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Let © be a bounded domain and u € C*(). Show, that the derivative Du of u
serves as a weak derivative, and that for each arbitrary weak derivative u’ of u there

holds
/ (W' —Du) ¢dz =0 for all p € C§°(2).
Q

That is, u’ coincides with Du almost everywhere on 2 in the Lebesgue sense.

We define a function u : |—1,1[ — R by

u=(x), if x € ]-1,0],
u(r) = ¢ limy,_ou=(y), ifz=0,
ut(z), if z €]0,1],

with u~ € C*(]-1,0[) and u* € C1(]0,1[) such that lim, .ou~ (z) = lim, .o u™(z).
Is u weakly differentiable? If yes, then how many times is u weakly differentiable?

Consider the classical formulation of the Poisson problem: Find u such that for given
f there holds

—Au = fon (), u =0 on 082,
where Au =), % What are the minimal space requirements for v and f, such

that this problem is well defined?

Consider the related variational formulation: Find u such that

/ Vul' Vo dz = / fodzx for all v.
Q Q

Again, what minimal space requirements for u, v and f do we have, such that
this problem is well defined? Derive the variational formulation from the classical
formulation and also do the other way round.

Differently as in Example [[8 the boundary 02 is split into two parts I'p and I'y
(named after Dirichlet and Neumann). Now consider again the classical formulation
of the Poisson problem: Find u such that for given f and g there holds

—Au= fon €, u=0o0nTIp, Ot =g on 'y,

where 9,u := VuTn denotes the normal derivative. What does the related varia-
tional formulation look like?



Short survey on weak derivatives and Sobolev spaces Let ) be a bounded domain.
C3°(€2) denotes the set of all C'* functions with compact support on (2, i. e., there exists
an open neighborhood of 02 on which these functions are identically 0. Similarly, one can
define such function space also for a subset I' C 9f2 instead of the whole boundary 9€:
The function space Cp°(€2) is the set of all functions which vanish in an open neighborhood
around TI'.

Definition 1. A function u € L,(2) is said to be weakly differentiable in L, () if there
exists a function u’ € L,(€2) such that for all ¢ € C§°(£2) the identity

/u'gpdxz—/uDgpdx
Q Q

holds true. Such function ' is then called a weak derivative of w.

Definition 2. A function u € L,(Q) is said to be k times weakly differentiable in L, ()
if for every multi-indicex o with |a| < k there exists a function u(® € L,(Q) such that for
all ¢ € C§°(Q) the identity

/u(a)cpdx:(—l)a| /uDago dz
Q Q

holds true.

Definition ] motivates the definition of Sobolev spaces and norms

WPEQ) = {v e Ly(Q)|vis k times weakly differentiable in L,(9)},
Wéﬁk(Q) = {veWPFQ)| 3 (v,) € CC(NQ) :nli—{gonv — Unllwrr@) = 0},
: :
Plhwor@ = | 210 @ |+ Phvewe = | 20 WML 0 |
|la|<k |a|=k
HR(Q) .= W2H(Q), HE(Q) := W2F(Q), HEQ) = W2HQ)
Hka = ||v||W27k(Q)’ |U|k = |U|W2,k(Q) .

Notice, that there holds W?9(Q) = WOP’O(Q) = L,(Q), and that H*(Q), H¥(Q) and HE(Q)
are Hilbert spaces. Moreover, the quantity |-|x is not a norm but a semi norm, which means
that the implication (|v|; = 0) = (v = 0) is not valid.



