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Lamé equation:

Elasticity:

(A + p)(Vdivue)" + pAu

e(u)

M - u

Modeling

= —f in{,
_ %(vqu(Vu)T),

= Atr(e(uw))I + 2ue(u),
= g onlI'y,

= w onlIp
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Elasticity: Modeling
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Screw wrench




Boundary value problem 4+ mesh




Boundary value problem 4+ mesh




Boundary value problem 4+ mesh

e Regular triangulation (generated by NETGEN)




Finite Element solution: Equivalent stress

1,075e-01 1,29%e+03 2,59%e+03 3,898e+03 5.197e+03
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Finite Element solution: Equivalent stress

1,075e-01 1,2993+03 2,59%e+03 3,898e+03 5.197e+03

E_x Hetgen 4,3

e High stresses yield plastic deformations : need of elastoplastic model!




Elastoplasticity

A+ p)(Vdivu)' 4+ pAu

e(u)
o
o-n
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Elastoplasticity

A+ p)(Vdive)' + pAu =
e(u) =

O -n —

M- -u =

e(u)
p(o, o)
p:(r—o)—a: (B — )

1
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IAN A

Modeling

—f in €,

(vu n (vu)T) ,

Atr(e(w))l + 2pe(u),

g only,

w onFD

Clo + p,

o0,

p(7,8) — (o, )
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Some convex analysis

Definition 1 (indicator function, conjugate function). Let Y C X be a convex set, x € Y. For any set S C X, the
indicator function Ig of S is defined by

o 0 if x €S,
Is(z) = { +oo ifx & S.

For a function f : X — [—o00, oo] we define the conjugate function f*: X* — [—o0, oo] by

(15)

fr(z") = 3161)13(@*, z) — f(x)). (16)
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indicator function Ig of S is defined by

B 0 if x €S,
Is(x) = { +oo ifx & S. (15)
For a function f : X — [—o00, oo] we define the conjugate function f*: X* — [—o0, oo] by
fr(a") = SU)I—‘()(CE*, z) — f(z)). (16)
re

Definition 2 (subdifferential). Let f be a convex function on X. For any x € X the subdifferential 0 f(x) of x is the
possibly empty subset of X™ defined by

of(@) ={2" € X" : (a",y — =) < f(y) — f(=) Vye X} (17)

Exercise: What is O|x|?
Exercise: Show that 7 € ol| - ||(x).




Convex analysis: dual formulation
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Isotropic hardening
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Isotropic hardening

Yield function ® (o, o) for a € R(J{ and material parameters H, o, € ]Rar
(o, ) = |dev A| — 0y(1 + Ha)

Dissipation functional
(0, 0) = 0 if (o, a) <0,
PRGN TN oo if ®(o, ) > 0.

Exercise:

“(A, B) = oy|lA|l if tr A =0, and B+ Ho,|A| <0,
PRI T 4o iftrA#0and B+ HoyA| > 0.




One time step problem
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One time step problem
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One time step problem

Find (u, p) such that

Flap) =y [ ) = p) s ()~ p)do 3 [ (ot oy Hlp = pol)*do + [ oylp — polda

— / fudx — min
Q

New variable: p = p — po.

Minimization in p: For each integration point
~ 1 2 rr2m\ ~ . o~ ~ - :
F(p) := 5(@ +o,H)p: p—Cle(u) — po] : p+ 0y(1 + aoH)[p| — min,

Unique solution:
(||dev A|| —b)y dev A

2u+ o2H?  |[dev Al

p =

where
A =Cle(u) — pol,b = oy(1 + oo H).
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Minimization in u:
Matrix notation: e(u) = Bu, |p| = (5 Qp)"/?
Exercise: Derive (Q and B.
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Minimization in u:
Matrix notation: e(u) = Bu, |p| = (5 Qp)"/?
Exercise: Derive (Q and B.

T T
5 1 (u BTcB —B'c\ [(u —f — BTCp, u 1 .. _ 1, .
Hr =3 (p) ( -CB C +H> (p) " ( Cpo ) (p) TP min,

where H = 05H2Q + 20,(1 + aOH)%.

Regularization: |p| — |p|.: absolute (norm) value regulator is defined for a € R}, € > 0 as

a_{a, ifa > e,
€ — 1 2 € .
2_60' —|—§ |fCL<€.

A necessary condition of the minima is f'(u,p) = 0, i.e.,
B'CB —B'C\ (u (- B'Cpo\ _ 0
—¢cB c+m/)\p Cpo =0

Schur Complement system:

B'"(C—-C(C+H) HYBu=f+ B"(C—C(C+H)'C)py

11



trp = 0 — substitution p = Pp with

0000\

[ 1

0
O 0 O

—1

0
0
0O 0 1

0
0
0
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trp = 0 — substitution p = Pp with

/1 0O 0 0 0\
0O 1 0 0 0
1 0
1 -1 0 0 O
oD: P = —01 g) . 3D: P = 0 o0 1 0 o
O 0 0 1 0
\o 0O 0 O 1)

BT(Cc —cpP(PT(C+ H)P)'PTC)Bu = f+ BT (C — CP(PT(C 4+ H)P)'PTC) py.
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