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Elasticity: Modeling

Lamé equation:

(λ + µ)(∇ div u)
T

+ µ4u = −f in Ω, (1)

ε(u) =
1

2

“
∇u + (∇u)

T
”

, (2)

σ = λ tr(ε(u))I + 2µε(u), (3)

σ · n = g on ΓN , (4)

M · u = w on ΓD (5)
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ε(u) : Cε(v) dx =

Z
Ω

f · v dx +

Z
ΓN

g · v dx

∀v ∈ H
1
D(Ω) := {v ∈ H

1
(Ω) : Mv = 0 on ΓD}

(6)

Exercise: σ := 2µε + λ(tr ε)I, ε(u) := 1
2(∇u + (∇u)T ) : div σ =?
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Screw wrench
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Boundary value problem + mesh
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Boundary value problem + mesh
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Boundary value problem + mesh

• Regular triangulation (generated by NETGEN)
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Finite Element solution: Equivalent stress
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Finite Element solution: Equivalent stress

• High stresses yield plastic deformations : need of elastoplastic model!
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Elastoplasticity: Modeling

(λ + µ)(∇ div u)
T

+ µ4u = −f in Ω, (7)

ε(u) =
1

2

“
∇u + (∇u)

T
”

, (8)

σ = λ tr(ε(u))I + 2µε(u), (9)

σ · n = g on ΓN , (10)

M · u = w on ΓD (11)
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Elastoplasticity: Modeling

(λ + µ)(∇ div u)
T

+ µ4u = −f in Ω, (7)

ε(u) =
1

2

“
∇u + (∇u)

T
”

, (8)

σ = λ tr(ε(u))I + 2µε(u), (9)

σ · n = g on ΓN , (10)

M · u = w on ΓD (11)

ε(u) = C−1
σ + p, (12)

ϕ(σ, α) < ∞, (13)

ṗ : (τ − σ)− α̇ : (β − α) ≤ ϕ(τ, β)− ϕ(σ, α) (14)
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Some convex analysis

Definition 1 (indicator function, conjugate function). Let Y ⊂ X be a convex set, x ∈ Y . For any set S ⊂ X, the
indicator function IS of S is defined by

IS(x) =


0 if x ∈ S,

+∞ if x 6∈ S.
(15)

For a function f : X → [−∞,∞] we define the conjugate function f∗ : X∗ → [−∞,∞] by

f
∗
(x

∗
) = sup

x∈X
(〈x∗, x〉 − f(x)). (16)
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f
∗
(x
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(〈x∗, x〉 − f(x)). (16)

Definition 2 (subdifferential). Let f be a convex function on X. For any x ∈ X the subdifferential ∂f(x) of x is the
possibly empty subset of X∗ defined by

∂f(x) = {x∗ ∈ X
∗
: 〈x∗, y − x〉 ≤ f(y)− f(x) ∀y ∈ X}. (17)

Exercise: What is ∂|x|?
Exercise: Show that x

||x|| ∈ ∂|| · ||(x).
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Convex analysis: dual formulation

Definition 3 (lower semicontinuity). A function f : X → [−∞, +∞] is called lower semicontinuous if

{xn}n∈N → x: lim inf
n→∞

f(xn) ≥ f(x).
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Convex analysis: dual formulation
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Application to plasticity:

ṗ : (τ − σ)− α̇ : (β − α) ≤ ϕ(τ, β)− ϕ(σ, α) ∀τ, β

⇔ (ṗ,−α̇) ∈ ∂ϕ(σ, α)

⇔ (σ, α) ∈ ∂ϕ
∗
(ṗ,−α̇)

⇔ σ : (q − ṗ) + α : (β + α̇) ≤ ϕ
∗
(q, β)− ϕ

∗
(ṗ,−α̇) ∀q, β
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Isotropic hardening

Yield function Φ(σ, α) for α ∈ R+
0 and material parameters H, σy ∈ R+

0

Φ(σ, α) = | dev A| − σy(1 + Hα)
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Isotropic hardening

Yield function Φ(σ, α) for α ∈ R+
0 and material parameters H, σy ∈ R+

0

Φ(σ, α) = | dev A| − σy(1 + Hα)

Dissipation functional

ϕ(σ, α) =


0 if Φ(σ, α) ≤ 0,

+∞ if Φ(σ, α) > 0.

Exercise:

ϕ
∗
(A, B) =


σy|A| if tr A = 0, and B + Hσy|A| ≤ 0,

+∞ if tr A 6= 0 and B + Hσy|A| > 0.
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One time step problem

Find (u, p) such that

f(u, p) :=
1

2

Z
Ω

C(ε(u)− p) : (ε(u)− p) dx +
1

2

Z
Ω

(α0 + σyH|p− p0|)2
dx +

Z
Ω

σy|p− p0| dx

−
Z

Ω

fu dx → min
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F (p̃) :=
1

2
(C + σ

2
yH

2I)p̃ : p̃− C[ε(u)− p0] : p̃ + σy(1 + α0H)|p̃| → min,

Unique solution:

p̃ =
(|| dev A|| − b)+

2µ + σ2
yH

2

dev A

|| dev A||
where

A = C[ε(u)− p0], b = σy(1 + α0H).
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Minimization in u:

Matrix notation: ε(u) = Bu, |p̃| = (p̃TQp̃)1/2

Exercise: Derive Q and B.
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Minimization in u:

Matrix notation: ε(u) = Bu, |p̃| = (p̃TQp̃)1/2

Exercise: Derive Q and B.

f(u, p̃) =
1

2

„
u

p̃

«T „
BT CB −BT C
−CB C + H

« „
u

p̃

«
+

„
−f − BT Cp0

Cp0

«T „
u

p̃

«
+

1

2
Cp̃0 : p̃0 +

1

2
α

2
0 → min,

where H = σ2
yH

2Q + 2σy(1 + α0H) Q
|p|
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
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Schur Complement system:

B
T
(C − C(C + H)

−1
)Bu = f + B

T
(C − C(C + H)

−1C)p0
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tr p̃ = 0 → substitution p̃ = P p̄ with

2D: P =

0@ 1 0

−1 0

0 1

1A , 3D: P =

0BBBBBBB@

1 0 0 0 0

0 1 0 0 0

−1 −1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

1CCCCCCCA
.
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tr p̃ = 0 → substitution p̃ = P p̄ with

2D: P =

0@ 1 0

−1 0

0 1

1A , 3D: P =

0BBBBBBB@

1 0 0 0 0

0 1 0 0 0

−1 −1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

1CCCCCCCA
.

BT (C − CP (P T (C + H)P )−1P TC)Bu = f + BT (C − CP (P T (C + H)P )−1P TC) p0.

12


