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Outline

e Reduction of the elastoplastic system to the system of polynomials (F1306)
e Numerical iterative method (F1306)

e Grobner basis solution (F1302)
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Continuous model of two-yield elastoplasticity

Problem (PI): Forl € H*0,T;H*),1(0) =0, find w = (u, p1,p2) : [0,T] — H,w(0) =0 s. t.

((t), z —w(t)) < a(w(t),z —w(t) +7(z) — j(w(t))

H = Hp(Q) x L (Q)4m X L ()4
a(w,z) = /(C(e(u) —ipi)) ; (e(v) —in) dw—l—i/QHipi 7 de,
J g = g
(), ) = /Qf(t)-vd:c—l—/rNg(t)-vd:c,
i@ = [ oman b= { P20 o e
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Discrete model of two-yield elastoplasticity

Problem (Plgiscreie): Given PP, PY € dev S°(T)%%4 find U! € S}(7T) s. t.

sym

N

/C<6(U1)—P11—P21):e(V) dx—/ f(t)Vda:—/ gVdx =0 VYV € S5(T),
5 Q r

where P = (P, P5)t = (P, P3)T — (PP, P))T minimizes on every element T' € T

Hgn%@ LE)Q: Q- Alr: Q+ Qo

VQ: (Ql: QQ)T7 le Q2 S Rg;nci)trQl :trQQ = 0.

' AL o (P "~ (C+H C
A:<gzgglg>_(C+H) (P;o>, <C+IHI:< J(FC ! C+H2>,|‘(Q1,Q2)Hay:J;HQlH—FOﬁ;HQQH.
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Analytical approach for minimization of f(Q)=1C+H)Q:Q —Q: A+ 1Ql|s,

2

f has a subdifferential, i.e., -
Of(P)=(C+H)P - A+ |ls,(P)
Mininum condition on P
0€df(P) = A—(C+M)P €|, (P)

In case P, #0, P> # 0 is

Py Py
0|l (P) = {0y 5. 05

,0 }
1P| 7] Pell
Nonlinear system in P;, P

dev A;\ (21 + hp)l 2pl Py _ J?}Hgll
dev AQ Q/LI[ (2,u + h2>]I P2 Ugullng

Substitutions P1 = £1X1, PQ = €2X2

(dev A1> _ ((a; + (2u + h1)&)1 20651 ) <X1> |

dev A, 2041 (07 + (21 + h2)&2)1
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Additional substitutions m = O'; + (2,u + h1)€17 T ‘= 0'5 + (2,u + h2)€2, V= 2,u£1, Vo (= 2/152 y|e|d

12 dev Al — U9 dev A2 = (771772 — I/1V2)X1, (1)
—11 dev Al + m dev A2 = (771?72 — I/1V2)X2. (2)

Normalization of ([IJ) and (2) and the application of substitutions for 71,72, 11,2 give the system of
nonlinear equations for positive &1, &9

11(61)] — Ir(§1,&2)| =0, [l2(&2)] — |7(&1,&2)| = 0, (3)

where

l1(€1) = (O'; + (2u + hl)&l) dev AQ — 2,LL£1 dev Al,
l2(&2) = (05 + (2 + ho)&2) dev Ay — 2u&p dev Ay,
r(&1,6) = (0, + (2 + h2)&1) (0 + (2p + ho)&a) — 4”616,

Instead of the solving ([3) we prefer to solve the equivalent system of nonlinear equations

®1(&1,&2) = [11(&)]° — (r(&1,£2))° = 0, Da(&1, &) = [l2(&)]? — (r(&1,&))* = 0. (4)
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The first polynomial system of two variables in & and &

Substitutions

A= |0; devA2|2,D — |05 devA1|2

B = 20; dev As : ((2u + hy)dev Ay — 2udev Ay), E = 205 dev A1 : ((2u + hg)dev Ay — 2udev As)
C = |(2u+ hy)dev Ay — 2udev A1 |*, F = |(2u + ho) dev A — 2 dev Ay|?

G = (0;05)2 > 0

H=o0,2p+h)>0,I=0,2n+hs) >0
J = 2,u(h1h2) + hiho > 0.

®,, &, are polynomials of the second degree in two variables &1, &

Dy(£1,8) = A+ BE + CE — (G + HE + I€s + JE1&9)°
Dy(£1,&) = D+ E& + FEG — (G + HE + 1€ + J616)°

0
0
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Example with know exact solution

Example 1. Let y = 1,0; = 1,05 =2,hi =1,hs =1 and A1 = Ay = <2OO 8) . Nonlinear system of
equations (4]) for positive &1, & > 0 reads
Dq(&1,&2) =200+400& +200&5 — (2468 +3&+561&)2 =0, (7)
Dy(€1,&2) =800+800& +20085 — (2+6& +3& +5&&)* =0. (8)

¢1 is expressed from ()

£\ — —2 — 36 +10V2(2 + &)

9
6 + 5 (9)
and the substitution of (9)) into (7)) implies after the factorization the equality

(562 +8£10V2)(5% +4F10v2) (& +2)* _ (10)
(64 5&)2 -

the different signs of & and &. The roots of ({10

) are given by

4 8 1 8
={-—+ 2V/2, — - 2v/2, -2, -2} U {=z - 2v/2, —=+ 2V/2, -2, -2}
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There are two positive roots

4 8
§2=—- +2V2~ 2028427124 and & = — +2V2~ 1228427124

Substitution of & = —% + 2/2 into () yields the quadratic equation
(995¢1 4 801 — 50v/2) (561 — 1 — 10v/2) =0
with roots &1 = {% + 2\@, —% + %\@} where only the first root

1
& = =+ 22 ~ 3.028427125

is positive. Note that substitution of & = —% + 2v/2 into () yields another quadratic equation with
negative roots only. Therefore, there is one positive solution pair

(&1, &) = (3.028427125, 2.028427124).
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Iterative method

The (numerical) Algorithm (J. Valdman PhD thesis) with tol = 10~!2 and the initial approximation

dev As| — 02)y dev A
po_ (dev sl =), devidy oy
2,u—|—h2 ’deVAQ‘

(‘ dGVAl — 2/LP20‘ — U;)—I— devAl — Q,MPQO
2,u—|—h1 |d€VA1—2/LP20|

generates approximations P}, P, i =1,2,... in the form

r= () e = (Y5,

and terminates after 34 approximations (computational time 7.16 x 10~° sec) with

2.14142 0 1.43431 0
34 34
Py = ( 0 —2.14142> and - Fy" = ( 0 —1.4343) '

(1P, 1P = (&1, &2) ~ (3.028425, 2.0284207)
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SYNAPS package calculation (with project 1304) terminated after 0.05 sec with aproximately the same
solution (£1,&2) = (3.02843,2.02843).
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