC(p} + p3) u

~1 ~2 1 ~1 1 ~7 1 2 0 (i) ~1
f(u,p ,p)=§ p —-CB C+7D C p |+ | Clps+p5) + Qo p

P ~CB C C+D?) \p? C(p§ + pg) + Qog P>

1 1 1 1 .
+ 5@]9(1) :p(l) + i(Cpg :pg + 5\04(1) 24 i\ag 2 _ min,

2
20y)
D2’

where D' = Q(1 + 1) D? = Q(1 +
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Direct minimization problem in u: Two-yield model

Matrix form:

T T

u B'CB -B'C -B!C u —b — BTC(p} + p3) u

~1 ~2 1 ~1 1 ~7 1 2 0 (i) ~1
f(u,p ,p)=§ p —-CB C+7D C p |+ | Clps+p5) + Qo p

P ~CB C C+D?) \p? C(p§ + pg) + Qog P>

1 1 1 1 .
+ 5@]9(1) :p(l) + i(Cpg :pg + 5\04(1) 24 i\ag 2 _ min,

2
20y)
D2’

where D' = Q(1 + 1) D? = Q(1 +

The Schur-Complement system in u
prc— (C ‘lc+pt  C \/C \Bu b+ BTClp — (L ‘rc+pt €\ (Cpo+ Qal )
C c c+p?) \c)P"" Po—\r1 C C+D?) \Cpy+Qa2)”

where pg = p} + p5. = Multigrid-PCG
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Direct minimization problem in p: analytical approach

Kinematic hardening model (M = 1):

1 "
f(q) =5(C+H)g:q—q: A+ oyllgl| — min

Multi-yield elastoplastic continuum - modeling and computations. Jan Valdman, University Linz, Austria Page 10



Direct minimization problem in p: analytical approach

Kinematic hardening model (M = 1):

1 "
f(q) =5(C+H)g:q—q: A+ oyllgl| — min

Two-yield hardening model (M = 2):

! 1 /C+H' C 1 1 1 Al |
() =2 (T8 o) () ()~ (o) () + bt et = i
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Direct minimization problem in p: analytical approach

Kinematic hardening model (M = 1):
1 -
f(q) =5(C+H)g:q—q: A+ oyllgl| — min

(||dev Al| —oy)+ devA
21+ h || dev Al

minimizer p =

Two-yield hardening model (M = 2):

! 1 /C+H' C 1 1 1 Al |
() =2 (T8 o) () ()~ (o) () + bt et = i
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Direct minimization problem in p: analytical approach

Kinematic hardening model (M = 1):
1 -
f(q) =5(C+H)g:q—q: A+ oyllgl| — min

(||dev Al| —oy)+ devA
21+ h || dev Al

minimizer p =
Two-yield hardening model (M = 2):

! 1 /C+H' C 1 1 1 Al |
() =2 (T8 o) () ()~ (o) () + bt et = i

minimizer (p*,p*) =7
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Direct minimization problem in p: analytical approach

Kinematic hardening model (M = 1):
1 -
f(q) =5(C+H)g:q—q: A+ oyllgl| — min

(||dev Al| —oy)+ devA
21+ h | dev Al

minimizer p =
Two-yield hardening model (M = 2):

! 1 /C+H' C 1 1 1 Al |
() =2 (T8 o) () ()~ (o) () + bt et = i

minimizer (p*,p*) =7

p? # 0 = ||p?]| is a root of a 6-th degree polynomial.
Symbolic methods (Grobner basis?)
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Direct minimization problem in p: Two-yield model - iterative approach

Algorithm (*): Given tolerance > 0. |
(a) Choose (p!,py) € devIR% % x dev [RIX —minld - oot

. 0 sym sym
i := 0.
(b) Find pi*' € devIRZ " s t.
flp,py )= min  f(p), q2).
dxd

Qo€ dev IRsym

(c) Find pi™ € dev IRY*% 5. t.

sym
+1 i1 : +1
flpy ipy' )= min  f(q,py ).
dxd
qledeV]R'sym
i+l i+l
—ph ||+ 1p5T - o
(d) If ,llf% pill+llpy 25l > tolerance seti: =1+ 1

. . 1 .
15 1198 5T 1+ 1p3 ]

and goto (b), otherwise output (pi™", pitt).
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Direct minimization problem in p: Two-yield model - iterative approach

orithm : Given tolerance > 0. :
Algorith *): G tol > 0
(a) Choose (p), p) € dev ]Rgl;ﬂ‘,i X dev Rg;fmm!d, set al
1 := 0.
(b) Find p5t' € dev Rg;,,f,f s. t. 2er
i i+l : i |
f(p17p2 ) — mlnd df(P1aQ2)-
Qo€ devIRS;m =22
(c) Find pi™' € dev Rg;ﬂ‘i s. t. i
i+l i1 : i1 ;
fpy"py ) = min f(q,py ). |
q1 € dev]R,ancflL 1 &
! 14 ' .
1 1.5 2
13 =P 1+ 1Ip5 T =pbI L - o
(&) I gt e el > tolerance setii=i+1 The approximations p| = (x',0;0, —x'), py =
1 1 2 oll , - . . .
and goto (b), otherwise output (pi™", pitt). (y*,0;0,—9"),5 =0,1,... of Algorithm (*) in

the x — y coordinate system.

e global convergence with the rate 1/2: ||p} — p1|* + ||p% — p2||* < Co - ¢
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Matlab calculations in 2D

Elastoplastic domains (black - elastic, brown - first plastic, yellow - second plastic)
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Matlab calculations in 2D

Elastoplastic domains (black - elastic, brown - first plastic, yellow - second plastic)
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Matlab calculations in 2D

Elastoplastic domains (black - elastic, brown - first plastic, yellow - second plastic)

Evolution of elastoplastic zones at 8 graduate discrete times of the two-yield beam. Calculated for 16334
elements, CPU time = 25.17 hours.
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Matlab calculations in 2D

Elastoplastic domains (black - elastic, brown - first plastic, yellow - second plastic)
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Matlab calculations in 2D

Elastoplastic domains (black - elastic, brown - first plastic, yellow - second plastic)
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Matlab calculations in 2D

Elastoplastic domains (black - elastic, brown - first plastic, yellow - second plastic)

Z/- adaptively refined meshes and elastoplastic zones, one time-step problem, two-yield beam.
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NGSOLVE calculations in 2D

Elastoplastic domains (blue - elastic, green - first plastic, red - second plastic)

0, 000e+00 5,000e-01 1,000e+00 1,500e+00 2,000e+00 0, 000e+00 5,000e-01 1,000e-00 1,500e+00

Qx Hetzen 4,3 E_x

Kinematic hardening model. Two-yield hardening model.
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NGSOLVE calculations in 3D

Elastoplastic domains (blue - elastic, green - first plastic, red - second plastic)

0,000e+00 5,000e-01 1.000e+00 1,500e+00 2,000e+00 0, 000e+00 5,000e-01 1,000e-00 1,500e+00

<-ix Metgen 4.3 iix

Kinematic hardening model. Two-yield hardening model.
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Outlook

Future Work:

e Convergence proof
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Outlook

Future Work:

e Convergence proof

e Minimize p using symbolic methods (with RISC-Linz)
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Outlook

Future Work:
e Convergence proof
e Minimize p using symbolic methods (with RISC-Linz)

e hp methods in elastoplasticity
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Outlook

Future Work:
e Convergence proof
e Minimize p using symbolic methods (with RISC-Linz)

e hp methods in elastoplasticity

Download Netgen and NGSolve:
http://www.hpfem. jku.at/netgen/
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