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More realistic hysteresis stress-strain relation in materials!

Why Multi-yield (Two-yield) model?
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Kinematic hardening model.
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Two-yield hardening model.
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NETGEN/NGSOLVE calculations

Elastoplastic domains (blue - elastic, green - first plastic, red - second plastic)
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ix Hetgen 4.2 w Hetgen 4.2

Kinematic hardening model. Two-yield hardening model.
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Direct minimization problem in p

Kinematic hardening model:

f(Q):%<C+H)QZQ—Q:A—I—O?JHQH—>min
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Direct minimization problem in p

Kinematic hardening model:

f(Q):%<C+H)QZQ—Q:A+O?’HQH—>min

Two-yield hardening model:

| A |
-1 (cc +H fHQ) (g;);(g;) _ (g;)(f@ + oY|Qu]| + 021|Qal| — min
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Direct minimization problem in p

Kinematic hardening model:
1 .
f(Q) :§(C+H)Q :Q—Q: A+ 0Y||Q]] — min

(||dev Al| — oY), dev A
21+ h | dev Al

~

minimizer p =

Two-yield hardening model:

| A |
-1 (cc +H fmb) (g;);(g;) _ (g;)(f@ + oY|Qu]| + 021|Qal| — min
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Direct minimization problem in p

Kinematic hardening model:
1 .
f(Q) :§(C+H)Q :Q—Q: A+ 0Y||Q]] — min

(||dev Al| — oY), dev A
21+ h | dev Al

~

minimizer p =

Two-yield hardening model:

| A |
-1 (cc +H fmb) (g;);(g;) _ (g;)(f@ + oY|Qu]| + 021|Qal| — min

minimizer (p1,p2) =7
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Direct minimization problem: Two-yield model - analytical approach

Lemma: Let f(P) = ménf(@),P = (P, ), If Py #0,P, # 0 = || Py

is a root of a 8-th degree polynomial.
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Direct minimization problem: Two-yield model - analytical approach

Lemma: Let f(P) = ménf(@),P = (P, P2), If PL #0,P, # 0 = || ]
is a root of a 8-th degree polynomial.

Proof: f has a subdifferential, i.e., 8f(P) = (C+H)P — A+ || - ||,v(P)

Mininum condition on P: 0 € 8f(P) < A — (C+H)P € || - ||,v(P)

Incase P; # 0, P, #0is O|| - ||,v(P) = {U%HPiII’GgIIP;II}
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Direct minimization problem: Two-yield model - analytical approach

Lemma: Let f(P) = ménf(@),P = (P, P2), If PL #0,P, # 0 = || ]
is a root of a 8-th degree polynomial.

Proof: f has a subdifferential, i.e., 8f(P) = (C+H)P — A+ || - ||,v(P)
Mininum condition on P: 0 € 8f(P) < A — (C+H)P € || - ||,v(P)

Incase P; # 0, P, #0is O|| - ||,v(P) = {U%HPiII’GgIIP;II}

Nonlinear system in Pp, P, € dev R%*% with u, h1, ha, o, 0y > 0,dev Ay, dev Ay € dev R%*¢

sym sym

y_
dev A1\ ((2p + hy)l 2l P\ _ (918
dev Aj 2pll (2u+ ho)L) \P2) — \o¥2
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Direct minimization problem: Two-yield model - analytical approach

Lemma: Let f(P) = ménf(@),P = (P, P2), If PL #0,P, # 0 = || ]
is a root of a 8-th degree polynomial.

Proof: f has a subdifferential, i.e., 8f(P) = (C+H)P — A+ || - ||,v(P)
Mininum condition on P: 0 € 8f(P) < A — (C+H)P € || - ||,v(P)

Incase P; # 0, P, #0is O|| - ||,v(P) = {U%HPiII’GgIIP;II}

Nonlinear system in Pp, P, € dev R%*% with u, h1, ha, o, 0y > 0,dev Ay, dev Ay € dev R%*¢

sym sym
y_ P
dev A1\ ((2p + hy)l 2l P\ _ (918
dev A, oul  2u+ha)1) \ ) T \ oy 2

Subst. 51 = ||P1||,£2 = ||P2|| with A,B,C,D,E,F,G,H,I,J e R

A+ B¢& +C§% — (G + H& + 16+ J§1€2>2 =0
D+ Eé + Fe2— (G+ HéE + T+ J61£)° = 0
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MAPLE 5 = 8-th degree polynomial in & (= no analytical formulal):

) (2%4J2F) &+ (2%3J2F—|—%42) 8+ (2%2J2F—|—2%3%4) £
2%1J2F +2%2%4+%3° — F(BJ+2IC) )
E(BJ+21C)’ —2F(2CG+BH)(BJ+21C)+2%1%4+2%2%3 ) £,

(7
+(
+(-
+(=D(BJ+2IC)’—2E(2CG+BH)(BJ+21C)— F(2CG+BH)*+2%1%3+%2" ) £
+(-2D(2CG+BH)(BJ+21C)~ EQ2CG+BH)*+2%1%2) 6

+<

%12—D(2CG+BH)? )

where %1:= H°D-CG*— AH* -~ BGH — CD,
%2:=—-BGJ—-2HJA—-CE—-2ICG+H’E—IBH+2HJD,
%3:=—CF—J°A+2HJE—-IBJ+C+ J°D+ H*F,
%4 :=2HJF + J°E.
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Analytical Approach: example

Given,u:1,011/:1,03:2,h1:1,h2:1and A1:A2: <20 O) .

0O O
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Analytical Approach: example

Given,u:1,0’y:1,0‘y:2,h1:l,hgzlandAlegz 20 0 .
1 2 0 0

The direct calculation shows

;. _ (104106 0
L 0 —10 — 10&, )’

. _ (20— 10& 0
2 0 —20 — 10& )’

r=058&§ +6& +38+ 2.

The nonlinear system of equation for £, &5 > O :

200 +400&; +200& — (2+3& + 681 + 56 &)” =0,
800 + 800 &2 4 20065 — (2 +3& + 661 + 5£1£)° = 0.
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Analytical Approach: example

Given,u:1,011/:1,03:2,h1:1,h2:1and A1:A2: <200 8) .

The direct calculation shows

;. _ (104106 0
L 0 —10 — 10&, )’

. _ (20— 10& 0
2 0 —20 — 10& )’

r=058&§ +6& +38+ 2.

The nonlinear system of equation for £, &5 > O :

200 +400&; +200& — (2+3& + 681 + 56 &)” =0,
800 + 800 &2 4 20065 — (2 +3& + 661 + 5£1£)° = 0.

&1 solved from the second equation

=38 —21+10V10(2 + &)
B &> + 6

&1
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Subst. (— term only!) in the first eq. gives

(562 +8 — 10v2) (562 + 4 — 10v2)(§2 +2)
(6 +5&2) ;

Roots

4 8
52 — {_g + 2\/57 _g - 2\/57 _27 _2}

0.
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Subst. (— term only!) in the first eq. gives

(5&2 4+ 8 — 10v/2)(5&2 + 4 — 10v/2) (&2 + 2) _

6+56) .

Roots

4 8
52 — {_g + 2\/57 _g - 2\/57 _27 _2}

Subtitution of positive solution &5 = —% + 2+/2 ~ 2.028427124 into the second eq. gives

(995&1 + 801 — 50v/2)(5¢; — 1 — 10V2) =0
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Subst. (— term only!) in the first eq. gives

(5&2 4+ 8 — 10v/2)(5&2 + 4 — 10v/2) (&2 + 2) _

6+56) .

Roots

4 8
52 — {_g + 2\/57 _g - 2\/57 _27 _2}

Subtitution of positive solution &5 = —% + 2+/2 ~ 2.028427124 into the second eq. gives
(995¢; + 801 — 50v/2) (561 — 1 — 10v2) =0

Roots

1—1-+40v/2 1201 +2V2

51 — 1 - y = )
t 51+10v2 5 1+10\/§}
Positive solution 3
1—1+ 40v2
£ = —= ~ 3.028427125
5 1+ 10V2
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Symbolic techniques

e Resolvent in Maple: original 8-th degree polynomial contains a second degree polynomial factor with complex solutions only
= 6-th degree polynomial in &, (longer expression)
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Symbolic techniques

e Resolvent in Maple: original 8-th degree polynomial contains a second degree polynomial factor with complex solutions only
= 6-th degree polynomial in &, (longer expression)

e Grobner basis in Maple does not terminate (after 48 hours)
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Symbolic techniques

e Resolvent in Maple: original 8-th degree polynomial contains a second degree polynomial factor with complex solutions only
= 6-th degree polynomial in &, (longer expression)

e Grobner basis in Maple does not terminate (after 48 hours)

Maple file located on

http://www.sfb013.uni-1linz.ac.at/"jan/Groebner_basis.mws
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Symbolic techniques

e Resolvent in Maple: original 8-th degree polynomial contains a second degree polynomial factor with complex solutions only
= 6-th degree polynomial in &, (longer expression)

e Grobner basis in Maple does not terminate (after 48 hours)

Maple file located on

http://www.sfb013.uni-1linz.ac.at/"jan/Groebner_basis.mws

New perspectives/cooperations:

e Homotopy method for numerical aproximation of a polynomials (with F1303 - J. Schicho, T. Beck)
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Symbolic techniques

e Resolvent in Maple: original 8-th degree polynomial contains a second degree polynomial factor with complex solutions only
= 6-th degree polynomial in &, (longer expression)

e Grobner basis in Maple does not terminate (after 48 hours)

Maple file located on

http://www.sfb013.uni-1linz.ac.at/"jan/Groebner_basis.mws

New perspectives/cooperations:

e Homotopy method for numerical aproximation of a polynomials (with F1303 - J. Schicho, T. Beck)

e Lagrange inversion formula leading to Melin's serie in polynomial coefficients (with F1305 - P. Paule)
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Direct minimization problem: Two-yield model - iterative approach

Algorithm (*): Given p, h1, he, 07, 03, dev Aq,dev Ay and

tolerance > 0. X
(a) Choose (P}, P)) € dev Rg;ﬂ% X dev Rg;fmm!d, set
1 := 0. =
(b) Find P;*! € devR%*% s. t.
i pitl . i 24
[P, PyT) = min f(P, Q2).
Q2€ deVRg;ﬂdL =22}
(c) Find P{™" € devR{ " s. t.
+1 pitl : +1
PP P = min Qi BT, L,
Q1€ deVRsym 3y | | "3—9&
i+1_ pi i+1_ pi o . . . ,
(d) If |i|f:11 P1i||+||P%+1 P2||i > tolerance set The approximations P} = (z',0;0, —z'), Py =
R (4%,0;0, —y'),i = 0,1, ... of Algorithm (*) in

i := 4 + 1 and goto (b), otherwise output (P!, P;™1).

the x — y coordinate system.
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e global convergence with the rate 1/2:

1Pl = Pi||" + ||P, = Po||" < Co - ¢
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